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1 Measurement 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


1.1 The SI 


The Systéme International (SI) is a system of 
measurement in which mechanical quantities are 
expressed in terms of three basic units: the me- 
ter (m), the kilogram (kg), and the second (s). 
Other units can be built out of these. For ex- 
ample, the SI unit to measure the flow of water 
through a pipe would be kg/s. 

To modify the units there is a consistent set of 
prefixes. The following are common and should 
be memorized: 


prefix meaning 
nano- n 10? 
micro- u 107° 
milli- m 1073 
kilo- k 10 
mega- M 10° 


The symbol u, for micro-, is Greek lowercase mu, 
which is equivalent to the Latin “m.” There is 
also centi-, 107?, which is only used in the cen- 
timeter. 


1.2 Significant figures 


The international governing body for football 
(“soccer” in the US) says the ball should 
have a circumference of 68 to 70 cm. Tak- 
ing the middle of this range and divid- 
ing by m gives a diameter of approximately 
21.96338214668155633610595934540698196 cm. 


The digits after the first few are completely 
meaningless. Since the circumference could have 
varied by about a centimeter in either direction, 
the diameter is fuzzy by something like a third 
of a centimeter. We say that the additional, ran- 
dom digits are not significant figures. If you 
write down a number with a lot of gratuitous 
insignificant figures, it shows a lack of scientific 
literacy and imples to other people a greater pre- 
cision than you really have. 

As a rule of thumb, the result of a calculation 
has as many significant figures, or “sig figs,” as 
the least accurate piece of data that went in. In 
the example with the soccer ball, it didn’t do us 
any good to know r to dozens of digits, because 
the bottleneck in the precision of the result was 
the figure for the circumference, which was two 
sig figs. The result is 22 cm. The rule of thumb 
works best for multiplication and division. 

The numbers 13 and 13.0 mean different 
things, because the latter implies higher preci- 
sion. The number 0.0037 is two significant fig- 
ures, not four, because the zeroes after the dec- 
imal place are placeholders. A number like 530 
could be either two sig figs or three; if we wanted 
to remove the ambiguity, we could write it in sci- 
entific notation as 5.3 x 10? or 5.30 x 102. 


1.3 Proportionalities 


Often it is more convenient to reason about the 
ratios of quantities rather than their actual val- 
ues. For example, suppose we want to know what 
happens to the area of a circle when we triple its 
radius. We know that A = mr?, but the factor 
of m is not of interest here because it’s present 
in both cases, the small circle and the large one. 
Throwing away the constant of proportionality, 
we can write A x r?, where the proportionality 
symbol xx, read “is proportional to,” says that 
the left-hand side doesn’t necessarily equal the 
right-hand side, but it does equal the right-hand 
side multiplied by a constant. 


Any proportionality can be interpreted as a 
statement about ratios. For example, the state- 
ment A «x r? is exactly equivalent to the state- 
ment that 41/42 = (r,/r2)?, where the sub- 
scripts 1 and 2 refer to any two circles. This in 
our example, the given information that 11 /ra = 
3 tells us that 41/42 = 9. 

In geometrical applications, areas are always 
proportional to the square of the linear dimen- 
sions, while volumes go like the cube. 


1.4 Estimation 


It is useful to be able to make rough estimates, 
e.g., how many bags of gravel will I need to fill 
my driveway? Sometimes all we need is an esti- 
mate so rough that we only care about getting 
the result to about the nearest factor of ten, i.e., 
to within an order of magnitude. For example, 
anyone with a basic knowledge of US geography 
can tell that the distance from New Haven to 
New York is probably something like 100 km, not 
10 km or 1000 km. When making estimates of 
physical quantities, the following guidelines are 
helpful: 


1. Don’t even attempt more than one signifi- 
cant figure of precision. 


2. Don’t guess area, volume, or mass directly. 
Guess linear dimensions and get area, vol- 
ume, or mass from them. Mass is often best 
found by estimating linear dimensions and 
density. 


3. When dealing with areas or volumes of ob- 
jects with complex shapes, idealize them as 
if they were some simpler shape, a cube or 
a sphere, for example. 


4. Check your final answer to see if it is rea- 
sonable. If you estimate that a herd of 
ten thousand cattle would yield 0.01 m? of 
leather, then you have probably made a mis- 
take with conversion factors somewhere. 
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PROBLEMS 


Problems 


l-al Convert 134 mg to units of kg, writing 
your answer in scientific notation. 

> Solution, p. 231 
l-a2 Express each of the following quantities 
in micrograms: 
(a) 10 mg, (b) 10* g, (c) 10 kg, (d) 100 x 10° g, 
(e) 1000 ng. v 


1-a3 In the last century, the average age of 
the onset of puberty for girls has decreased by 
several years. Urban folklore has it that this 
is because of hormones fed to beef cattle, but 
it is more likely to be because modern girls 
have more body fat on the average and possibly 
because of estrogen-mimicking chemicals in the 
environment from the breakdown of pesticides. 
A hamburger from a hormone-implanted steer 
has about 0.2 ng of estrogen (about double the 
amount of natural beef). A serving of peas 
contains about 300 ng of estrogen. An adult 
woman produces about 0.5 mg of estrogen per 
day (note the different unit!). (a) How many 
hamburgers would a girl have to eat in one 
day to consume as much estrogen as an adult 
woman's daily production? (b) How many 
servings of peas? v 


1-d1 The usual definition of the mean (aver- 
age) of two numbers a and b is (a + b)/2. This 
is called the arithmetic mean. The geometric 
mean, however, is defined as (ab)!/? (i.e., the 
square root of ab). For the sake of definiteness, 
let's say both numbers have units of mass. (a) 
Compute the arithmetic mean of two numbers 
that have units of grams. Then convert the num- 
bers to units of kilograms and recompute their 
mean. Is the answer consistent? (b) Do the same 
for the geometric mean. (c) If a and b both have 
units of grams, what should we call the units 
of ab? Does your answer make sense when you 
take the square root? (d) Suppose someone pro- 
poses to you a third kind of mean, called the 


superduper mean, defined as (ab)!/*. Is this rea- 
sonable? 
> Solution, p. 231 


1-d2 (a) Based on the definitions of the sine, 
cosine, and tangent, what units must they have? 
(b) A cute formula from trigonometry lets you 
find any angle of a triangle if you know the 
lengths of its sides. Using the notation shown 
in the figure, and letting s = (a+b+c)/2 be half 
the perimeter, we have 


a SSUES. 
s(s — a) 
Show that the units of this equation make sense. 
In other words, check that the units of the right- 
hand side are the same as your answer to part a 
of the question. 
> Solution, p. 231 


Problem 1-d2. 


1-d3 Jae starts from the formula V = 3Ah 
for the volume of a cone, where A is the area of 
its base, and h is its height. He wants to find 
an equation that will tell him how tall a conical 
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tent has to be in order to have a certain volume, 
given its radius. His algebra goes like this: 


1 
V = -Ah 
3 
A=rr? 
V= arh 
Om? 
~ 3V 


Use units to check whether the final result makes 
sense. If it doesn't, use units to locate the line 
of algebra where the mistake happened. 

> Solution, p. 231 


1-d4 The distance to the horizon is given by 
the expression V2rh, where r is the radius of the 
Earth, and h is the observer’s height above the 
Earth’s surface. (This can be proved using the 
Pythagorean theorem.) Show that the units of 
this expression make sense. Don’t try to prove 
the result, just check its units. (For an example 
of how to do this, see problem 1-d3 on p. 9, which 
has a solution given in the back of the book.) 


1-d5 Let the function x be defined by x(t) = 
Ae’, where t has units of seconds and x has 
units of meters. (For b < 0, this could be a fairly 
accurate model of the motion of a bullet shot 
into a tank of oil.) Show that the Taylor series 
of this function makes sense if and only if A and 
b have certain units. 


1-g1 Inan article on the SARS epidemic, the 
May 7, 2003 New York Times discusses conflict- 
ing estimates of the disease’s incubation period 
(the average time that elapses from infection to 
the first symptoms). “The study estimated it to 
be 6.4 days. But other statistical calculations ... 
showed that the incubation period could be as 
long as 14.22 days.” What's wrong here? 


1-82 The photo shows the corner of a bag of 
pretzels. What's wrong here? 
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NET WT. 3 1/2 oz. (99.2 g) 


Problem 1-g2. 


1-j1 The one-liter cube in the photo has been 
marked off into smaller cubes, with linear dimen- 
sions one tenth those of the big one. What is the 
volume of each of the small cubes? 

> Solution, p. 231 


Problem 1-j1. 


1-j2 How many cm? is 1 mm?? 
> Solution, p. 231 
1-j3 Compare the light-gathering powers of a 


3-cm-diameter telescope and a 30-cm telescope. 

> Solution, p. 232 
1-j4 The traditional Martini glass is shaped 
like a cone with the point at the bottom. Sup- 
pose you make a Martini by pouring vermouth 
into the glass to a depth of 3 cm, and then adding 
gin to bring the depth to 6 cm. What are the 
proportions of gin and vermouth? 

> Solution, p. 232 
1-j5 How many cubic inches are there in a 
cubic foot? The answer is not 12. 

Vv 
1-j6 Assume a dog’s brain is twice as great 
in diameter as a cat’s, but each animal’s brain 
cells are the same size and their brains are the 
same shape. In addition to being a far better 


PROBLEMS 


companion and much nicer to come home to, how 
many times more brain cells does a dog have than 
a cat? The answer is not 2. 


1-k1 One step on the Richter scale corre- 
sponds to a factor of 100 in terms of the en- 
ergy absorbed by something on the surface of 
the Earth, e.g., a house. For instance, a 9.3- 
magnitude quake would release 100 times more 
energy than an 8.3. The energy spreads out 
from the epicenter as a wave, and for the sake 
of this problem we'll assume we're dealing with 
seismic waves that spread out in three dimen- 
sions, so that we can visualize them as hemi- 
spheres spreading out under the surface of the 
earth. Ifa certain 7.6-magnitude earthquake and 
a certain 5.6-magnitude earthquake produce the 
same amount of vibration where I live, compare 
the distances from my house to the two epicen- 
ters. 
> Solution, p. 232 

1-k2 The central portion of a CD is taken 
up by the hole and some surrounding clear plas- 
tic, and this area is unavailable for storing data. 
The radius of the central circle is about 35% of 
the outer radius of the data-storing area. What 
percentage of the CD’s area is therefore lost? 

Vv 
1-k3 The Earth’s surface is about 70% water. 
Mars’s diameter is about half the Earth’s, but it 
has no surface water. Compare the land areas of 
the two planets. 

Vv 
1-k4 At the grocery store you will see or- 
anges packed neatly in stacks. Suppose we want 
to pack spheres as densely as possible, so that 
the greatest possible fraction of the space is 
filled by the spheres themselves, not by empty 
space. Let's call this fraction f. Mathemati- 
cians have proved that the best possible result is 
f ~ 0.7405, which requires a systematic pattern 
of stacking. If you buy ball bearings or golf balls, 
however, the seller is probably not going to go 
to the trouble of stacking them neatly. Instead 
they will probably pour the balls into a box and 
vibrate the box vigorously for a while to make 
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them settle. This results in a random packing. 
The closest random packing has f = 0.64. Sup- 
pose that golf balls, with a standard diameter 
of 4.27 cm, are sold in bulk with the closest ran- 
dom packing. What is the diameter of the largest 
ball that could be sold in boxes of the same size, 
packed systematically, so that there would be the 


same number of balls per box? 
Vv 


Problem 1-k4. 


1-k5 Radio was first commercialized around 
1920, and ever since then, radio signals from our 
planet have been spreading out across our galaxy. 
It is possible that alien civilizations could de- 
tect these signals and learn that there is life on 
earth. In the 90 years that the signals have been 
spreading at the speed of light, they have cre- 
ated a sphere with a radius of 90 light-years. To 
show an idea of the size of this sphere, I’ve in- 
dicated it in the figure as a tiny white circle on 
an image of a spiral galaxy seen edge on. (We 
don’t have similar photos of our own Milky Way 
galaxy, because we can’t see it from the outside.) 
So far we haven’t received answering signals from 
aliens within this sphere, but as time goes on, the 
sphere will expand as suggested by the dashed 
outline, reaching more and more stars that might 
harbor extraterrestrial life. Approximately what 
year will it be when the sphere has expanded to 
fill a volume 100 times greater than the volume 
it fills today in 2010? 
v 
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Problem 1-k5. 


1-k6 X-ray images aren't only used with hu- 
man subjects but also, for example, on insects 
and flowers. In 2003, a team of researchers 
at Argonne National Laboratory used x-ray im- 
agery to find for the first time that insects, al- 
though they do not have lungs, do not necessar- 
ily breathe completely passively, as had been be- 
lieved previously; many insects rapidly compress 
and expand their trachea, head, and thorax in 
order to force air in and out of their bodies. One 
difference between x-raying a human and an in- 
sect is that if a medical x-ray machine was used 
on an insect, virtually 100% of the x-rays would 
pass through its body, and there would be no 
contrast in the image produced. Less penetrat- 
ing x-rays of lower energies have to be used. For 
comparison, a typical human body mass is about 
70 kg, whereas a typical ant is about 10 mg. Es- 
timate the ratio of the thicknesses of tissue that 
must be penetrated by x-rays in one case com- 
pared to the other. 
Vv 


1-m1 A taxon (plural taxa) is a group of 
living things. For example, Homo sapiens and 
Homo neanderthalensis are both taxa — specif- 
ically, they are two different species within the 
genus Homo. Surveys by botanists show that the 
number of plant taxa native to a given contigu- 
ous land area A is usually approximately pro- 
portional to A'/?. (a) There are 70 different 
species of lupine native to Southern California, 
which has an area of about 200,000 km”. The 
San Gabriel Mountains cover about 1,600 km”. 
Suppose that you wanted to learn to identify all 
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the species of lupine in the San Gabriels. Ap- 
proximately how many species would you have 
to familiarize yourself with? v 
(b) What is the interpretation of the fact that 
the exponent, 1/3, is less than one? 

* 


l-m2 The population density of Los Angeles 
is about 4000 people/ km?. That of San Francisco 
is about 6000 people/km”. How many times far- 
ther away is the average person's nearest neigh- 
bor in LA than in San Francisco? The answer is 
not 1.5. 

V x 


l-m3 In Europe, a piece of paper of the stan- 
dard size, called A4, is a little narrower and taller 
than its American counterpart. The ratio of the 
height to the width is the square root of 2, and 
this has some useful properties. For instance, if 
you cut an A4 sheet from left to right, you get 
two smaller sheets that have the same propor- 
tions. You can even buy sheets of this smaller 
size, and they’re called A5. There is a whole se- 
ries of sizes related in this way, all with the same 
proportions. (a) Compare an A5 sheet to an A4 
in terms of area and linear size. (b) The series of 
paper sizes starts from an AO sheet, which has 
an area of one square meter. Suppose we had 
a series of boxes defined in a similar way: the 
BO box has a volume of one cubic meter, two B1 
boxes fit exactly inside an BO box, and so on. 
What would be the dimensions of a BO box? 

V x 


1-p1 Estimate the number of jellybeans in 
the figure. 

> Solution, p. 233 
1-p2 Suppose you took enough water out of 


the oceans to reduce sea level by 1 mm, and you 
took that water and used it to fill up water bot- 
tles. Make an order-of-magnitude estimate of 
how many water bottles could you fill. 


1-p3 If you filled up a small classroom with 
pennies, about much money would be in the 
room? 


PROBLEMS 


Problem 1-pl. 


1-p4 Estimate the mass of one of the hairs in 
Albert Einstein's moustache, in units of kg. 


1-p5 Estimate the number of blades of grass 
on a football field. 


1-p6 Suppose someone built a gigantic apart- 
ment building, measuring 10 km x 10 km at the 
base. Estimate how tall the building would have 
to be to have space in it for the entire world’s 
population to live. 


1-p7 (a) Using the microscope photo in the 
figure, estimate the mass of a one cell of the E. 
coli bacterium, which is one of the most com- 
mon ones in the human intestine. Note the scale 
at the lower right corner, which is 1 wm. Each 
of the tubular objects in the column is one cell. 
(b) The feces in the human intestine are mostly 
bacteria (some dead, some alive), of which E. 
coli is a large and typical component. Estimate 
the number of bacteria in your intestines, and 
compare with the number of human cells in your 
body, which is believed to be roughly on the or- 
der of 10/3. (c) Interpreting your result from 
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part b, what does this tell you about the size of 
a typical human cell compared to the size of a 
typical bacterial cell? 


Problem 1-p7. 


1-q1 Estimate the number of man-hours re- 
quired for building the Great Wall of China. 
> Solution, p. 233 x 


1-q2 Plutonium-239 is one of a small num- 
ber of important long-lived forms of high-level 
radioactive nuclear waste. The world’s waste 
stockpiles have about 10% metric tons of pluto- 
nium. Drinking water is considered safe by U.S. 
government standards if it contains less than 
2x 1071 g/cm? of plutonium. The amount of ra- 
dioactivity to which you were exposed by drink- 
ing such water on a daily basis would be very 
small compared to the natural background radi- 
ation that you are exposed to every year. Sup- 
pose that the world's inventory of plutonium-239 
were ground up into an extremely fine dust and 
then dispersed over the world's oceans, thereby 
becoming mixed uniformly into the world’s wa- 
ter supplies over time. Estimate the resulting 
concentration of plutonium, and compare with 
the government standard. 

* 
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CHAPTER 1. MEASUREMENT 


2 Kinematics in one dimension 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


2.1 Velocity 


The motion of a particle in one dimension can 
be described using the function x(t) that gives 
its position at any time. Its velocity is defined 
by the derivative 


dx 
v= —. 
dt 


From the definition, we see that the SI units of 
velocity are meters per second, m/s. Positive 
and negative signs indicate the direction of mo- 
tion, relative to the direction that is arbitrarily 
called positive when we pick our coordinate sys- 
tem. In the case of constant velocity, we have 


Ax 
At? 
where the notation A (Greek uppercase “delta,” 
like Latin “D”) means “change in,” or “final 
minus initial.” When the velocity is not con- 
stant, this equation is false, although the quan- 
tity Aaw/At can be interpreted as a kind of aver- 
age velocity. 

Velocity can only be defined if we choose some 
arbitrary reference point that we consider to be 
at rest. Therefore velocity is relative, not abso- 
lute. A person aboard a cruising passenger jet 
might consider the cabin to be at rest, but some- 
one on the ground might say that the plane was 
moving very fast — relative to the dirt. 

To convert velocities from one frame of ref- 
erence to another, we add a constant. If, for 


(2.1) 


v = 


(2.2) 
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example, vag is the velocity of A relative to B, 
then 


VAC = VAB + UBC. (2.3) 


The principle of inertia states that if an object 
is not acted on by a force, its velocity remains 
constant. For example, if a rolling soccer ball 
slows down, the change in its velocity is not be- 
cause the ball naturally “wants” to slow down 
but because of a frictional force that the grass 
exerts on it. 


A frame of reference in which the principle of 
inertia holds is called an inertial frame of refer- 
ence. The earth’s surface defines a very nearly 
inertial frame of reference, but so does the cabin 
of a cruising passenger jet. Any frame of refer- 
ence moving at constant velocity, in a straight 
line, relative to an inertial frame is also an in- 
ertial frame. An example of a noninertial frame 
of reference is a car in an amusement park ride 
that maneuvers violently. 


2.2 Acceleration 


The acceleration of a particle is defined as the 
time derivative of the velocity, or the second 
derivative of the position with respect to time: 


de_ da 
dt dt?’ 


(2.4) 


It measures the rate at which the velocity is 
changing. Its units are m/s/s, more commonly 
written as m/s?. 

Unlike velocity, acceleration is not just a mat- 
ter of opinion. Observers in different inertial 
frames of reference agree on accelerations. An 
acceleration is caused by the force that one ob- 
ject exerts on another. 


In the case of constant acceleration, simple al- 
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gebra and calculus give the following relations: 


Av 
==> 2. 
ae (2.5) 
1 
£ = To + vot + ¿ae (2.6) 
UF = ve + 2aAz, (2.7) 


where the subscript 0 (read “nought” ) means ini- 
tial, or t = 0, and f means final. 


Free fall 


Galileo showed by experiment that when the 
only force acting on an object is gravity, the ob- 
ject’s acceleration has a value that is indepen- 
dent of the object’s mass. This is because the 
greater force of gravity on a heavier object is 
exactly compensated for by the object’s greater 
inertia, meaning its tendency to resist a change 
in its motion. For example, if you stand up now 
and drop a coin side by side with your shoe, you 
should see them hit the ground at almost the 
same time, despite the huge disparity in mass. 
The magnitude of the acceleration of falling ob- 
jects is notated g, and near the earth’s surface 
g is approximately 9.8 m/s?. This number is a 
measure of the strength of the earth’s gravita- 
tional field. 


The inclined plane 


If an object slides frictionlessly on a ramp that 
forms an angle 0 with the horizontal, then its 
acceleration equals gsin9. This can be shown 
based on a looser, generalized statement of the 
principle of inertia, which leads to the conclusion 
that the gain in speed on a slope depends only 
on the vertical drop.! For 0 = 90°, we recover 
the case of free fall. 


For details of this argument, see Crowell, Mechanics, 
lightandmatter.com, section 3.6. 


Graphs of position, velocity, and acceler- 
ation 


The motion of an object can be represented vi- 
sually by a stack of graphs of x versus t, v versus 
t, and a versus t. Figure ?? shows two examples. 
The slope of the tangent line at a given point on 
one graph equals the value of the function at the 
same time in the graph below. 
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Figure 2.1: 1. Graphs representing the motion of an object moving with a constant acceleration of 


1 m/s?. 2. Graphs for a parachute jumper who initially accelerates at g, but later accelerates more 
slowly due to air resistance. 
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Problems 


2-al You're standing in a freight train, and 
have no way to see out. If you have to lean to 
stay on your feet, what, if anything, does that 
tell you about the train's velocity? Explain. 


2-a2 Interpret the general rule vag = —UBA 
in words. 
2-a3 Wa-Chuen slips away from her father 


at the mall and walks up the down escalator, so 
that she stays in one place. Write this in terms of 
symbols, using the notation with two subscripts 
introduced in section 2.1. 


2-a4 Driving along in your car, you take your 
foot off the gas, and your speedometer shows a 
reduction in speed. Describe an inertial frame 
of reference in which your car was speeding up 
during that same period of time. 

xk 
2-b1 (a) Translate the following information 
into symbols, using the notation with two sub- 
scripts introduced in section 2.1. Eowyn is riding 
on her horse at a velocity of 11 m/s. She twists 
around in her saddle and fires an arrow back- 
ward. Her bow fires arrows at 25 m/s. (b) Find 
the velocity of the arrow relative to the ground. 


2-b2 An airport has a moving walkway to 
help people move across and/or between termi- 
nals quickly. Suppose that you're walking north 
on such a walkway, where the walkway has speed 
3.0 m/s relative to the airport, and you walk at 
a speed of 2.0 m/s. You pass by your friend, who 
is off the walkway, traveling south at 1.5 m/s. 

(a) What is the magnitude of your velocity with 
respect to the moving walkway? v 
(b) What is the magnitude of your velocity with 
respect to the airport? v 
(c) What is the magnitude of your velocity with 
respect to your friend? v 
(d) If it takes you 45 seconds to get across the air- 


port terminal, how long does it take your friend? 
y 


2-b3 On a 20 km bike ride, you ride the first 
10 km at an average speed of 8 km/hour. What 
average speed must you have over the next 10 
km if your average speed for the whole ride is to 
be 12 km/hour? 

v 
2-b4 (a) In a race, you run the first half of 
the distance at speed u, and the second half at 
speed v. Find the over-all speed, i.e., the total 
distance divided by the total time. v 
(b) Check the units of your equation . 

(c) Check that your answer makes sense in the 
case where u = v. 

(d) Show that the dependence of your result 
on u and v makes sense. That is, first check 
whether making u bigger makes the result big- 
ger, or smaller. Then compare this with what 
you expect physically. 


2-b5 An object starts moving at t = 0, and 
its position is given by x = At? — Bt?, where t 
is in seconds and g is in meters. A is a non-zero 
constant. (a) Infer the units of A and B. 


(b) Find the velocity as a function of t. v 
(c) What is the average velocity from 0 to t as a 
function of time? vV 


(d) At what time t (t > 0) is the velocity at t 
equal to the average velocity from 0 to t? 

Vv 
2-b6 (a) Let R be the radius of the Earth 
and T the time (one day) that it takes for one 
rotation. Find the speed at which a point on 
the equator moves due to the rotation of the 
earth. v 
(b) Check the units of your equation . 

(c) Check that your answer to part a makes 
sense in the case where the Earth stops rotating 
completely, so that T is infinitely long. 

(d) Nairobi, Kenya, is very close to the equator. 
Plugging in numbers to your answer from part 
a, find Nairobi’s speed in meters per second. 
See the table in the back of the book for the 
relevant data. For comparison, the speed of 
sound is about 340 m/s. v 


PROBLEMS 


2-cl In running races at distances of 800 
meters and longer, runners do not have their 
own lanes, so in order to pass, they have to go 
around their opponents. Suppose we adopt the 
simplified geometrical model suggested by the 
figure, in which the two runners take equal times 
to trace out the sides of an isoceles triangle, 
deviating from parallelism by the angle 6. The 
runner going straight runs at speed v, while the 
one who is passing must run at a greater speed. 
Let the difference in speeds be Av. 

(a) Find Av in terms of v and 6. v 
(b) Check the units of your equation . 

(c) Check that your answer makes sense in 
the special case where 0 = 0, i.e., in the case 
where the runners are on an extremely long 
straightaway. 

(d) Suppose that 6 = 1.0 degrees, which is about 
the smallest value that will allow a runner to 
pass in the distance available on the straight- 
away of a track, and let v = 7.06 m/s, which is 
the women’s world record pace at 800 meters. 
Plug numbers into your equation from part a 
to determine Av, and comment on the result. Y 


* 


2-c2 In 1849, Fizeau carried out the first 
terrestrial measurement of the speed of light; 
previous measurements by Roemer and Bradley 
had involved astronomical observation. The fig- 
ure shows a simplified conceptual representation 
of Fizeau’s experiment. A ray of light from a 
bright source was directed through the teeth at 
the edge of a spinning cogwheel. After traveling 
a distance L, it was reflected from a mirror and 
returned along the same path. The figure shows 
the case in which the ray passes between two 
teeth, but when it returns, the wheel has rotated 
by half the spacing of the teeth, so that the ray 
is blocked. When this condition is achieved, the 
observer looking through the teeth toward the 
far-off mirror sees it go completely dark. Fizeau 
adjusted the speed of the wheel to achieve this 
condition and recorded the rate of rotation to 
be f rotations per second. Let the number of 
teeth on the wheel be n. 
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Problem 2-cl. 


(a) Find the speed of light c in terms of L, n, 
and f. v 
(b) Check the units of your equation . (Here f’s 
units of rotations per second should be taken 
as inverse seconds, s7}, since the number of 
rotations in a second is a unitless count.) 

(c) Imagine that you are Fizeau trying to design 
this experiment. The speed of light is a huge 
number in ordinary units. Use your equation 
from part a to determine whether increasing c 
requires an increase in L, or a decrease. Do the 
same for n and f. Based on this, decide for each 
of these variables whether you want a value that 
is as big as possible, or as small as possible. 

(d) Fizeau used L = 8633 m, f = 12.6 s7}, and 
n = 720. Plug in to your equation from part 
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a and extract the speed of light from his data. Y 


reflecteg 


from ro 


Problem 2-c2. 


2-el What is the acceleration of a car that 
moves at a steady velocity of 100 km/h for 100 
seconds? Explain your answer. [Based on a 
problem by Hewitt.] 


2-e2 Alice drops a rock off a cliff. Bubba 
shoots a gun straight down from the edge of the 
same cliff. Compare the accelerations of the rock 
and the bullet while they are in the air on the 
way down. [Based on a problem by Serway and 
Faughn.] 


2-e3 A toy car is released on one side of a 
piece of track that is bent into an upright U 
shape. The car goes back and forth. When the 
car reaches the limit of its motion on one side, 
its velocity is zero. Is its acceleration also zero? 
Explain using a v—t graph. [Based on a problem 
by Serway and Faughn.] 


2-e4 Ifan object starts accelerating from rest, 
we have v? = 2aAx for its speed after it has 
traveled a distance Ax. Explain in words why 
it makes sense that the equation has velocity 
squared, but distance only to the first power. 
Don’t recapitulate the derivation in the book, 
or give a justification based on units. The point 


is to explain what this feature of the equation 
tells us about the way speed increases as more 
distance is covered. 


2-f1 On New Year’s Eve, a stupid person fires 
a pistol straight up. The bullet leaves the gun 
at a speed of 100 m/s. How long does it take 
before the bullet hits the ground? 


2-f2 A physics homework question asks, “If 
you start from rest and accelerate at 1.54 m/s? 
for 3.29 s, how far do you travel by the end of 
that time?” A student answers as follows: 


1.54 x 3.29 = 5.07 m 


His Aunt Wanda is good with numbers, but has 
never taken physics. She doesn’t know the for- 
mula for the distance traveled under constant ac- 
celeration over a given amount of time, but she 
tells her nephew his answer cannot be right. How 
does she know? 


2-f3 You are looking into a deep well. It is 
dark, and you cannot see the bottom. You want 
to find out how deep it is, so you drop a rock 
in, and you hear a splash 3.0 seconds later. How 
deep is the well? 

v 
2-f4 Consider the following passage from 
Alice in Wonderland, in which Alice has been 
falling for a long time down a rabbit hole: 

Down, down, down. Would the fall never 
come to an end? “I wonder how many miles 
Pve fallen by this time?” she said aloud. “I 
must be getting somewhere near the center of 
the earth. Let me see: that would be four thou- 
sand miles down, I think” (for, you see, Alice had 
learned several things of this sort in her lessons in 
the schoolroom, and though this was not a very 
good opportunity for showing off her knowledge, 
as there was no one to listen to her, still it was 
good practice to say it over)... 

Alice doesn’t know much physics, but let’s try 
to calculate the amount of time it would take to 
fall four thousand miles, starting from rest with 
an acceleration of 10 m/s?. This is really only a 


PROBLEMS 


lower limit; if there really was a hole that deep, 
the fall would actually take a longer time than 
the one you calculate, both because there is air 
friction and because gravity gets weaker as you 
get deeper (at the center of the earth, g is zero, 
because the earth is pulling you equally in every 
direction at once). 

Vv 
2-f5 You shove a box with initial velocity 
2.0 m/s, and it stops after sliding 1.3 m. What 
is the magnitude of the deceleration, assuming it 
is constant? 

Vv 
2-f6 You're an astronaut, and you've arrived 
on planet X, which is airless. You drop a hammer 
from a height of 1.00 m and find that it takes 350 
ms to fall to the ground. What is the acceleration 
due to gravity on planet X? 

Vv 
2-i1 Mr. Whiskers the cat can jump 2.0 me- 
ters vertically (undergoing free-fall while in the 
air). (a) What initial velocity must he have in 
order to jump this high? v 
(b) How long does it take him to reach his max- 
imum height from the moment he leaves the 
ground? v 
(c) From the start of the jump to the time when 
he lands on the ground again, how long is he in 
the air? 

vV 
2-i2 A baseball pitcher throws a fastball. Her 
hand accelerates the ball from rest to 45.0 m/s 
over a distance 1.5 meters. For the purposes of 
this problem, we will make the simplifying as- 
sumption that this acceleration is constant. (a) 


What is the ball’s acceleration? v 
(b) How much time does it take for the pitcher 
to accelerate the ball? Vv 


(c) If home plate is 18.0 meters away from where 
the pitcher releases the baseball, how much total 
time does the baseball take to get there, assum- 
ing it moves with constant velocity as soon as it 
leaves the pitcher’s hand? Include both the time 
required for acceleration and the time the ball 
spends on the fly. 
V 
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2-i3 The photo shows Apollo 16 astronaut 
John Young jumping on the moon and saluting 
at the top of his jump. The video footage of the 
jump shows him staying aloft for 1.45 seconds. 
Gravity on the moon is 1/6 as strong as on the 
earth. Compute the height of the jump. 


Problem 2-i3. 


2-i4 Find the error in the following calcula- 
tion. A student wants to find the distance trav- 
eled by a car that accelerates from rest for 5.0 s 
with an acceleration of 2.0 m/s?. First he solves 
a = Av/At for Av = 10 m/s. Then he multiplies 
to find (10 m/s)(5.0 s) = 50 m. Do not just re- 
calculate the result by a different method; if that 
was all you did, you’d have no way of knowing 
which calculation was correct, yours or his. 


2-15 <A naughty child drops a golf ball from 
the roof of your apartment building, and you see 
it drop past your window. It takes the ball time 
T to traverse the window’s height H. Find the 
initial speed of the ball when it first came into 
view. 


v 


2-i6 Objects A and B, with v(t) graphs shown 
in the figure, both leave the origin at time t = 0s. 


When do they cross paths again? 
v 
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Problem 2-i6. 


2-17 An elevator is moving upward at con- 
stant speed of 2.50 m/s. A bolt in the elevator’s 
ceiling, 3.00 m above the floor, works loose and 
falls. (a) How long does it take for the bolt to 
fall to the floor? v 
(b) What is the speed of the bolt just as it 
hits the floor, according to an observer in the 
elevator? v 
(c) What is the speed of the bolt just as it hits 
the elevator’s floor, according to an observer 
standing on one of the floor landings of the 
building? v 


2-i8 You're in your Honda, cruising on the 
freeway at velocity u, when, up ahead at dis- 
tance L, a Ford pickup truck cuts in front of you 
while moving at constant velocity u/2. Like half 
the speed that any reasonable person would go! 
Let positive x be the direction of motion, and let 
your position be x = 0 at t = 0. To avoid a col- 
lision, you immediately slam on the brakes and 
start decelerating with acceleration —a, where a 
is a positive constant. 

(a) Write an equation for xp(t), the position of 
the Ford as a function of time, as they trundle 
onward obliviously. v 
(b) Write an equation for x(t), the position of 
your Honda as a function of time. v 
(c) By subtracting one from the other, find an 
expression for the distance between the two ve- 
hicles as a function of time, d(t). v 
(d) Find the minimum value of a that avoids a 


collision. v 
(e) Show that your answer to part e has units 
that make sense. 

(£) Show that the dependence of your answer on 
the variables makes sense physically. 


2-19 You're in your Honda on the freeway 
traveling behind a Ford pickup truck. The truck 
is moving at a steady speed of 30.0 m/s, you're 
speeding at 40.0 m/s, and you're cruising 45 me- 
ters behind the Ford. At t = 0, the Ford slams 
on his/her brakes, and decelerates at a rate of 
5.0 m/s?. You don’t notice this until t = 1.0 s, 
where you begin decelerating at 10.0 m/s?. Let 
positive x be the direction of motion, and let 
your position be x = 0 at t = 0. The goal is 
to find the motion of each vehicle and determine 
whether there is a collision. 

(a) Doing this entire calculation purely numer- 
ically would be very cumbersome, and it would 
be difficult to tell whether you had made mis- 
takes. Translate the given information into alge- 
bra symbols, and find an equation for xp(t), the 
position of the Ford as a function of time. v 
(b) Write a similar symbolic equation for zy (t) 
(for t > 1 s), the position of the Honda as a 
function of time. Why isn’t this formula valid 
for t < 1 s? vV 
(c) By subtracting one from the other, find an 
expression for the distance between the two ve- 
hicles as a function of time, d(t) (valid for t > 
1 s until the truck stops). Does the equation 
d(t) = 0 have any solutions? What does this tell 
you? vV 
(d) Because this is a fairly complicated calcula- 
tion, we will find the result in two different ways 
and check them against each other. Plug num- 
bers back in to the results of parts a and b, re- 
placing the symbols in the constant coefficients, 
and graph the two functions using a graphing cal- 
culator or an online utility such as desmos.com. 
(e) As you should have discovered in parts c and 
d, the two vehicles do not collide. At what time 
does the minimum distance occur, and what is 
that distance? 

v 


PROBLEMS 


2-110 You're standing on the roof of your sci- 
ence building, which is 10.0 meters above the 
ground. You have a rock in your hand, which you 
can throw with a maximum speed of 10.0 m/s. 
(a) How long would it take for the rock to hit the 
ground if you released the rock from rest? v 
(b) How long would it take for the rock to hit the 
ground if you threw the rock straight downward? 
v 
(c) How long would it take for the rock to hit the 
ground if you threw the rock straight upward? 
v 
(d) If you threw the rock straight upward, how 


high would it get above the ground? 
v 


2-111 You're standing on the roof of your sci- 
ence building. You drop a rock from rest and 
notice that it takes an amount of time T' to hit 
the ground. Express your answers to the follow- 
ing questions in terms of T and the acceleration 
due to gravity, g. 

(a) How high is the building? v 
(b) How fast must you throw the rock straight up 
if the rock is to take 2T to hit the ground? v 
(c) For the situation described in part b, how 
long does it take from the time you let the rock go 
to when the rock reaches maximum height? v 
(d) For the same situation, what is the maximum 


height that the rock gets to above the ground? 
v 


2-112 You take a trip in your spaceship to an- 
other star. Setting off, you increase your speed 
at a constant acceleration. Once you get half- 
way there, you start decelerating, at the same 
rate, so that by the time you get there, you have 
slowed down to zero speed. You see the tourist 
attractions, and then head home by the same 
method. 

(a) Find a formula for the time, T, required for 
the round trip, in terms of d, the distance from 
our sun to the star, and a, the magnitude of the 
acceleration. Note that the acceleration is not 
constant over the whole trip, but the trip can be 
broken up into constant-acceleration parts. 

(b) The nearest star to the Earth (other than our 
own sun) is Proxima Centauri, at a distance of 
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d= 4x 10! m. Suppose you use an acceleration 
of a = 10 m/s?, just enough to compensate for 
the lack of true gravity and make you feel com- 
fortable. How long does the round trip take, in 
years? 

(c) Using the same numbers for d and a, find your 
maximum speed. Compare this to the speed of 
light, which is 3.0 x 108 m/s. (Later in this 
course, you will learn that there are some new 
things going on in physics when one gets close 
to the speed of light, and that it is impossible to 
exceed the speed of light. For now, though, just 
use the simpler ideas you've learned so far.) 

v 
2-k1 If the acceleration of gravity on Mars is 
1/3 that on Earth, how many times longer does 
it take for a rock to drop the same distance on 
Mars? Ignore air resistance. 

> Solution, p. 239 
2-k2 Starting from rest, a ball rolls down a 
ramp, traveling a distance L and picking up a 
final speed v. How much of the distance did the 
ball have to cover before achieving a speed of 
v/2? [Based on a problem by Arnold Arons.] 

* 

2-k3 Suppose you can hit a tennis ball ver- 
tically upward with a certain initial speed, inde- 
pendent of what planet you’re on. 
(a) If the height the ball reaches on Earth is H, 
what is the height the ball will reach on Pluto, 
where the acceleration due to gravity is about 
1/15th the value on Earth? v 
(b) If the amount of time the ball spends in the 
air on Earth is 3.0 seconds, how long would it 
spend in the air on Pluto? 

v 
2-k4 You climb half-way up a tree, and drop 
a rock. Then you climb to the top, and drop 
another rock. How many times greater is the 
velocity of the second rock on impact? Explain. 
(The answer is not two times greater.) 


2-k5 Most people don't know that 
Spinosaurus aegyptiacus, not Tyrannosaurus 
rex, was the biggest theropod dinosaur. We 


can’t put a dinosaur on a track and time it 
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in the 100 meter dash, so we can only infer 
from physical models how fast it could have 
run. When an animal walks at a normal 
pace, typically its legs swing more or less like 
pendulums of the same length £. As a further 
simplification of this model, let's imagine that 
the leg simply moves at a fixed acceleration as it 
falls to the ground. That is, we model the time 
for a quarter of a stride cycle as being the same 
as the time required for free fall from a height £. 
S. aegyptiacus had legs about four times longer 
than those of a human. (a) Compare the time 
required for a human's stride cycle to that for 
S. aegyptiacus. v 


(b) Compare their running speeds. 
v 


2-k6 Engineering professor Qingming Li used 
sensors and video cameras to study punches de- 
livered in the lab by British former welterweight 
boxing champion Ricky “the Hitman” Hatton. 
For comparison, Li also let a TV sports reporter 
put on the gloves and throw punches. The time 
it took for Hatton’s best punch to arrive, i.e., the 
time his opponent would have had to react, was 
about 0.47 of that for the reporter. Let’s assume 
that the fist starts from rest and moves with con- 
stant acceleration all the way up until impact, 
at some fixed distance (arm’s length). Compare 


Hatton’s acceleration to the reporter’s. 
Vv 


2-k7 Aircraft carriers originated in World 
War I, and the first landing on a carrier was per- 
formed by E.H. Dunning in a Sopwith Pup bi- 
plane, landing on HMS Furious. (Dunning was 
killed the second time he attempted the feat.) 
In such a landing, the pilot slows down to just 
above the plane’s stall speed, which is the min- 
imum speed at which the plane can fly without 
stalling. The plane then lands and is caught by 
cables and decelerated as it travels the length of 
the flight deck. Comparing a modern US F-14 
fighter jet landing on an Enterprise-class carrier 
to Dunning’s original exploit, the stall speed is 
greater by a factor of 4.8, and to accomodate 
this, the length of the flight deck is greater by a 


factor of 1.9. Which deceleration is greater, and 


by what factor? 
v 


2-k8 In college-level women’s softball in the 
U.S., typically a pitcher is expected to be at 
least 1.75 m tall, but Virginia Tech pitcher Jas- 
min Harrell is 1.62 m. Although a pitcher ac- 
tually throws by stepping forward and swing- 
ing her arm in a circle, let's make a simplified 
physical model to estimate how much of a disad- 
vantage Harrell has had to overcome due to her 
height. We’ll pretend that the pitcher gives the 
ball a constant acceleration in a straight line, and 
that the length of this line is proportional to the 
pitcher’s height. Compare the acceleration Har- 
rell would have to supply with the acceleration 
that would suffice for a pitcher of the nominal 
minimum height, if both were to throw a pitch 


at the same speed. 
v 


2-k9 | When the police engage in a high-speed 
chase on city streets, it can be extremely danger- 
ous both to the police and to other motorists and 
pedestrians. Suppose that the police car must 
travel at a speed that is limited by the need to 
be able to stop before hitting a baby carriage, 
and that the distance at which the driver first 
sees the baby carriage is fixed. Tests show that 
in a panic stop from high speed, a police car 
based on a Chevy Impala has a deceleration 9% 
greater than that of a Dodge Intrepid. Compare 


the maximum safe speeds for the two cars. 
v 


2-n1 The figure shows a practical, simple 
experiment for determining g to high precision. 
Two steel balls are suspended from electromag- 
nets, and are released simultaneously when the 
electric current is shut off. They fall through un- 
equal heights Azı and Azz. A computer records 
the sounds through a microphone as first one 
ball and then the other strikes the floor. From 
this recording, we can accurately determine the 
quantity T defined as T = Atə — Atı, i.e., the 
time lag between the first and second impacts. 
Note that since the balls do not make any sound 
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Problem 2-n2. 


Problem 2-k5. 


when they are released, we have no way of mea- 
suring the individual times Atz and Atı. 

(a) Find an equation for g in terms of the mea- 
sured quantities T, Azı and Azo. v 
(b) Check the units of your equation. 

(c) Check that your equation gives the correct re- 
sult in the case where Az, is very close to zero. 
However, is this case realistic? 

(d) What happens when Azı = Axa? Discuss 
this both mathematically and physically. 


-0 


* 


O 


9 


Problem 2-n1. 


2-n2 Some fleas can jump as high as 30 cm. 
The flea only has a short time to build up speed 
— the time during which its center of mass is ac- 
celerating upward but its feet are still in contact 
with the ground. Make an order-of-magnitude 
estimate of the acceleration the flea needs to have 
while straightening its legs, and state your an- 
swer in units of g, i.e., how many “g’s it pulls.” 
(For comparison, fighter pilots black out or die 
if they exceed about 5 or 10 g's.) 

* 


2-n3 The speed required for a low-earth or- 
bit is 7.9 x 10° m/s. When a rocket is launched 
into orbit, it goes up a little at first to get above 
almost all of the atmosphere, but then tips over 
horizontally to build up to orbital speed. Sup- 
pose the horizontal acceleration is limited to 3g 
to keep from damaging the cargo (or hurting the 
crew, for a crewed flight). (a) What is the mini- 
mum distance the rocket must travel downrange 
before it reaches orbital speed? How much does 
it matter whether you take into account the ini- 
tial eastward velocity due to the rotation of the 
earth? (b) Rather than a rocket ship, it might 
be advantageous to use a railgun design, in which 
the craft would be accelerated to orbital speeds 
along a railroad track. This has the advantage 
that it isn’t necessary to lift a large mass of fuel, 
since the energy source is external. Based on 
your answer to part a, comment on the feasibil- 
ity of this design for crewed launches from the 
earth’s surface. 

* 
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2-n4 When an object slides frictionlessly 
down a plane inclined at an angle 0, its accelera- 
tion equals y sin 6 (p. 16). Suppose that a person 
on a bike is to coast down a ramp, starting from 
rest, and then coast back up an identical ramp, 
tracing a “V.” The horizontal distance is fixed 
to be 2w, and we want to set the depth of the 
“V” so as to achieve the minimal possible value 
t* for the total time. 
(a) Based only on units, infer the form of the 
expression for t* in terms of w, up to a unitless 
multiplicative constant. 
(b) Find the angle that minimizes the time. 
(c) Complete the determination of t* by finding 
the unitless constant. 

> Solution, p. 241 x 
2-n5 The figure shows a circle in a vertical 
plane, with two wires positioned along chords of 
the circle. The top of each wire coincides with 
the top of the circle. Beads slide frictionlessly on 
the wires. If the beads are released simultane- 
ously at the top, which one wins the race? You 
will need the fact that the acceleration equals 
gsinó (p. 16). 

k 


Problem 2-n5. 


2-o1 The graph represents the motion of a 
ball that rolls up a hill and then back down. 
When does the ball return to the location it had 
at t = 0? 


0 5 10 
t(s) 
Problem 2-01. 


2-02 The top part of the figure shows the 
position-versus-time graph for an object moving 
in one dimension. On the bottom part of the fig- 
ure, sketch the corresponding v-versus-t graph. 


Problem 2-02. 


2-03 For each of the two graphs, find the 


change in position Ax from beginning to end. 
v 


2-04 The graph represents the velocity of a 
bee along a straight line. At t = 0, the bee is at 
the hive. (a) When is the bee farthest from the 
hive? (b) How far is the bee at its farthest point 
from the hive? (c) At t = 13 s, how far is the 
bee from the hive? 

A 


2-05 Decide whether the following statements 
about one-dimensional motion are true or false: 
(a) The area under a v(t) curve gives the accel- 
eration of the object. 
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t(s) 
Problem 2-03. 


(b) The area under a a(t) curve gives the change 
in velocity of the object. 

(c) The slope of a a(t) curve at time T is the 
value v(T). 

(d) The slope of the v(t) curve at time T is the 
value a(T). 

(e) The displacement Ax from tı to ta is equal 
to the area under the a(t) curve from t; to ta. 


2-06 (a) The ball is released at the top of the 
ramp shown in the figure. Friction is negligible. 
Use physical reasoning to draw v — t and a — t 
graphs. Assume that the ball doesn’t bounce at 
the point where the ramp changes slope. (b) Do 
the same for the case where the ball is rolled up 
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Problem 2-04. 


the slope from the right side, but doesn’t quite 
have enough speed to make it over the top. 


Problem 2-06. 


2-07 You throw a rubber ball up, and it falls 
and bounces several times. Draw graphs of po- 
sition, velocity, and acceleration as functions of 
time. 


2-p1 (a) Express the chain rule in Leibniz 
(“d”) notation, and show that it always results 
in an answer whose units make sense. 

(b) An object has a position as a function of 
time given by x = Acos(bt), where A and b 
are constants. Infer the units of A and b, and 
interpret their physical meanings. 

(c) Find the velocity of this object, and check 
that the chain rule has indeed given an answer 
with the right units. 


2-p2 In July 1999, Popular Mechanics carried 
out tests to find which car sold by a major auto 
maker could cover a quarter mile (402 meters) 
in the shortest time, starting from rest. Because 
the distance is so short, this type of test is de- 
signed mainly to favor the car with the greatest 
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acceleration, not the greatest maximum speed 
(which is irrelevant to the average person). The 
winner was the Dodge Viper, with a time of 12.08 
s. The car's top (and presumably final) speed 
was 118.51 miles per hour (52.98 m/s). (a) If 
a car, starting from rest and moving with con- 
stant acceleration, covers a quarter mile in this 
time interval, what is its acceleration? (b) What 
would be the final speed of a car that covered a 
quarter mile with the constant acceleration you 
found in part a? (c) Based on the discrepancy 
between your answer in part b and the actual 
final speed of the Viper, what do you conclude 
about how its acceleration changed over time? 

> Solution, p. 243 x 
2-p3 A honeybee's position as a function of 
time is given by x = 10t—t*, where t is in seconds 
and x in meters. What is its velocity at t = 3.0 
s? 

Vv 


2-p4 Objects A and B move along the x axis. 
The acceleration of both objects as functions of 
time is given by a(t) = (3.00 m/s*)t. Object 
A starts (at t = 0) from rest at the origin, and 
object B starts at x = 5.00 m, initially moving 
in the negative x direction with speed 9.00 m/s. 
(a) What is A’s velocity at time t = 2.00 s? v 
(b) What is A’s position at the same time? v 
(c) What is B’s velocity at the same time? v 
(d) What is B’s position at the same time? v 
(e) Consider a frame of reference in which A is 
at rest, such as the frame that would naturally 
be adopted by an observer moving along with A. 
Describe B’s motion in this frame. 

(f) After they start, is there any time at which 
A and B collide? 


2-p5 The position of a particle moving on the 
x-axis is described by the equation z(t) = t?—4¢t? 
(with x in meters and ¢ in seconds). Consider the 
times t = —1, 0, 1, 2, and 3 seconds. For which 
of these times is the particle slowing down? 


2-p6 Freddi Fish(™) has a position as a func- 
tion of time given by x = a/(b+t?). (a) Infer 
the units of the constants a and b. (b) Find her 


maximum speed. (c) Check that your answer has 
the right units. 
v 


2-p7 Let t be the time that has elapsed since 
the Big Bang. In that time, one would imagine 
that light, traveling at speed c, has been able to 
travel a maximum distance ct. (In fact the dis- 
tance is several times more than this, because 
according to Einstein’s theory of general rela- 
tivity, space itself has been expanding while the 
ray of light was in transit.) The portion of the 
universe that we can observe would then be a 
sphere of radius ct, with volume v = (4/3)rr? = 
(4/3)7(ct)?. Compute the rate dv/dt at which 
the volume of the observable universe is increas- 
ing, and check that your answer has the right 
units. 

v 
2-p8 Sometimes doors are built with mech- 
anisms that automatically close them after they 
have been opened. The designer can set both the 
strength of the spring and the amount of friction. 
If there is too much friction in relation to the 
strength of the spring, the door takes too long 
to close, but if there is too little, the door will 
oscillate. For an optimal design, we get motion 
of the form x = cte7?*, where x is the position of 
some point on the door, and c and b are positive 
constants. (Similar systems are used for other 
mechanical devices, such as stereo speakers and 
the recoil mechanisms of guns.) In this exam- 
ple, the door moves in the positive direction up 
until a certain time, then stops and settles back 
in the negative direction, eventually approach- 
ing x = 0. This would be the type of motion we 
would get if someone flung a door open and the 
door closer then brought it back closed again. 
(a) Infer the units of the constants b and c. 

(b) Find the door’s maximum speed (i.e., the 
greatest absolute value of its velocity) as it comes 
back to the closed position. 
(c) Show that your answer has units that make 
sense. 

* 
2-p9 A person is parachute jumping. During 
the time between when she leaps out of the plane 
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and when she opens her chute, her altitude is 
given by an equation of the form 


y =b- c(t+ ke), 


where e is the base of natural logarithms, and b, 
c, and k are constants. Because of air resistance, 
her velocity does not increase at a steady rate as 
it would for an object falling in vacuum. 
(a) What units would b, c, and k have to have 
for the equation to make sense? 
(b) Find the person’s velocity, v, as a function of 
time. [You will need to use the chain rule, and 
the fact that d(e?)/ dx = e”.] v 
(c) Use your answer from part (b) to get an in- 
terpretation of the constant c. [Hint: e? ap- 
proaches zero for large values of «.] 
(d) Find the person's acceleration, a, as a func- 
tion of time. v 
(e) Use your answer from part (d) to show that 
if she waits long enough to open her chute, her 
acceleration will become very small. 

* 
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CHAPTER 2. KINEMATICS IN ONE DIMENSION 


3 Kinematics in three dimensions 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


3.1 Vectors 


Most of the things we want to measure in 
physics fall into two categories, called vectors 
and scalars. A scalar is something that doesn’t 
change when you turn it around, while a vector 
does change when you rotate it, and the way in 
which it changes is the same as the way in which 
a pointer such as a pencil or an arrow would 
change. For example, temperature is a scalar: 
a hot cup of coffee doesn’t change its tempera- 
ture when we turn it around. Force is a vector. 
When I play tug-of-war with my dog, her force 
and mine are the same in strength, but they’re 
in opposite directions. If we swap positions, our 
forces reverse their directions, just as a pair of 
arrows would. 


a <> 


Figure 3.1: Temperature is a scalar. Force is a 
vector. 


To distinguish vectors from scalars, we write 
them differently, e.g., p for a scalar and bold- 
face p for a vector. In handwriting, a vector is 
written with an arrow over it, P. 

Not everything is a scalar or a vector. For 
example, playing cards are designed in a sym- 
metric way, so that they look the same after a 
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180-degree rotation. The orientation of the card 
is not a scalar, because it changes under a rota- 
tion, but it’s not a vector, because it doesn’t be- 
have the way an arrow would under a 180-degree 
rotation. 

In kinematics, the simplest example of a vector 
is a motion from one place to another, called a 
displacement vector. 

A vector A has a magnitude |A|, which means 
its size, length, or amount. Rotating a vector 
can change the vector, but will never change its 
magnitude. 

Scalars are just numbers, and we do arithmetic 
on them in the usual way. Vectors are differ- 
ent. Vectors can be added graphically by placing 
them tip to tail, and then drawing a vector from 
the tail of the first vector to the tip of the second 
vector. A vector can be multiplied by a scalar to 
give a new vector. For instance, if A is a vector, 
then 2A is a vector that has the same direction 
but twice the magnitude. Multiplying by —1 is 
the same as flipping the vector, —A = (—1)A. 
Vector subtraction can be accomplished by flip- 
ping and adding. 


A+B 


Figure 3.2: Graphical addition of vectors. 


Suppose that a sailboat undergoes a displace- 
ment h while moving near a pier. We can de- 
fine a number called the component of h parallel 
to the pier, which is the distance the boat has 
moved along the pier, ignoring an motion toward 
or away from the pier. If we arbitrarily define 
one direction along the pier as positive, then the 
component has a sign. 

Often it is convenient to work with compo- 
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nents of a vector along the coordinate axes. If 
we pick a Cartesian coordinate system with x, y, 
and z axes, then any vector can be specified ac- 
cording to its x, y, and z components. We have 
previously given a graphical definition for vector 
addition. This is equivalent to adding compo- 
nents. 


Unit vector notation 


Suppose we want to tell someone that a cer- 
tain vector A in two dimensions has components 
A, = 3 and A, = 7. A more compact way of no- 
tating this is A = 3x + 7y, where x and y, read 
“x-hat” and “y-hat,” are the vectors with mag- 
nitude one that point in the positive x and y 
directions. Some authors notate the unit vectors 
as i, j, and k rather than x, y, and z. 


Rotational invariance 


Certain vector operations are useful and others 
are not. Consider the operation of multiplying 
two vectors component by component to produce 
a third vector: 


Ry = PyQy 
R, = P,Q. 


This operation will never be useful in physics be- 
cause it can give different results depending on 
our choice of coordinates. That is, if we change 
our coordinate system by rotating the axes, then 
the resulting vector R will of course have differ- 
ent components, but these will not (except in ex- 
ceptional cases) be the components of the same 
vector expressed in the new coordinates. We say 
that this operation is not rotationally invariant. 

The universe doesn’t come equipped with co- 
ordinates, so if any vector operation is to be use- 
ful in physics, it must be rotationally invariant. 
Vector addition, for example, is rotationally in- 
variant, since we can define it using tip-to-tail 
graphical addition, and this definition doesn’t 
even refer to any coordinate system. This rota- 
tional invariance would still have held, but might 


not have been so obvious, if we had defined ad- 
dition in terms of addition of components. 


Dot and cross product 


The vector dot product A - B is defined as the 
(signed) component of A parallel to B. It is a 
scalar. If we know the magnitudes of the vectors 
and the angle 048 between them, we can com- 
pute the dot product as |A||B|cos01g. If we 
know the components of the vectors in a partic- 
ular coordinate system, we can express the dot 
product as A,B, + AyBy + A- Bz. 

The dot product is useful simply as a geomet- 
rical tool, but later in this course we will also 
see that it has physical applications that include 
mechanical work, as well as many examples in 
electricity and magnetism, such as electric flux. 

There is also a way of multiplying two vectors 
to obtain a vector result. This is called the vector 
cross product, C = AxB. The magnitude of the 
cross product is the area of the parallelogram il- 
lustrated in figure 3.3. The direction of the cross 
product is perpendicular to the plane in which 
A and B lie. There are two such directions, and 
of these two, we choose the one defined by the 
right-hand rule illustrated in figure 3.4. 


Figure 3.3: The magnitude of the cross product 
is the area of the shaded parallelogram. 


Important physical applications of the cross 
product include torque, angular momentum, and 
magnetic forces. 

Unlike ordinary multiplication of real num- 
bers, the cross product is anticommutative, A x 
B=-BxA. The magnitude of the cross prod- 
uct can be expressed as |A||B| sin 04g. In terms 


3.2. MOTION 


AxB 


Figure 3.4: The right-hand rule for the direction 
of the vector cross product. 


of the components, we have 


C, = A,B, — By A: 
Cy = A,B, — B- Az 
C, = A, By — Bs Ay. 


3.2 Motion 


Velocity and acceleration 


If an object undergoes an infinitesimal displace- 
ment dr in an infinitesimal time interval dt, then 
its velocity vector is the derivative v = dr/ dt. 
This type of derivative of a vector can be com- 
puted by differentiating each component sepa- 
rately. The acceleration is the second derivative 
E r/ dt?. 

The velocity vector has a magnitude that in- 
dicates the speed of motion, and a direction that 
gives the direction of the motion. We saw in sec- 
tion 2.1 that velocities add in relative motion. 
To generalize this to more than one dimension, 
we use vector addition. 

The acceleration vector does not necessarily 


33 


Figure 3.5: The racing greyhound’s velocity vec- 
tor is in the direction of its motion, i.e., tangent 
to its curved path. 


point in the direction of motion. It points in the 
direction that an accelerometer would point, as 
in figure 3.6. 


Figure 3.6: The car has just swerved to the right. 
The air freshener hanging from the rear-view 
mirror acts as an accelerometer, showing that 
the acceleration vector is to the right. 


Projectiles and the inclined plane 


Forces cause accelerations, not velocities. In par- 
ticular, the downward force of gravity causes a 
downward acceleration vector. After a projec- 
tile is launched, the only force on it is gravity, 
so its acceleration vector points straight down. 
Therefore the horizontal part of its motion has 
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constant velocity. The vertical and horizontal 
motions of a projectile are independent. Neither 
affects the other. 


PROBLEMS 


Problems 


3-al The figure shows vectors A and B. 
Graphically calculate the following. 

A+B,A-B,B-A,-2B,A 
No numbers are involved. 


2B 


> 
B 


Problem 3-al. 


3-a2 Phnom Penh is 470 km east and 250 
km south of Bangkok. Hanoi is 60 km east and 
1030 km north of Phnom Penh. 

(a) Choose a coordinate system, and translate 
these data into Ax and Ay values with the 
proper plus and minus signs. 

(b) Find the components of the Ar vector 
pointing from Bangkok to Hanoi. v 


3-a3 If you walk 35 km at an angle 25° 
counterclockwise from east, and then 22 km 
at 230° counterclockwise from east, find the 
distance and direction from your starting point 
to your destination. 


3-a4 A machinist is drilling holes in a piece 
of aluminum according to the plan shown in 
the figure. She starts with the top hole, then 
moves to the one on the left, and then to the 
one on the right. Since this is a high-precision 
job, she finishes by moving in the direction and 
at the angle that should take her back to the 
top hole, and checks that she ends up in the 
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same place. What are the distance and direc- 
tion from the right-hand hole to the top one? v 


Problem 3-a4. 


3-a5 Suppose someone proposes a new op- 
eration in which a vector A and a scalar B are 
added together to make a new vector C like this: 


Cz = AEB 
C, =A,+B 
C.=A,+B 


Prove that this operation won’t be useful in 
physics, because it’s not rotationally invariant. 


3-d1 Find the angle between the following 
two vectors: 


2+2 +32 
AR + BY + 62 


v 


3-d2 Let a and b be any two numbers (not 
both zero), and let u = ax + by. Suppose we 
want to find a (nonzero) second vector v in the 
x-y plane that is perpendicular to u. Use the 
vector dot product to write down a condition for 
v to satisfy, find a suitable v, and check using 
the dot product that it is indeed a solution. 
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3-gl Find a vector that is perpendicular to 
both of the following two vectors: 

R + 2) +32 

AX + 5y + 62 


v 


3-82 Which of the following expressions make 
sense, and which are nonsense? For those that 
make sense, indicate whether the result is a vec- 
tor or a scalar. 

(a) (Ax B) x C 

(b) (Ax B)-C 

(c) (A-B)xC 


3-g3 Vector A = (3.0% — 4.0%) meters, and 
vector B = (5.0% + 12.0) meters. Find the fol- 
lowing: (a) The magnitude of vector A— 2B. v 


(b) The dot product A - B. v 
(c) The cross product A x B (expressing the re- 
sult in terms of its components). v 
(d) The value of (A + B) - (A — B). v 


(e) The angle between the two vectors. 
v 


3-g4 Prove the anticommutative property of 
the vector cross product, A x B = —B x A, using 
the expressions for the components of the cross 
product. Note that giving an example does not 
constitute a proof of a general rule. 


3-g5 Label the following statements about 
vectors as true or false. 

(a) The angle between ax + by and bx + ay is 
Zero. 

(b) The three vectors A, B, and A+B form a 
triangle. 

(c) The three vectors A, B, and A — B forma 
triangle. 

(d) The cross product between two vectors is al- 
ways perpendicular to each of the two vectors. 
(e) If the angle between two vectors is greater 
than 90°, then the dot product between the two 
vectors is negative. 

(f) A unit vector has magnitude 1 (and no units). 


3-g6 Find three vectors with which you can 
demonstrate that the vector cross product need 
not be associative, i.e., that A x (B x C) need 
not be the same as (A x B) x C. 


3-87 Can the vector cross product be gen- 
eralized to four dimensions? The generalization 
should, like the three-dimensional version, take 
two vectors as inputs, give a vector as an out- 
put, and be rotationally invariant. (This is of 
real-world interest because Einstein’s theory of 
relativity can be interpreted as describing time 
as a kind of fourth dimension.) 

* 
3-g8 A certain function f takes two vectors 
as inputs and gives an output that is also a vec- 
tor. The function can be defined in such a way 
that it is rotationally invariant, and it is also well 
defined regardless of the units of the vectors. It 
takes on the following values for the following 
inputs: 


f(&¥) =-2 
f(x, y) = —82 
f(x, 29) = -22 


Prove that the given information uniquely deter- 
mines f, and give an explicit expression for it. 

* 
3-j1 Annie Oakley, riding north on horseback 
at 30 mi/hr, shoots her rifle, aiming horizon- 
tally and to the northeast. The muzzle speed 
of the rifle is 140 mi/hr. When the bullet hits 
a defenseless fuzzy animal, what is its speed of 
impact? Neglect air resistance, and ignore the 
vertical motion of the bullet. 


3-j2 As shown in the figure, you wish to 
cross a river and arrive at a dock that is directly 
across from you, but the river’s current will tend 
to carry you downstream. To compensate, you 
must steer the boat at an angle. Find the an- 
gle 0, given the magnitude, |vw |, of the water’s 
velocity relative to the land, and the maximum 
speed, |vgw!|, of which the boat is capable rela- 
tive to the water. 
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north 


direction of motion 
of fossil relative to 
glacier, 2.3x10~! m/s 
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` direction of motion 
x of glacier relative 
+4 = 
A to continent, 1.1x10 7 m/s 


Problem 3-j7. 


Problem 3-32. 


> Solution, p. 249 
3-j3 It’s a calm day in Los Angeles with no 
wind. You’re in your car on the Ventura Free- 
way going 105 km/hour when it starts to rain. 
You notice out the driver’s side window that the 
raindrops make an angle of 70° with respect to 
the vertical. 

(a) What is the speed of the raindrops as mea- 
sured by someone at rest relative to the freeway? 

v 
(b) What is the speed of the raindrops as mea- 
sured by you? 


v 

3-j4 A border collie and a rottweiler, both 
initially at the same location, start chasing two 
different objects. The border collie starts chas- 
ing a stick thrown in the x+y direction, and the 
rottweiler starts chasing your neighbor in the —y 
direction. Both dogs move at speed v. For both 
parts of this problem, give your results as exact 
expressions, not decimal approximations. 
(a) What is the velocity of the rottweiler as mea- 
sured by the border collie? v 
(b) How long does it take for the distance be- 
tween the two dogs to be D? 

v 
3-j5 A plane can fly at u = 150 m/s with re- 
spect to the air, and the wind is from the south- 
west at v = 50 m/s. 

(a) In what direction should the plane head in 
order to fly directly north (with respect to the 
ground)? Give the angle in degrees west of north. 

v 
(b) What is the plane’s speed as measured by an 
observer on the ground? 

v 
3-j6 A plane flies toward a city directly north 
and a distance D away. The wind speed is u, 
and the plane’s speed with respect to the wind 
is v. 

(a) If the wind is blowing from the west (towards 
the east), what direction should the plane head 
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(what angle west of north)? v 
(b) How long does it take the plane to get to the 
city? v 


(c) Check that your answer to part b has units 
that make sense. 

(d) Comment on the behavior of your answer in 
the case where u = v. 


3-57 As shown in the diagram, a dinosaur 
fossil is slowly moving down the slope of a glacier 
under the influence of wind, rain and gravity. 
At the same time, the glacier is moving relative 
to the continent underneath. The dashed lines 
represent the directions but not the magnitudes 
of the velocities. Pick a scale, and use graphical 
addition of vectors to find the magnitude and the 
direction of the fossil's velocity relative to the 


continent. You will need a ruler and protractor. 
v 


3-j8 | Andrés and Brenda are going to race to 
see who can first get to a town across a river of 
width 20.0 m. The water in the river is moving 
at a constant 0.60 m/s, each person can swim 
with speed 1.00 m/s with respect to the water, 
and each person can run 4.00 m/s on land. 

Andrés is going to row in such a way that he 
moves straight towards the town across the river. 
Brenda, however, decides to get to the other side 
of the river as quickly as she can, and run. 
(a) How long does it take Andrés to swim to the 
other side of the river? Call this T4 v 
(b) How long does it take Brenda to get to the 
other side of the river (not at the town, since the 
river carries her downstream)? Call this tı. v 
(c) How long does it take Brenda to run to the 
town on the other side of the river? Call this 
ta. v 
(d) How long (Tg = tı + t2) does the total trip 
take Brenda? Who wins the race? 

v 


3-j9 César is on one bank of a river in which 
the water flows at speed w. He can swim at speed 
u and run at speed v. On the other side, directly 
across from him, is a town that he wants to reach 
in the minimum possible time. Depending on the 
direction in which he chooses to swim, he may 


need to run some distance along the far bank in 
order to get to the town. Show that, surprisingly, 
the optimal angle depends on the variables v and 
w only through their sum v + w. 

* 
3-m1 Is it possible for a helicopter to have an 
acceleration due east and a velocity due west? If 
so, what would be going on? If not, why not? 


3-m2 The figure shows the path followed by 
Hurricane Irene in 2005 as it moved north. The 
dots show the location of the center of the storm 
at six-hour intervals, with lighter dots at the time 
when the storm reached its greatest intensity. 
Find the time when the storm’s center had a ve- 
locity vector to the northeast and an acceleration 
vector to the southeast. Explain. 


3-m3 A bird is initially flying horizontally 
east at 21.1 m/s, but one second later it has 
changed direction so that it is flying horizontally 
and 7° north of east, at the same speed. What 
are the magnitude and direction of its accelera- 
tion vector during that one second time interval? 
(Assume its acceleration was roughly constant.) 
v 


3-m4 Two cars go over the same speed bump 
in a parking lot, Maria’s Maserati at 25 miles 
per hour and Park’s Porsche at 37. How many 
times greater is the vertical acceleration of the 
Porsche? Hint: Remember that acceleration de- 
pends both on how much the velocity changes 
and on how much time it takes to change. 

v 
3-p1 Two daredevils, Wendy and Bill, go over 
Niagara Falls. Wendy sits in an inner tube, and 
lets the 30 km/hr velocity of the river throw her 
out horizontally over the falls. Bill paddles a 
kayak, adding an extra 10 km/hr to his velocity. 
They go over the edge of the falls at the same 
moment, side by side. Ignore air friction. Ex- 
plain your reasoning. 

(a) Who hits the bottom first? 

(b) What is the horizontal component of 
Wendy’s velocity on impact? 

(c) What is the horizontal component of Bills 
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v,=73.3 mi/hr 
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des 


L=60.0 ft 
Problem 3-82. 


Problem 3-m2. 


velocity on impact? 
(d) Who is going faster on impact? 


3-p2 At the 2010 Salinas Lettuce Festival Pa- 
rade, the Lettuce Queen drops her bouquet while 
riding on a float moving toward the right. Sketch 
the shape of its trajectory in her frame of refer- 
ence, and compare with the shape seen by one of 
her admirers standing on the sidewalk. 


3-s1 A gun is aimed horizontally to the west. 
The gun is fired, and the bullet leaves the muz- 
zle at t = 0. The bullet’s position vector as a 
function of time is r = bx + ct¥ + dt?z, where b, 
c, and d are positive constants. 

(a) What units would b, c, and d need to have 
for the equation to make sense? 

(b) Find the bullet’s velocity and acceleration as 


functions of time. 
(c) Give physical interpretations of b, c, d, X, y, 
and Z. 


3-s2 A baseball pitcher throws a pitch clocked 
at UV, = 73.3 miles/hour. He throws horizontally. 
By what amount, d, does the ball drop by the 
time it reaches home plate, L = 60.0 feet away? 
(a) First find a symbolic answer in terms of L, 
Vz, and g. v 
(b) Plug in and find a numerical answer. Express 
your answer in units of ft. (Note: 1 foot=12 
inches, 1 mile=5280 feet, and 1 inch=2.54 cm) 
v 


3-s3 You're running off a cliff into a pond. 
The cliff is h = 5.0 m above the water, but the 
cliff is not strictly vertical; it slopes down to the 
pond at an angle of 0 = 20° with respect to the 
vertical. You want to find the minimum speed 
you need to jump off the cliff in order to land in 
the water. 

(a) Find a symbolic answer in terms of h, 0, and 
g. vV 
(b) Check that the units of your answer to part 
a make sense. 

(c) Check that the dependence on the variables 
g, h, and 0 makes sense, and check the special 
cases 0 = 0 and 0 = 90°. 

(d) Plug in numbers to find the numerical 
result. vV 
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Problem 3-s12. 


Problem 3-83. 


3-s4 A batter hits a baseball at speed v, at 
an angle 0 above horizontal. 

(a) Find an equation for the range (horizontal 
distance to where the ball falls), R, in terms of 
the relevant variables. Neglect air friction and 
the height of the ball above the ground when it 
is hit. 

(b) Interpret your equation in the cases of 6=0 
and 0 = 90°. 

(c) Find the angle that gives the maximum 
range. 


3-s5 A tennis ball is thrown from the ground 
with speed 15 m/s at an angle of 45° above the 
horizontal. 

(a) How long is the ball in the air (from the throw 
to when it lands on the ground)? v 
(b) What is the maximum height that the ball 


reaches? vV 
(c) What is the range of the ball (the horizon- 
tal distance the ball has traveled by the time it 
lands)? 

v 
3-s6 (a) A ball is thrown straight up with 
velocity v. Find an equation for the height to 
which it rises. v 
(b) Generalize your equation for a ball thrown 
at an angle 0 above horizontal, in which case its 
initial velocity components are v, = v cos and 
Vy = vsin ð. v 


3-s7 The first time he played golf, now- 
deceased North Korean leader Kim Jong-Il is 
said to have gotten 11 holes in one. Suppose 
that his son, Kim Jong-Un, wants to top his fa- 
ther’s feat by hitting a golf ball all the way from 
Pyongyang to Seoul, a distance of 195 km. Ignor- 
ing air resistance and the curvature of the earth, 
how fast does he need to hit the ball? Note that 
the maximum range (assuming no air resistance) 
is achieved for a launch angle of 45°. 


3-s8 Two footballs, one white and one green, 
are on the ground and kicked by two differ- 
ent footballers. The white ball, which is kicked 
straight upward with initial speed vo, rises to 
height H. The green ball is hit with twice the 
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initial speed but reaches the same height. 

(a) What is the y-component of the green ball's 
initial velocity vector? Give your answer in 
terms of vp alone. Vv 
(b) Which ball is in the air for a longer amount 
of time? 

(c) What is the range of the green ball? Your 
answer should only depend on H. 

v 
3-s9 You throw a rock horizontally from the 
edge of the roof of a building of height 10.0 m. 
The rock hits the ground at exactly twice its ini- 
tial speed. How fast was the rock thrown off the 
roof? Express your answer to three significant 
figures. 

v 
3-s10 You throw a rock horizontally from the 
edge of the roof of a building of height h with 
speed vo. What is the (positive) angle between 
the final velocity vector and the horizontal when 
the rock hits the ground? 

v 

3-s11 Standing on the edge of the roof of a 
building of height h, you throw a rock with speed 
vo at 30° above the horizontal. 
(a) How high above the ground does the rock 
get? vV 
(b) How far away from the building does the rock 
land? 

v 
3-s12 The figure shows an arcade game 
called skee ball that is similar to bowling. The 
player rolls the ball down a horizontal alley. 
The ball then rides up a curved lip and is 
launched at an initial speed u, at an angle a 
above horizontal. Suppose we want the ball to 
go into a hole that is at horizontal distance £ 
and height h, as shown in the figure. 

(a) Find the initial speed u that is required, in 
terms of the other variables and g. v 
(b) Check that your answer to part a has units 
that make sense. 

(c) Check that your answer to part a depends 
on g in a way that makes sense. This means 
that you should first determine on physical 
grounds whether increasing g should increase u, 
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or decrease it. Then see whether your answer to 
part a has this mathematical behavior. 

(d) Do the same for the dependence on h. 

(e) Interpret your equation in the case where 
a = 90%. 

(£) Interpret your equation in the case where 


tana =h/é. 

(g) Find u numerically if h = 70 cm, £ = 60 cm, 
and a = 65°. v 
3-s13 A particle leaves point P at time t = 0 s 


with initial velocity (—2.0 + 4.0) m/s. Point 
P is located on the x axis at position (x,y) = 
(10.0 m, 0). If the particle experiences constant 
acceleration a = (—5.0¥) m/s?, then which axis 
does it cross first, x or y, and at what location? 


3-s14 A Hot Wheels car is rolling along a 
horizontal track at speed vo = 6.0 m/s. It then 
comes to a ramp inclined at an angle 0 = 30° 
above the horizontal, and the car undergoes a 
deceleration of gsin = 4.9 m/s? when moving 
along the ramp. The track ends at the top of 
the ramp, so the car is launched into the air. By 
the time the car reaches the top of the ramp, its 
speed has gone down to 3.0 m/s. 

(a) How high is the top of the ramp (vertical 
height, not distance along the ramp)? v 
(b) After the car is achieves lift-off, how long 
does it spend in the air before hitting the 
ground? 

v 
3-s15 A Hot Wheels car is rolling along a 
horizontal track at speed vo. It then comes to a 
ramp inclined at an angle 0 above the horizon- 
tal. The car undergoes a deceleration of gsin 0 
while rolling up the ramp. The track ends after 
a distance L, so the car is launched into the air. 
(a) What is the speed of the car when it leaves 
the ramp? v 
(b) How high does the car get above the ground? 
v 

3-s16 The figure shows a vertical cross- 
section of a cylinder. A gun at the top shoots a 
bullet horizontally. What is the minimum speed 
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at which the bullet must be shot in order to com- 
pletely clear the cylinder? 


Problem 3-s16. 


3-s17 A battleship has a gun that fires shells 
with muzzle velocity u, and the gunner wants 
to hit an enemy ship at range L. The gun is 
to be fired at some angle 9 above the horizon- 
tal. Find the two possible values of 9 that are 
possible under normal conditions. Under what 
conditions are there one solution or no solutions 
at all? To what extent is the form of the solution 
determined by units? 


4 Newton's laws, part 1 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


4.1 Newton’s first law 


Isaac Newton (1643-1727) originated the idea 
of explaining all events, both on earth and in 
the heavens, using a set of simple and universal 
mathematical laws. His three laws talk about 
forces, so what is a force? 

In figure 4.1, the legendary Baron von Mun- 
chausen lifts himself and his horse out of a 
swamp by pulling up on his own pigtail. This 
is not actually possible, because an object can’t 
accelerate by exerting a force on itself. A force 
is always an interaction between two objects. 


Figure 4.1: Escaping from a swamp. 


The left side of figure 4.2 shows a hand making 
a force on a rope. Two objects: hand and rope. 
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A force refers to a direct cause, not an indirect 
one. A pool player makes a force on the cue stick, 
but not on the cue ball. 

To finish defining what we mean by a force, we 
need to say how we would measure a force nu- 
merically. In the right-hand side, the stretching 
of a spring is a measure of the hand’s force. The 
SI unit of force is the newton (N), which we will 
see later is actually defined in a convenient way 
in terms of the base units of the SI. Force is a 


vector. 


= 
VHD 


Figure 4.2: Forces. 


Suppose that we can prevent any forces at all 
from acting on an object, perhaps by moving it 
far away from all other objects, or surrounding 
it with shielding. (For example, there is a nickel- 
iron alloy marketed as “mu-metal” which blocks 
magnetic forces very effectively.) Newton’s first 
law states that in this situation, the object has a 
zero acceleration vector, i.e., its velocity vector 
is constant. If the object is already at rest, it 
remains at rest. If it is already in motion, it 
remains in motion at constant speed in the same 
direction. 

Newton’s first law is a more detailed and quan- 
titative statement of the law of inertia. The first 
law holds in an inertial frame of reference; in 
fact, this is just a restatement of what we mean 
by an inertial frame. 

The first law may not seem very useful for ap- 
plications near the earth’s surface, since an ob- 
ject there will always be subject at least to the 
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air's force 
on sail 


water's bouyant 

force on boat 

water's frictional 
force on boat 


earth's gravitational 
force on boat 


Figure 4.3: The four forces on the sailboat cancel 
out. 


force of gravity. But the first law can also be ex- 
tended to apply to cases in which forces do act 
on an object, but they cancel out. An example 
is the sailboat in figure 4.3. 

An object can rotate or change its shape. A 
cat does both of these things when it falls and 
brings its feet under itself before it hits the 
ground. In such a situation, it is not immedi- 
ately obvious what is meant by “the” velocity 
of the object. We will see later that Newton's 
first law can still be made to hold in such cases 
if we measure its motion by using a special point 
called its center of mass, which is the point on 
which it would balance. In the example of Baron 
von Munchausen, it is certainly possible for one 
part of his body to accelerate another part of 
his body by making a force on it; however, this 
will have no effect on the motion of his center of 
mass. 


4.2 Newton’s second law 


Newton's second law tells us what happens when 
the forces acting on an object do not cancel out. 
The object's acceleration is then given by 


= Frotar (4.1) 

m 
where Fiotal is the vector sum of all the forces, 
and m is the object's mass. Mass is a perma- 
nent property of an object that measures its in- 
ertia, i.e., how much it resists a change in its 
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motion. Since the SI unit of mass is the kilo- 
gram, it follows from Newton's second law that 
the newton is related to the base units of the SI 
as 1 N = 1 kg-m/s?. 

The force that the earth's gravity exerts on 
an object is called its weight, which is not the 
same thing as its mass. An object of mass m has 
weight mg (problem 4-al, p. 46). 


4.3 Newton’s third law 


We have seen that a force is always an interaction 
between two objects. Newton's third law states 
that these forces come in pairs. Ifobject A exerts 
a force on object B, then B also exerts a force on 
A. The two forces have equal magnitudes but are 
in opposite directions. In symbols, 
Fa onB = —FBona- (4.2) 
Newton’s third law holds regardless of whether 
everything is in a state of equilibrium. It might 
seem as though the two forces would cancel out, 
but they can’t cancel out because it doesn’t even 
make sense to add them in the first place. They 
act on different objects, and it only makes sense 
to add forces if they act on the same object. 


Figure 4.4: Newton’s third law does not mean 
that forces always cancel out so that nothing 
can ever move. If these two ice skaters, initially 
at rest, push against each other, they will both 
move. 


4.3. NEWTON’S THIRD LAW 


The pair of forces related by Newton's third 
law are always of the same type. For example, 
the hand in the left side of figure 4.2 makes a fric- 
tional force to the right on the rope. Newton's 
third law tells us that the rope exerts a force 
on the hand that is to the left and of the same 
strength. Since one of these forces is frictional, 
the other is as well. 
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Problems 
4-al (a) Why would it not make sense to 


say that the force of gravity acting on an object 
equals g? 
(b) Why would it not make sense to say that the 
force of gravity acting on an object of mass m 
equals m? 
(c) Use Newton's second law to prove that the 
magnitude of the gravitational force acting on an 
object of mass m equals mg. 

> Solution, p. 255 
4-a2 You are given a large sealed box, and 
are not allowed to open it. Which of the follow- 
ing experiments measure its mass, and which 
measure its weight? [Hint: Which experiments 
would give different results on the moon?] 
(a) Put it on a frozen lake, throw a rock at it, 
and see how fast it scoots away after being hit. 
(b) Drop it from a third-floor balcony, and 
measure how loud the sound is when it hits the 
ground. 
(c) As shown in the figure, connect it with a 
spring to the wall, and watch it vibrate. 


> Solution, p. 256 


Problem 4-a2. 


4-a3 (a) Compare the mass of a one-liter wa- 
ter bottle on earth, on the moon, and in inter- 
stellar space. 

(b) Do the same for its weight. 


4-ad In the figure, the rock climber has fin- 
ished the climb, and his partner is lowering him 
back down to the ground at approximately con- 
stant speed. The following is a student's analysis 
of the forces acting on the climber. The arrows 
give the directions of the forces. 

force of the earth’s gravity, | 

force from the partner’s hands, f 

force from the rope, ¢ 
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The student says that since the climber is mov- 
ing down, the sum of the two upward forces must 
be slightly less than the downward force of grav- 
ity. 

Correct all mistakes in the above analysis. 


Problem 4-a4. 


4-a5 A car is accelerating forward along a 
straight road. If the force of the road on the 
car’s wheels, pushing it forward, is a constant 
3.0 kN, and the car’s mass is 1000 kg, then how 
long will the car take to go from 20 m/s to 50 
m/s? 

> Solution, p. 256 
4-a6 An object is observed to be moving at 
constant speed in a certain direction. Can you 
conclude that no forces are acting on it? Explain. 
[Based on a problem by Serway and Faughn.] 


4-a7 A book is pushed along a frictionless 
table with a constant horizontal force. The book 
starts from rest and travels 2.0 m in 1.0 s. If 
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the same force continues, how far will the book 
travel in the next 1.0 s? 

v 
4-d1 A blimp is initially at rest, hovering, 
when at t = 0 the pilot turns on the engine driv- 
ing the propeller. The engine cannot instantly 
get the propeller going, but the propeller speeds 
up steadily. The steadily increasing force be- 
tween the air and the propeller is given by the 
equation F = kt, where k is a constant. If the 
mass of the blimp is m, find its position as a func- 
tion of time. (Assume that during the period of 
time you're dealing with, the blimp is not yet 
moving fast enough to cause a significant back- 


ward force due to air resistance.) 
v 


Problem 4-d1. 


4-g1 The acceleration of a 1.0 kg object is 
given in the graph. 

(a) What is the maximum force that acts on the 
object over the time interval [0.0, 4.0] s? v 
(b) What is the average force over the same in- 


terval? 
v 


a (m/s?) 
5.0 


0.0 t(s) 
0 i 2 8 4 


Problem 4-g1. 


4-g2 Flaca has brought a bathroom scale with 
her in an elevator and is standing on it. Just 
before the elevator arrives at the top floor, as the 
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car is slowing down, she notices that according 
to the scale, her weight appears to be off by 3% 
from its normal value W. 

(a) Does the scale read 0.97W, or 1.03W? v 
(b) What is the magnitude of the acceleration of 
the elevator? 

vV 
4-g3 A person who normally weighs 890 N is 
standing on a scale inside an elevator. The eleva- 
tor is moving upward with a speed of 10 m/s, and 
then begins to decelerate at a rate of 5.0 m/s?. 
(a) Before the elevator begins to decelerate, what 
is the reading on the scale? v 
(b) What about while the elevator is slowing 
down? 

v 
4-g4 A bullet of mass m is fired from a pistol, 
accelerating from rest to a speed v in the barrel’s 
length L. 

(a) What is the force on the bullet? (Assume 
this force is constant.) v 
(b) Check that the units of your answer to part 
a make sense. 

(c) Check that the dependence of your answer on 
each of the three variables makes sense. 


4-g5 You push a cup of mass M across a ta- 
ble, using a force of magnitude F. Because of 
a second, frictional force, the cup’s acceleration 
only has magnitude F/3M. What is the magni- 
tude of this frictional force? 

v 
4-g6 In an experiment, a force is applied to 
two different unknown masses. This force causes 
the first object, with mass m1, to have accel- 
eration a,, and gives an object of mass ma an 
acceleration a2, where a, > az. 

(a) Which mass is heavier: mı or ma? 

(b) Based on the experimental data (a; and az), 
what acceleration would the force give to an ob- 
ject of mass Mı + ma? 

Vv 
4-j1 At low speeds, every car's acceleration 
is limited by traction, not by the engine's power. 
Suppose that at low speeds, a certain car is nor- 
mally capable of an acceleration of 3 m/s?. If 
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it is towing a trailer with half as much mass as 
the car itself, what acceleration can it achieve? 
[Based on a problem from PSSC Physics.] 


4-2 The tires used in Formula 1 race cars can 
generate traction (i.e., force from the road) that 
is as much as 1.9 times greater than with the 
tires typically used in a passenger car. Suppose 
that we're trying to see how fast a car can cover a 
fixed distance starting from rest, and traction is 
the limiting factor. By what factor is this time 
reduced when switching from ordinary tires to 


Formula 1 tires? 
Jv 


4-j3 At the turn of the 20th century, Samuel 
Langley engaged in a bitter rivalry with the 
Wright brothers to develop human flight. Lan- 
gley’s design used a catapult for launching. For 
safety, the catapult was built on the roof of a 
houseboat, so that any crash would be into the 
water. This design required reaching cruising 
speed within a fixed, short distance, so large 
accelerations were required, and the forces fre- 
quently damaged the craft, causing dangerous 
and embarrassing accidents. Langley achieved 
several uncrewed, unguided flights, but never 
succeeded with a human pilot. If the force of 
the catapult is fixed by the structural strength 
of the plane, and the distance for acceleration by 
the size of the houseboat, by what factor is the 
launch velocity reduced when the plane’s 340 kg 


is augmented by the 60 kg mass of a small man? 
vV 


4-j4 Inthe 1964 Olympics in Tokyo, the best 
men's high jump was 2.18 m. Four years later in 
Mexico City, the gold medal in the same event 
was for a jump of 2.24 m. Because of Mex- 
ico City's altitude (2400 m), the acceleration 
of gravity there is lower than that in Tokyo by 
about 0.01 m/s?. Suppose a high-jumper has a 
mass of 72 kg. 

(a) Compare his mass and weight in the two lo- 
cations. 

(b) Assume that he is able to jump with the 
same initial vertical velocity in both locations, 
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and that all other conditions are the same ex- 
cept for gravity. How much higher should he be 
able to jump in Mexico City? v 
(Actually, the reason for the big change between 
"64 and ’68 was the introduction of the “Fosbury 
flop.”) 


4-35 Your friend, who's kind of an idiot, 
jumps out of a third-story window. After falling 
7.0 m, he lands on his stomach so that as his 
body compresses on impact, his center of mass 
only moves 0.020 m. What is the average force of 
the ground on your friend as he smacks the floor? 
Express your answer in terms of his weight W. 

V 
4-j6 A book is pushed along a frictionless ta- 
ble with a constant horizontal force. The book 
starts from rest and travels 2.0 m in 1.0 s. If the 
same experiment is carried out again, but with 
a book having twice the mass, how far will this 
heavier book travel? 

V 
4-m1 In each case, identify the force that 
causes the acceleration, and give its Newton’s- 
third-law partner. Describe the effect of the 
partner force. (a) A swimmer speeds up. (b) A 
golfer hits the ball off of the tee. (c) An archer 
fires an arrow. (d) A locomotive slows down. 

> Solution, p. 257 
4-m2 A little old lady and a pro football 
player collide head-on. Compare their forces on 


PROBLEMS 


each other, and compare their accelerations. Ex- 
plain. 


Problem 4-m2. 


4-m3 The earth is attracted to an object with 
a force equal and opposite to the force of the 
earth on the object. If this is true, why is it that 
when you drop an object, the earth does not have 
an acceleration equal and opposite to that of the 
object? 


4-m4 When you stand still, there are two 
forces acting on you, the force of gravity (your 
weight) and the normal force of the floor push- 
ing up on your feet. Are these forces equal and 
opposite? Does Newton’s third law relate them 
to each other? Explain. 


4-m5 Some garden shears are like a pair of 
scissors: one sharp blade slices past another. In 
the “anvil” type, however, a sharp blade presses 
against a flat one rather than going past it. A 
gardening book says that for people who are not 
very physically strong, the anvil type can make 
it easier to cut tough branches, because it con- 
centrates the force on one side. Evaluate this 
claim based on Newton’s laws. [Hint: Consider 
the forces acting on the branch, and the motion 
of the branch.] 

xk 
4-m6 Pick up a heavy object such as a back- 
pack or a chair, and stand on a bathroom scale. 
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Shake the object up and down. What do you 
observe? Interpret your observations in terms of 
Newton's third law. 

* 
4-p1 (a) Let T be the maximum tension that 
an elevator’s cable can withstand without break- 
ing, i.e., the maximum force it can exert. If the 
motor is programmed to give the car an acceler- 
ation a (a > 0 is upward), what is the maximum 
mass that the car can have, including passengers, 
if the cable is not to break? 

(b) Interpret the equation you derived in the spe- 
cial cases of a = 0 and of a downward accelera- 
tion of magnitude g. 


4-p2 While escaping from the palace of the 
evil Martian emperor, Sally Spacehound jumps 
from a tower of height h down to the ground. 
Ordinarily the fall would be fatal, but she fires 
her blaster rifle straight down, producing an 
upward force of magnitude Fg. This force is 
insufficient to levitate her, but it does cancel 
out some of the force of gravity. During the 
time t that she is falling, Sally is unfortunately 
exposed to fire from the emperor’s minions, and 
can’t dodge their shots. Let m be her mass, and 
g the strength of gravity on Mars. 

(a) Find the time ¢ in terms of the other 
variables. 

(b) Check the units of your answer to part a. 
(c) For sufficiently large values of Fg, your 


answer to part a becomes nonsense — explain 
what’s going on. v 
4-p3 A helicopter of mass m is taking off 


vertically. The only forces acting on it are the 
earth’s gravitational force and the force, Fair, of 
the air pushing up on the propeller blades. 

(a) If the helicopter lifts off at t = 0, what is its 
vertical speed at time t? 

(b) Check that the units of your answer to part 
a make sense. 

(c) Discuss how your answer to part a depends 
on all three variables, and show that it makes 
sense. That is, for each variable, discuss what 
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would happen to the result if you changed it 
while keeping the other two variables constant. 
Would a bigger value give a smaller result, or a 
bigger result? Once you've figured out this math- 
ematical relationship, show that it makes sense 
physically. 

(d) Plug numbers into your equation from part 
a, using m = 2300 kg, Fair = 27000 N, and 
t=40s. 

v 
4-p4 A uranium atom deep in the earth spits 
out an alpha particle. An alpha particle is a 
fragment of an atom. This alpha particle has 
initial speed v, and travels a distance d before 
stopping in the earth. 

(a) Find the force, F, from the dirt that stopped 
the particle, in terms of v,d, and its mass, m. 
Don’t plug in any numbers yet. Assume that 
the force was constant. v 
(b) Show that your answer has the right units. 
(c) Discuss how your answer to part a depends 
on all three variables, and show that it makes 
sense. That is, for each variable, discuss what 
would happen to the result if you changed it 
while keeping the other two variables constant. 
Would a bigger value give a smaller result, or 
a bigger result? Once you’ve figured out this 
mathematical relationship, show that it makes 
sense physically. 

(d) Evaluate your result for m = 6.7 x 1072 kg, 
v = 2.0 x 10* km/s, and d = 0.71 mm. v 


4-p5 A car is pushing a truck from behind. 
The car has mass M, and the truck has mass 
3M. If the maximum force that the ground can 
provide to the cars’ tires is F, what is the max- 
imum force between the two vehicles? Assume 


no other horizontal forces act on the truck. 
v 


4-p6 Blocks of mass Mı, M2, and M3 are 
stacked on a table as shown in the figure. Let 
the upward direction be positive. 

(a) What is the force on block 2 from block 3? v 


(b) What is the force on block 2 from block 1? 
vV 
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Problem 4-p6. 


4-s1 When I cook rice, some of the dry grains 
always stick to the measuring cup. To get them 
out, I turn the measuring cup upside-down and 
hit the “roof” with my hand so that the grains 
come off of the “ceiling.” (a) Explain why static 
friction is irrelevant here. (b) Explain why grav- 
ity is negligible. (c) Explain why hitting the cup 
works, and why its success depends on hitting 
the cup hard enough. 

* 


4-s2 The following reasoning leads to an ap- 
parent paradox; explain what's wrong with the 
logic. A baseball player hits a ball. The ball 
and the bat spend a fraction of a second in con- 
tact. During that time they're moving together, 
so their accelerations must be equal. Newton's 
third law says that their forces on each other are 
also equal. But a = F/m, so how can this be, 
since their masses are unequal? (Note that the 
paradox isn't resolved by considering the force of 
the batter's hands on the bat. Not only is this 
force very small compared to the ball-bat force, 
but the batter could have just thrown the bat at 
the ball.) 

* 


5 Newton’s laws, part 2 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


5.1 Classification of forces 


A fundamental and still unsolved problem in 
physics is the classification of the forces of na- 
ture. Ordinary experience suggests to us that 
forces come in different types, which behave dif- 
ferently. Frictional forces seem clearly different 
from magnetic forces. 

But some forces that appear distinct are ac- 
tually the same. For instance, the friction that 
holds a nail into the wall seems different from 
the kind of friction that we observe when flu- 
ids are involved — you can’t drive a nail into a 
waterfall and make it stick. But at the atomic 
level, both of these types of friction arise from 
atoms bumping into each other. The force that 
holds a magnet on your fridge also seems differ- 
ent from the force that makes your socks cling 
together when they come out of the dryer, but 
it was gradually realized, starting around 1800 
and culminating with Einstein’s theory of rela- 
tivity in 1905, that electricity and magnetism are 
actually closely related things, and observers in 
different states of motion do not even agree on 
what is an electric force and what is a magnetic 
one. The tendency has been for more and more 
superficially disparate forces to become unified 
in this way. 

Today we have whittled the list down to only 
three types of interactions at the subatomic level 
(called the gravitational, electroweak, and strong 
forces). It is possible that some future theory of 
physics will reduce the list to only one — which 


51 


Star Wars fans would then probably want to call 
“The Force.” 

Nevertheless, there is a practical classification 
of forces that works pretty well for objects on 
the human scale, and that is usually more con- 
venient. Figure ?? on p. ?? shows this scheme 
in the form of a tree. 


5.2 Friction 


If you push a refrigerator across a kitchen floor, 
you will find that as you make more and more 
force, at first the fridge doesn’t move, but that 
eventually when you push hard enough, it un- 
sticks and starts to slide. At the moment of un- 
sticking, static friction turns into kinetic friction. 
Experiments support the following approximate 
model of friction when the objects are solid, dry, 
and rigid. We have two unitless coefficients ps 
and uk, which depend only on the types of sur- 
faces. The maximum force of static friction is 
limited to 


F; < UsEN, (5.1) 


where Fy is the normal force between the sur- 
faces, i.e., the amount of force with which they 
are being pressed together. Kinetic friction is 
given by 


Fk = ukFy. (5.2) 


5.3 Elasticity 


When a force is applied to a solid object, it will 
change its shape, undergoing some type of de- 
formation such as flexing, compression, or ex- 
pansion. If the force is small enough, then this 
change is proportional to the force, and when the 
force is removed the object will resume its orig- 
inal shape. A simple example is a spring being 
stretched or compressed. If the spring’s relaxed 
length is xo, then its length x is related to the 
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Figure 5.1: A practical classification scheme for forces. 


5.4. ROPES, PULLEYS, TENSION, AND SIMPLE MACHINES 


force applied to it by Hooke’s law, 


Fx k(x = Xo). 


BES * 
X,—>| 


screamer relaxed 


O — ring 


QOOOOOO OOOO OOO OOO OOK) 


(5.3) 


force F 
being 
applied 


Figure 5.2: Hooke’s law. 


5.4 Ropes, pulleys, tension, 
and simple machines 


If you look carefully at a piece of rope or yarn 
while tightening it, you will see a physical change 
in the fibers. This is a manifestation of the fact 
that there is tension in the rope. Tension is a 
scalar with units of newtons. For a rope of neg- 
ligible mass, the tension is constant throughout 
the rope, and it equals the magnitudes of the 
forces at its ends. This is still true if the rope 
goes around a frictionless post, or a massless pul- 
ley with a frictionless axle. You can’t push with 
a rope, you can only pull. A rigid object such 
as a pencil can, however, sustain compression, 
which is equivalent to negative tension. 

A pulley is an example of a simple machine, 
which is a device that can amplify a force by 
some factor, while reducing the amount of mo- 
tion by the inverse of that factor. Another ex- 
ample of a simple machine is the gear system on 
a bicycle. 

We can put more than one simple machine to- 
gether in order to give greater amplification of 
forces or to redirect forces in different directions. 
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For an idealized system,! the fundamental prin- 
ciples are: 

1. The total force acting on any pulley is zero.” 


2. The tension in any given piece of rope is 
constant throughout its length. 


3. The length of every piece of rope remains 
the same. 


applied ALE 
force, F i 


Figure 5.3: A complicated pulley system. The 
bar is massless. 


As an example, let us find the mechanical ad- 
vantage Ts /F' of the pulley system shown in fig- 
ure 5.3. By rule 2, 7, = T, and by rule 1, 
F = T +T, so Ti = To = F/2. Similarly, 
T3 = T4 = F/4. Since the bar is massless, the 
same reasoning that led to rule 1 applies to the 
bar as well, and Ts = Ti + 73. The mechanical 
advantage is T;/F = 3/4, i.e., this pulley system 
reduces the input force. 


5.5 Analysis of forces 


Newton’s second law refers to the total force act- 
ing on a particular object. Therefore whenever 
we want to apply the second law, a necessary pre- 
liminary step is to pick an object and list all the 
forces acting on it. In addition, it may be help- 
ful to determine the types and directions of the 
forces and also to identify the Newton’s-third- 
law partners of those forces, i.e., all the forces 
that our object exerts back on other things. 


ln such a system: (1) The ropes and pulleys have 
negligible mass. (2) Friction in the pulleys’ bearings is 
negligible. (3) The ropes don’t stretch. 

2F = ma, and m = 0 since the pulley’s mass is as- 
sumed to be negligible. 
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force acting on Fifi force related to it by Newton’s third 
law 

planet earth’s gravitational force | Fifi's gravitational force on earth, 

Fw = mg on Fifi, Lit 

belt’s kinetic frictional force Fy on | Fifi’s kinetic frictional force on 

Fifi, — | belt, E 

belt’s normal force Fy on Fifi, fî | Fifi's normal force on belt, 4 


Table 5.1: Analysis of the forces on the dog. 


Figure 5.4: The spy dog lands on the moving 
conveyor belt. 


As an example, consider figure 5.4. Fifi is an 
industrial espionage dog who loves doing her job 
and looks great doing it. She leaps through a 
window and lands at initial horizontal speed vo 
on a conveyor belt which is itself moving at the 
greater speed v. Unfortunately the coefficient 
of kinetic friction ug between her foot-pads and 
the belt is fairly low, so she skids, and the effect 
on her coiffure is un désastre. Table 5.1 shows 
the resulting analysis of the forces in which she 
participates. 


PROBLEMS 


Problems 


In problems 5-a1-5-a5, analyze the forces using a 
table in the format shown in section 5.5 on p. 53. 
Analyze the forces in which the italicized object 
participates. 

5-al Some people put a spare car key in a lit- 
tle magnetic box that they stick under the chassis 
of their car. Let's say that the box is stuck di- 
rectly underneath a horizontal surface, and the 
car is parked. (See instructions above.) 


5-a2 Analyze two examples of objects at rest 
relative to the earth that are being kept from 
falling by forces other than the normal force. Do 
not use objects in outer space, and do not du- 
plicate problem 5-al or 5-a5. (See instructions 
above.) 


5-a3 A person is rowing a boat, with her feet 
braced. She is doing the part of the stroke that 
propels the boat, with the ends of the oars in the 
water (not the part where the oars are out of the 
water). (See instructions above.) 


5-a4 A farmer is in a stall with a cow when 
the cow decides to press him against the wall, 
pinning him with his feet off the ground. Analyze 
the forces in which the farmer participates. (See 
instructions above.) 


5-a5 A propeller plane is cruising east at 
constant speed and altitude. (See instructions 
above.) 

5-a6 Someone tells you she knows of a certain 


type of Central American earthworm whose skin, 
when rubbed on polished diamond, has uk > Hs. 
Why is this not just empirically unlikely but log- 
ically suspect? 

xk 
5-d1 The figure shows a boy hanging in three 
positions: (1) with his arms straight up, (2) with 
his arms at 45 degrees, and (3) with his arms at 
60 degrees with respect to the vertical. Compare 
the tension in his arms in the three cases. 
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5-d2 For safety, mountain climbers often 
wear a climbing harness and tie in to other 
climbers on a rope team or to anchors such as 
pitons or snow anchors. When using anchors, 
the climber usually wants to tie in to more than 
one, both for extra strength and for redundancy 
in case one fails. The figure shows such an 
arrangement, with the climber hanging from a 
pair of anchors forming a symmetric “Y” at an 
angle 0. The metal piece at the center is called a 
carabiner. The usual advice is to make 0 < 90°; 
for large values of 0, the stress placed on the 
anchors can be many times greater than the 
actual load L, so that two anchors are actually 
less safe than one. 

(a) Find the force S at each anchor in terms of 
L and 8. v 
(b) Verify that your answer makes sense in the 
case of 0 = 0. 

(c) Interpret your answer in the case of 0 = 180°. 
(d) What is the smallest value of 9 for which S 
equals or exceeds L, so that for larger angles a 
failure of at least one anchor is more likely than 
it would have been with a single anchor? v 


5-d3 Problem 5-d2 discussed a possible 
correct way of setting up a redundant anchor 
for mountaineering. The figure for this problem 
shows an incorrect way of doing it, by arranging 
the rope in a triangle (which we’ll take to be 
isoceles). One of the bad things about the 
triangular arrangement is that it requires more 
force from the anchors, making them more 
likely to fail. (a) Using the same notation as in 
problem 5-d2, find S in terms of L and 0. v 
(b) Verify that your answer makes sense in the 
case of 0 = 0, and compare with the correct 
setup. 


5-d4 A person of mass M stands in the mid- 
dle of a tightrope, which is fixed at the ends to 
two buildings separated by a horizontal distance 
L. The rope sags in the middle, stretching and 
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L 


Problem 5-d4. 


Problem 5-a3. 


lengthening the rope slightly. 

(a) If the tightrope walker wants the rope to sag 
vertically by no more than a height h, find the 
minimum tension, T, that the rope must be able 
to withstand without breaking, in terms of h, g, 
M, and L. 

(b) Based on your equation, explain why it is 
not possible to get h = 0, and give a physical 
interpretation. 


5-d5 The angle of repose is the maximum 
slope on which an object will not slide. On air- 
less, geologically inert bodies like the moon or an 
asteroid, the only thing that determines whether 
dust or rubble will stay on a slope is whether the 
slope is less steep than the angle of repose. 

(a) Find an equation for the angle of repose, 
deciding for yourself what are the relevant vari- 
ables. 


Problem 5-a5. 


(b) On an asteroid, where g can be thousands of 
times lower than on Earth, would rubble be able 
to lie at a steeper angle of repose? 


5-d6 Your hand presses a block of mass m 
against a wall with a force Fy acting at an angle 
0, as shown in the figure. Find the minimum and 
maximum possible values of |F | that can keep 
the block stationary, in terms of m, g, 0, and 
ls, the coefficient of static friction between the 
block and the wall. Check both your answers in 


PROBLEMS 


to climber 
Problem 5-d2. 


the case of 0 = 90°, and interpret the case where 
the maximum force is infinite. 

V x 
5-d7 A telephone wire of mass m is strung 
between two poles, making an angle 0 with the 
horizontal at each end. (a) Find the tension at 
the center. v 
(b) Which is greater, the tension at the center or 
at the ends? 

* 
5-d8 The photo shows a coil of rope wound 
around a smooth metal post. A large amount of 
tension is applied at the bottom of the coil, but 
only a tiny force, supplied by a piece of sticky 
tape, is needed at the top to keep the rope from 
slipping. Show that the ratio of these two forces 
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to climber 


Problem 5-d3. 


Problem 5-d6. 


increases exponentially with the number of turns 
of rope, and find an expression for that ratio. 
V xx 


5-d9 The figure shows a mountaineer doing 
a vertical rappel. Her anchor is a big boulder. 
The American Mountain Guides Association 
suggests as a rule of thumb that in this situa- 
tion, the boulder should be at least as big as a 
refrigerator, and should be sitting on a surface 
that is horizontal rather than sloping. The goal 
of this problem is to estimate what coefficient 
of static friction us between the boulder and 
the ledge is required if this setup is to hold the 
person’s body weight. For comparison, reference 
books meant for civil engineers building walls 
out of granite blocks state that granite on 
granite typically has a us = 0.6. We expect 
the result of our calculation to be much less 
than this, both because a large margin of safety 
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Problem 5-d7. 


Problem 5-d8. 


is desired and because the coefficient could be 
much lower if, for example, the surface was 
sandy rather than clean. We will assume that 
there is no friction where the rope goes over the 
lip of the cliff, although in reality this friction 
significantly reduces the load on the boulder. 
(a) Let m be the mass of the climber, V the 
volume of the boulder, p its density, and g the 
strength of the gravitational field. Find the 
minimum value of us. v 
(b) Show that the units of your answer make 
sense. 

(c) Check that its dependence on the variables 
makes sense. 

(d) Evaluate your result numerically. The 
volume of my refrigerator is about 0.7 m3, 
the density of granite is about 2.7 g/cm’, and 
standards bodies use a body mass of 80 kg for 
testing climbing equipment. v 


5-d10 The figure shows a rock climber 
wedged into a dihedral or “open book” consisting 
of two vertical walls of rock at an angle 6 relative 
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Problem 5-d9. 


to one another. This position can be maintained 
without any ledges or holds, simply by pressing 
the feet against the walls. The left hand is be- 
ing used just for a little bit of balance. (a) Find 
the minimum coefficient of friction between the 
rubber climbing shoes and the rock. (b) Inter- 
pret the behavior of your expression at extreme 
values of 0. (c) Steven Won has done tabletop 
experiments using climbing shoes on the rough 
back side of a granite slab from a kitchen coun- 
tertop, and has estimated us = 1.17. Find the 
corresponding maximum value of 0. 
> Solution, p. 264 


5-gl The figure shows two different ways of 
combining a pair of identical springs, each with 
spring constant k. We refer to the top setup as 
parallel, and the bottom one as a series arrange- 
ment. 

(a) For the parallel arrangement, analyze the 
forces acting on the connector piece on the left, 
and then use this analysis to determine the 
equivalent spring constant of the whole setup. 
Explain whether the combined spring constant 
should be interpreted as being stiffer or less stiff. 


PROBLEMS 


Problem 5-d10. 


(b) For the series arrangement, analyze the forces 
acting on each spring and figure out the same 
things. 


Problem 5-g1. 


5-g2 Generalize the results of problem 5-g1 
to the case where the two spring constants are 
unequal. 

k 
5-g3 (a) Using the solution of problem 5-g1, 
which is given in the back of the book, predict 
how the spring constant of a fiber will depend on 
its length and cross-sectional area. 

(b) The constant of proportionality is called the 
Young's modulus, YE, and typical values of the 
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Young’s modulus are about 101% to 10!!. What 
units would the Young's modulus have in the SI 
(meter-kilogram-second) system? 


5-g4 This problem depends on the results of 
problems 5-g1 and 5-g3, whose solutions are in 
the back of the book. When atoms form chemi- 
cal bonds, it makes sense to talk about the spring 
constant of the bond as a measure of how “stiff” 
it is. Of course, there aren't really little springs 
— this is just a mechanical model. The purpose 
of this problem is to estimate the spring con- 
stant, k, for a single bond in a typical piece of 
solid matter. Suppose we have a fiber, like a hair 
or a piece of fishing line, and imagine for simplic- 
ity that it is made of atoms of a single element 
stacked in a cubical manner, as shown in the fig- 
ure, with a center-to-center spacing b. A typical 
value for b would be about 107% m 

(a) Find an equation for k in terms of b, and 
in terms of the Young's modulus, E, defined in 
problem 16 and its solution. 

(b) Estimate k using the numerical data given in 
problem 5-83. 

(c) Suppose you could grab one of the atoms in 
a diatomic molecule like Hz or Oz, and let the 
other atom hang vertically below it. Does the 
bond stretch by any appreciable fraction due to 
gravity? 


( » 
LID 


Problem 5-g4. 
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5-1 A cargo plane has taken off from a tiny 
airstrip in the Andes, and is climbing at con- 
stant speed, at an angle of 6 = 17° with re- 
spect to horizontal. Its engines supply a thrust 
of Finrust = 200 KN, and the lift from its wings is 
Fit = 654 kN. Assume that air resistance (drag) 
is negligible, so the only forces acting are thrust, 
lift, and weight. What is its mass, in kg? 


Fthrust 


Fiitt 


Problem 5-j1. 


5-j2 <A toy manufacturer is playtesting teflon 
booties that slip on over your shoes. In the park- 
ing lot, giggling engineers find that when they 
start with an initial speed of 1.2 m/s, they glide 
for 2.0 m before coming to a stop. What is the 
coefficient of friction between the asphalt and the 


booties? 
Jv 


5-j3 A small piece of styrofoam packing ma- 
terial is dropped from rest at a height 2.00 m 
above the ground at time t = 0. The magnitude 
of its acceleration is given by a = g— bv, where v 
is the speed of the styrofoam, g = 9.8 m/s”, and 
b is a positive constant. After falling 0.500 m, 
the styrofoam effectively reaches terminal speed 
and then takes 5.00 s more to reach the ground. 
(a) What is the acceleration (magnitude and di- 
rection) when t = 0? What about when the 
styrofoam is halfway to the ground? 
(b) Find the terminal speed of the styrofoam. 
v 


(c) What is the value of the constant b, with 


units? vV 
(d) What is the acceleration when the speed is 
0.150 m/s? y 


(e) Write a = dv/dt and solve the differential 
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equation for v(t) (without plugging in numbers), 


and plot the result. 
Vv 


5-m1 Ice skaters with masses mı and ma 
push off from each other with a constant force 
F, which lasts until they lose contact. The 
distance between their centers of mass is Lp 
initially and £f when they lose contact. 

(a) Find the amount of time T for which they 
remain in contact. 

(b) Show that your answer in part a has units 
that make sense. 

(c) Show that your answer has the right depen- 
dence on F. 

(d) Interpret the case where one of the masses 
is very small. 


> Solution, p. 266 


5-m2 A wagon is being pulled at constant 
speed up a slope 0 by a rope that makes an angle 
@ with the vertical. 

(a) Assuming negligible friction, show that the 
tension in the rope is given by the equation 


sin 0 


Fr = ———__F 
T sin(@+¢) Y 


where Fw is the weight force acting on the 
wagon. 

(b) Interpret this equation in the special cases of 
ọ = 0 and ¢ = 180° — 6. 


Problem 5-m2. 


PROBLEMS 


5-m3 Today's tallest buildings are really not 
that much taller than the tallest buildings of the 
1940's. One big problem with making an even 
taller skyscraper is that every elevator needs its 
own shaft running the whole height of the build- 
ing. So many elevators are needed to serve the 
building's thousands of occupants that the el- 
evator shafts start taking up too much of the 
space within the building. An alternative is to 
have elevators that can move both horizontally 
and vertically: with such a design, many eleva- 
tor cars can share a few shafts, and they don't 
get in each other's way too much because they 
can detour around each other. In this design, it 
becomes impossible to hang the cars from cables, 
so they would instead have to ride on rails which 
they grab onto with wheels. Friction would keep 
them from slipping. The figure shows such a fric- 
tional elevator in its vertical travel mode. (The 
wheels on the bottom are for when it needs to 
switch to horizontal motion.) 

(a) If the coefficient of static friction between 
rubber and steel is us, and the maximum mass 
of the car plus its passengers is M, how much 
force must there be pressing each wheel against 
the rail in order to keep the car from slipping? 
(Assume the car is not accelerating.) v 
(b) Show that your result has physically reason- 
able behavior with respect to us. In other words, 
if there was less friction, would the wheels need 
to be pressed more firmly or less firmly? Does 
your equation behave that way? 


5-m4 A skier of mass m is coasting down 
a slope inclined at an angle 0 compared to 
horizontal. Assume for simplicity that the 
treatment of kinetic friction given in chapter 
5 is appropriate here, although a soft and wet 
surface actually behaves a little differently. The 
coefficient of kinetic friction acting between the 
skis and the snow is ug, and in addition the skier 
experiences an air friction force of magnitude 
bv?, where b is a constant. 

(a) Find the maximum speed that the skier will 
attain, in terms of the variables m, g, 0, Hk, and 
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rubber wheel 


steel rail 
Problem 5-m3. 


b. v 
(b) For angles below a certain minimum angle 
Omin, the equation gives a result that is not 
mathematically meaningful. Find an equation 
for Omin, and give a physical explanation of 
what is happening for 0 < Omin- v 


5-m5 Driving down a hill inclined at an an- 
gle 0 with respect to horizontal, you slam on the 
brakes to keep from hitting a deer. Your antilock 
brakes kick in, and you don’t skid. 

(a) Analyze the forces. (Ignore rolling resistance 
and air friction.) 

(b) Find the car’s maximum possible decelera- 
tion, a (expressed as a positive number), in terms 
of g, 0, and the relevant coefficient of friction. Y 
(c) Explain physically why the car’s mass has no 
effect on your answer. 

(d) Discuss the mathematical behavior and phys- 
ical interpretation of your result for negative val- 
ues of 0. 


(e) Do the same for very large positive values of 
6. 
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5-m6 An ice skater builds up some speed, 
and then coasts across the ice passively in a 
straight line. (a) Analyze the forces, using a 
table in the format shown in section 5.5. 

(b) If his initial speed is v, and the coefficient 
of kinetic friction is pg, find the maximum 
theoretical distance he can glide before coming 
to a stop. Ignore air resistance. v 
(c) Show that your answer to part b has the 
right units. 

(d) Show that your answer to part b depends 
on the variables in a way that makes sense 
physically. 

(e) Evaluate your answer numerically for 
Hk = 0.0046, and a world-record speed of 14.58 
m/s. (The coefficient of friction was measured 
by De Koning et al., using special skates worn 
by real speed skaters.) v 
(£) Comment on whether your answer in part 
e seems realistic. If it doesn’t, suggest possible 
reasons why. 


5-m7 A cop investigating the scene of an acci- 
dent measures the length L of a car’s skid marks 
in order to find out its speed v at the beginning 
of the skid. Express v in terms of L and any 


other relevant variables. 
v 


5-m8 A force F is applied to a box of mass M 
at an angle 0 below the horizontal (see figure). 
The coefficient of static friction between the box 
and the floor is us, and the coefficient of kinetic 
friction between the two surfaces is pp. 

(a) What is the magnitude of the normal force 


on the box from the floor? v 
(b) What is the minimum value of F to get the 
box to start moving from rest? v 


(c) What is the value of F so that the box will 
move with constant velocity (assuming it is al- 
ready moving)? 
(d) If O is greater than some critical angle erit, 
it is impossible to have the scenario described in 
part c. What is berit? 

v 
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Problem 5-m8. 


5-m9 A ramp of length L is inclined at angle 
0 to the horizontal. You would like to push your 
backpack, which has mass m, to the top of the 
ramp. The coefficient of kinetic friction between 
the backpack and the ramp is px, and you will 
push the backpack with a force of magnitude F. 
(a) How long will it take the backpack to reach 
the top of the ramp if you apply your push par- 
allel to the ramp’s surface? v 
(b) How long will it take the backpack to reach 
the top of the ramp if you apply your push par- 
allel to the the ground? 
vV 


5-m10 Blocks Mı and Mə are stacked as 
shown, with Mə on top. Ma is connected by a 
string to the wall, and M, is pulled to the right 
with a force F big enough to get Mı to move. 
The coefficient of kinetic friction has the same 
value juz among all surfaces (i.e., the block-block 
and ground-block interfaces). 
(a) Analyze the forces in which each block par- 
ticipates, as in section 5.5. 
(b) Determine the tension in the string. v 
(c) Find the acceleration of the block of mass 
Ma. 

v 


Problem 5-m10. 


PROBLEMS 


5-m11 (a) A mass M is at rest on a fixed, 
frictionless ramp inclined at angle 0 with respect 
to the horizontal. The mass is connected to the 
force probe, as shown. What is the reading on 
the force probe? v 
(b) Check that your answer to part a makes sense 
in the special cases 0 = 0 and 6 = 90°. 


Problem 5-m11. 


5-m12 You are pushing a box up a ramp that 
is at an angle 0 with respect to the horizontal. 
Friction acts between the box and the ramp, with 
coefficient u. Suppose that your force is fixed in 
magnitude, but can be applied at any desired 
angle y above the horizontal. Find the optimal 


value of yp. 
Vox 


Problem 5-m12. 


5-m13 Two wheels of radius r rotate in the 
same vertical plane with angular velocities +Q 
and —Q (rates of rotation in radians per sec- 
ond) about axes that are parallel and at the same 
height. The wheels touch one another at a point 
on their circumferences, so that their rotations 
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mesh like gears in a gear train. A board is laid 
on top of the wheels, so that two friction forces 
act upon it, one from each wheel. Characterize 
the three qualitatively different types of motion 
that the board can exhibit, depending on the ini- 
tial conditions. 

xk 


Problem 5-m13. 


5-p1 A tugboat of mass m pulls a ship of mass 
M, accelerating it. The speeds are low enough 
that you can ignore fluid friction acting on their 
hulls, although there will of course need to be 
fluid friction acting on the tug’s propellers. 

(a) Analyze the forces in which the tugboat par- 
ticipates, using a table in the format shown in 
section 5.5. Don’t worry about vertical forces. 
(b) Do the same for the ship. 

(c) If the force acting on the tug’s propeller is F, 
what is the tension, T, in the cable connecting 
the two ships? [Hint: Write down two equations, 
one for Newton’s second law applied to each ob- 
ject. Solve these for the two unknowns T and 
a.] Vv 
(d) Interpret your answer in the special cases of 
M =0and M = œ. 


5-p2 Unequal masses M and m are sus- 
pended from a pulley as shown in the figure. 

(a) Analyze the forces in which mass m par- 
ticipates, using a table in the format shown in 
section 5.5. [The forces in which the other mass 
participates will of course be similar, but not 
numerically the same.] 

(b) Find the magnitude of the accelerations of 
the two masses. [Hints: (1) Pick a coordinate 
system, and use positive and negative signs con- 
sistently to indicate the directions of the forces 
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and accelerations. (2) The two accelerations of 
the two masses have to be equal in magnitude 
but of opposite signs, since one side eats up rope 
at the same rate at which the other side pays it 
out. (3) You need to apply Newton's second law 
twice, once to each mass, and then solve the two 
equations for the unknowns: the acceleration, a, 
and the tension in the rope, T.] v 
(c) Many people expect that in the special 
case of M = m, the two masses will naturally 
settle down to an equilibrium position side by 
side. Based on your answer from part b, is this 
correct? 

(d) Find the tension in the rope, T. v 
(e) Interpret your equation from part d in the 
special case where one of the masses is zero. 
Here “interpret” means to figure out what 
happens mathematically, figure out what should 
happen physically, and connect the two. 


Problem 5-p2. 


5-p3 Mountain climbers with masses m and 
M are roped together while crossing a horizon- 
tal glacier when a vertical crevasse opens up un- 
der the climber with mass M. The climber with 
mass m drops down on the snow and tries to stop 
by digging into the snow with the pick of an ice 
ax. Alas, this story does not have a happy end- 
ing, because this doesn’t provide enough friction 
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to stop. Both m and M continue accelerating, 
with M dropping down into the crevasse and m 
being dragged across the snow, slowed only by 
the kinetic friction with coefficient ug acting be- 
tween the ax and the snow. There is no signifi- 
cant friction between the rope and the lip of the 
crevasse. 

(a) Find the acceleration a. v 
(b) Check the units of your result. 

(c) Check the dependence of your equation on 
the variables. That means that for each variable, 
you should determine what its effect on a should 
be physically, and then what your answer from 
part a says its effect would be mathematically. 


Problem 5-p3. 


5-p4 Consider the system shown in the figure. 
Block A has mass M4 and block B has mass Mpg. 
There is friction between the table and block A. 
Once block B is set into downward motion, it de- 
scends at a constant speed. 
(a) Analyze the forces in which each block par- 
ticipates as described in section 5.5 
(b) Calculate the coefficient of kinetic friction 
between block A and the tabletop. v 
(c) A sloth, also of mass M4, falls asleep on top 
of block A. If block B is now set into downward 
motion, what is its acceleration (magnitude and 
direction)? 

v 


PROBLEMS 


Problem 5-p4. 


5-p5 Ginny has a plan. She is going to ride 
her sled while her dog Foo pulls her, and she 
holds on to his leash. However, Ginny hasn't 
taken physics, so there may be a problem: she 
may slide right off the sled when Foo starts 
pulling. 

(a) Analyze all the forces in which Ginny partic- 
ipates, making a table as in section 5.5. 

(b) Analyze all the forces in which the sled par- 
ticipates. 

(c) The sled has mass m, and Ginny has mass 
M. The coefficient of static friction between the 
sled and the snow is u1, and pg is the corre- 
sponding quantity for static friction between the 
sled and her snow pants. Ginny must have a cer- 
tain minimum mass so that she will not slip off 
the sled. Find this in terms of the other three 
variables. v 
(d) Interpreting your equation from part c, under 
what conditions will there be no physically real- 
istic solution for M? Discuss what this means 
physically. 


5-p6 The figure shows a stack of two blocks, 
sitting on top of a table that is bolted to the 
floor. All three objects are made from identi- 
cal wood, with their surfaces finished identically 
using the same sandpaper. We tap the middle 
block, giving it an initial velocity v to the right. 
The tap is executed so rapidly that almost no 
initial velocity is imparted to the top block. 

(a) Find the time that will elapse until the slip- 
ping between the top and middle blocks stops. 
Express your answer in terms of v, m, M, g, and 
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Problem 5-p5. 


the relevant coefficient of friction. v 
(b) Show that your answer makes sense in terms 
of units. 
(c) Check that your result has the correct behav- 
ior when you make m bigger or smaller. Explain. 
This means that you should discuss the mathe- 
matical behavior of the result, and then explain 
how this corresponds to what would really hap- 
pen physically. 
(d) Similarly, discuss what happens when you 
make M bigger or smaller. 
(e) Similarly, discuss what happens when you 
make g bigger or smaller. 

* 


Problem 5-p6. 


5-p7 (a) A block is sitting on a wedge in- 
clined at an angle 0 with respect to horizontal. 
Someone grabs the wedge and moves it horizon- 
tally with acceleration a. The motion is in the 
direction shown by the arrow in the figure. Find 
the maximum acceleration that can be applied 
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without causing the block to slide downhill. Y 
(b) Show that your answer to part a has the right 
units. 

(c) Show that it also has the right dependence on 
9, by comparing its mathematical behavior to its 
physically expected behavior. 


a. 


Problem 5-p7. 


* 


5-p8 The two blocks shown in the figure have 
equal mass, m, and the surface is frictionless. (a) 
What is the tension in the massless rope? v 
(b) Show that the units of your answer make 
sense. 
(c) Check the physical behavior of your answer 
in the special cases of $ < 0 and 0 = 0, ¢ = 90°. 
k 


Problem 5-p8. 


5-p9 (a) The person with mass m hangs from 
the rope, hauling the box of mass M up a slope 
inclined at an angle 0. There is friction between 
the box and the slope, described by the usual 
coefficients of friction. The pulley, however, is 
frictionless. Find the magnitude of the box’s 
acceleration. v 
(b) Show that the units of your answer make 
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sense. 
(c) Check the physical behavior of your answer 
in the special cases of M = 0 and 0 = —90°. 


a 
Problems 5-p9 and 5-p10. 


5-p10 The physical situation is the same as in 
problem 5-p9, except that we make different as- 
sumptions about friction. (a) Suppose that there 
is no friction between the block and the ramp. 
Find the value of m/M so that the system is in 
equilibrium. v 
(b) If there is instead a coefficient of static fric- 
tion us between the block and the ramp, find 
the minimum and maximum values that m/M 
can have so that the blocks remain at rest. 

v 
5-p11 The figure shows a block acted on by 
two external forces, each of magnitude F. One 
of the forces is horizontal, but the other is ap- 
plied at a downward angle 0. Gravity is negligi- 
ble compared to these forces. The block rests on 
a surface with friction described by a coefficient 
of friction ps. (a) Find the minimum value of 
ls that is required if the block is to remain at 
rest. v 
(b) Show that this expression has the correct 
limit as 0 approaches zero. 


PA 


Problem 5-p11. 


5-s1 A person can pull with a maximum force 

F. What is the maximum mass that the person 

can lift with the pulley setup shown in the figure? 
v 


PROBLEMS 


Problem 5-s1. 


5-s2 In the system shown in the figure, the 
pulleys on the left and right are fixed, but the 
pulley in the center can move to the left or right. 
The two masses are identical. Find the upward 
acceleration of the mass on the left, in terms of 
g only. Assume all the ropes and pulleys are 
massless and frictionless. 


Problem 5-s2. 


5-s3 The two masses are identical. Find the 
upward acceleration of the mass on the right, 
in terms of g only. Assume all the ropes and 
pulleys, as well as the cross-bar, are massless, 
and the pulleys are frictionless. The right-hand 
mass has been positioned away from the bar’s 
center, so that the bar will not twist. 


5-s4 Find the upward acceleration of mass 


my in the figure. 
v 


Problem 5-s3. 


Mo 
Problem 5-s4. 
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6 Circular motion 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


6.1 Uniform circular motion 


Figure 6.1 shows an overhead view of a person 
swinging a rock on a rope. A force from the 
string is required to make the rock’s velocity vec- 
tor keep changing direction. If the string breaks, 
the rock will follow Newton’s first law and go 
straight instead of continuing around the circle. 
Circular motion requires a force with a compo- 
nent toward the center of the circle. 


Figure 6.1: Overhead view of a person swinging 
a rock on a rope. 


Uniform circular motion is the special case in 
which the speed is constant. In uniform circular 
motion, the acceleration vector is toward the cen- 
ter, and therefore total force acting on the object 
must point directly toward the center. We can 


69 


define the angular velocity w, which is the num- 
ber of radians per second by which the object’s 
angle changes, w = d0/ dt. For uniform circular 
motion, w is constant, and the magnitude of the 
acceleration is 
2 
a=wr = Ea 
r 


(6.1) 


where r is the radius of the circle (see problem 6- 
dl, p. 72). These expressions can also be related 
to the period of the rotation T, which is the time 
for one revolution. We have w = 27 /T. 


6.2 Rotating frames 


When you're in the back seat of a car going 
around a curve, not looking out the window, 
there is a strong tendency to adopt a frame of 
reference in which the car is at rest. This is a 
noninertial frame of reference, because the car is 
accelerating. In a noninertial frame, Newton’s 
laws are violated. For example, the air freshener 
hanging from the mirror in figure 3.6 on p. 33 will 
swing as the car enters the curve, but this motion 
is not caused by a force made by any identifiable 
object. In the inertial frame of someone standing 
by the side of the road, the air freshener simply 
continued straight while the car accelerated. 


6.3 Nonuniform motion 


In nonuniform circular motion, we have not just 
the acceleration a, = wr in the radial direction 
(toward the center of the circle) but also a com- 
ponent a; = dv/dt in the tangential direction. 


6.4 Rotational kinematics 


Angular velocity and acceleration 


If a rigid body such as a top rotates about a 
fixed axis, then every particle in that body per- 
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= ya 


Figure 6.2: Different atoms in the top have dif- 
ferent velocity vectors, 1, but sweep out the same 
angle in a given time, 2. 


forms circular motion about a point on that axis. 
Every atom has a different velocity vector, figure 
6.2. Since all the velocities are different, we can’t 
measure the top’s speed of rotation of the top by 
giving a single velocity. But every particle covers 
the same angle in the same amount of time, so 
we can specify the speed of rotation consistently 
in terms of angle per unit time. Let the position 
of some reference point on the top be denoted by 
its angle 0, measured in a circle around the axis. 
We measure all our angles in radians. We define 
the angular velocity as 


s=% 
dt 


The relationship between w and t is exactly anal- 
ogous to that between x and t for the motion of a 
particle through space. The angular velocity has 
units of radians per second, s~!. We also define 
an angular acceleration, 


a= de 
de” 


with units s~?. 


The mathematical relationship between w and 
0 is the same as the one between v and x, and 
similarly for a and a. We can thus make a 
system of analogies, and recycle all the famil- 
iar kinematic equations for constant-acceleration 
motion. 


Angular and linear quantities related 


We often want to relate the angular quantities to 
the motion of a particular point on the rotating 
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x — 6 


Figure 6.3: Analogies between rotational and lin- 
ear quantities. 


object. The velocity vector has tangential and 
radial components 
Uz = wr 


and 
vr = 0. 


For the acceleration vector, 
at = ar 


and 
ar = Wer. 


PROBLEMS 


Problems 


6-al Show that the expression |v|?/r has the 
units of acceleration. 


6-a2 A plane is flown in a loop-the-loop of ra- 
dius 1.00 km. The plane starts out flying upside- 
down, straight and level, then begins curving up 
along the circular loop, and is right-side up when 
it reaches the top. (The plane may slow down 
somewhat on the way up.) How fast must the 
plane be going at the top if the pilot is to ex- 
perience no force from the seat or the seatbelt 
while at the top of the loop? 

Vv 
6-a3 The bright star Sirius has a mass of 
4.02 x 10°° kg and lies at a distance of 8.1x 1016 m 
from our solar system. Suppose you're standing 
on a merry-go-round carousel rotating with a pe- 
riod of 10 seconds, and Sirius is on the horizon. 
You adopt a rotating, noninertial frame of ref- 
erence, in which the carousel is at rest, and the 
universe is spinning around it. If you drop a 
corndog, you see it accelerate horizontally away 
from the axis, and you interpret this as the result 
of some horizontal force. This force does not ac- 
tually exist; it only seems to exist because you’re 
insisting on using a noninertial frame. Similarly, 
calculate the force that seems to act on Sirius in 
this frame of reference. Comment on the physi- 
cal plausibility of this force, and on what object 
could be exerting it. 

Vv 
6-a4 Lionel brand toy trains come with sec- 
tions of track in standard lengths and shapes. 
For circular arcs, the most commonly used sec- 
tions have diameters of 662 and 1067 mm at the 
inside of the outer rail. The maximum speed at 
which a train can take the broader curve without 
flying off the tracks is 0.95 m/s. At what speed 
must the train be operated to avoid derailing on 
the tighter curve? 

Vv 
6-a5 Debbie is in Los Angeles, at a distance 
r = 5280 km from the Earth’s axis of rotation. 
(a) What is Debbie’s speed (as measured by an 
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observer not moving relative to the center of the 
Earth)? v 
(b) What is Debbie’s acceleration? Your answer 
indicates to what extent the apparent accelera- 
tion due to gravity is modified when not at one 
of the poles. For reference, g = 9.81 m/s? at the 


poles, but appears slightly less near the equator. 
v 


6-a6 Some kids are playing around on a 
merry-go-round at the park. You notice that lit- 
tle Timmy can’t seem to hold on to the edge of 
the merry-go-round (of radius 1.5 m) when the 
period of the merry-go-round (the time for one 
full revolution) is less than 2.0 s. 

(a) What is the maximum acceleration that 
Timmy can handle? v 
(b) If Timmy were on a merry-go-round of ra- 
dius 6.0 m, what wold be the minimum period 


of revolution that would allow him to stay on? 
v 


6-a7 A particle is undergoing uniform circular 
motion in the xy-plane such that its distance to 
the origin does not change. At one instant, the 
particle is moving with velocity v = (10.0 m/s)x 
and with acceleration a = (2.0 m/s?)y. 

(a) What is the radius of the circle? v 
(b) How long does it take for the particle to travel 
once around the circle (i.e., what is the period of 
motion)? v 
(c) In what direction will the particle be moving 
after a quarter of a period? Give your answer 
as an angle 9 (0 < 0 < 360°) that the velocity 
vector makes with respect to the +x direction, 
measured counterclockwise from the +x direc- 
tion. 

v 
6-a8 A car is approaching the top of a hill of 
radius of curvature R. 

(a) If the normal force that the driver feels at 
the top of the hill is 1/3 of their weight, how 
fast is the car going? v 
(b) Check that the units of your answer to part 
a make sense. 

(c) Check that the dependence of your answer 
on the variables makes sense. 
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6-a9 An airplane is in a nosedive. In order not 
to crash, the pilot pulls up as much as she can. 
At the lowest point of the plane’s trajectory, the 
plane is in a circular arc of radius 300 m, and the 
pilot experiences an acceleration of 5.0g (so that 
her weight feels like six times normal). What is 
the plane’s speed at this point? 


Vv 
6-d1 In this problem, you'll derive the equa- 
tion la] = |v|?/r using calculus. Instead of 


comparing velocities at two points in the par- 
ticle’s motion and then taking a limit where 
the points are close together, you’ll just take 
derivatives. The particle’s position vector is 
r = (rcos6)x + (rsin@)y, where X and y are 
the unit vectors along the x and y axes. By the 
definition of radians, the distance traveled since 
t = 0 is r0, so if the particle is traveling at con- 
stant speed v = |v|, we have v = r0/t. 

(a) Eliminate 0 to get the particle’s position vec- 
tor as a function of time. 

(b) Find the particle’s acceleration vector. 

(c) Show that the magnitude of the acceleration 
vector equals v?/r. 


6-g1 The amusement park ride shown in the 
figure consists of a cylindrical room that rotates 
about its vertical axis. When the rotation is fast 
enough, a person against the wall can pick his or 
her feet up off the floor and remain “stuck” to 
the wall without falling. 

(a) Suppose the rotation results in the person 
having a speed v. The radius of the cylinder is 
r, the person's mass is m, the downward acceler- 
ation of gravity is g, and the coefficient of static 
friction between the person and the wall is ps. 
Find an equation for the speed, v, required, in 
terms of the other variables. (You will find that 
one of the variables cancels out.) 

(b) Now suppose two people are riding the ride. 
Huy is wearing denim, and Gina is wearing 
polyester, so Huy’s coefficient of static friction 
is three times greater. The ride starts from rest, 
and as it begins rotating faster and faster, Gina 
must wait longer before being able to lift her feet 
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without sliding to the floor. Based on your equa- 
tion from part a, how many times greater must 
the speed be before Gina can lift her feet without 
sliding down? 


r | 
Problem 6-g1. 


6-g2 Tommy the playground bully is whirling 
a brick tied to the end of a rope. The rope 
makes an angle 0 with respect to the horizontal, 
and the brick undergoes circular motion with 
radius R. 

(a) What is the speed of the brick? v 
(b) Check that the units of your answer to part 
a make sense. 

(c) Check that the dependence of your answer 
on the variables makes sense, and comment on 
the limit 0 > 0. 


Problem 6-g2. 


6-g3 The figure shows a ball on the end of 
a string of length L attached to a vertical rod 
which is spun about its vertical axis by a motor. 
The period (time for one rotation) is P. 

(a) Analyze the forces in which the ball partici- 
pates. 

(b) Find how the angle 0 depends on P, g, and 
L. [Hints: (1) Write down Newton’s second law 
for the vertical and horizontal components of 
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force and acceleration. This gives two equations, 
which can be solved for the two unknowns, 0 and 
the tension in the string. (2) If you introduce 
variables like v and r, relate them to the vari- 
ables your solution is supposed to contain, and 
eliminate them.] v 
(c) What happens mathematically to your solu- 
tion if the motor is run very slowly (very large 
values of P)? Physically, what do you think 
would actually happen in this case? 


Problem 6-g3. 


6-g4 The figure shows two blocks of masses 
mı and ma sliding in circles on a frictionless ta- 
ble. Find the tension in the strings if the period 
of rotation (time required for one rotation) is P. 


Problem 6-g4. 


6-g5 In a well known stunt from circuses 
and carnivals, a motorcyclist rides around inside 
a big bowl, gradually speeding up and rising 
higher. Eventually the cyclist can get up to 
where the walls of the bowl are vertical. Let’s 
estimate the conditions under which a running 
human could do the same thing. 

(a) If the runner can run at speed v, and her 
shoes have a coefficient of static friction Ms, 
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what is the maximum radius of the circle? Y 
(b) Show that the units of your answer make 
sense. 

(c) Check that its dependence on the variables 
makes sense. 

(d) Evaluate your result numerically for 
v = 10 m/s (the speed of an olympic sprinter) 
and us = 5. (This is roughly the highest 
coefficient of static friction ever achieved for 
surfaces that are not sticky. The surface has an 
array of microscopic fibers like a hair brush, and 
is inspired by the hairs on the feet of a gecko. 
These assumptions are not necessarily realistic, 
since the person would have to run at an angle, 
which would be physically awkward.) v 


Problem 6-g5. 


6-g6 A child places a toy on the outer rim of 
a merry-go-round that has radius R and period 
T. What is the lowest value of the coefficient of 
static friction between the toy and the merry-go- 
round that allows the toy to stay on the carousel? 
v 
6-g7 The 1961-66 US Gemini program 
launched pairs of astronauts into earth orbit 
in tiny capsules, on missions lasting up to 14 
days. The figure shows the two seats, in a cross- 
sectional view from the front, as if looking into a 
car through the windshield. During the Gemini 
8 mission, a malfunctioning thruster in the Or- 
bit Attitude and Maneuvering System (OAMS) 
caused the capsule to roll, i.e., to rotate in the 
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plane of the page. The rate of rotation got 
faster and faster, reaching 296 degrees per sec- 
ond before pilot Neil Armstrong shut down the 
OAMS system by hand and succeeded in cancel- 
ing the rotation using a separate set of re-entry 
thrusters. At the peak rate of rotation, the as- 
tronauts were approaching the physiological lim- 
its under which their hearts would no longer be 
able to circulate blood, potentially causing them 
to black out or go blind. Superimposing the ap- 
proximate location of a human heart on the orig- 
inal NASA diagram, it looks like Armstrong’s 
heart was about 45 cm away from the axis of ro- 
tation. Find the acceleration experienced by his 


heart, in units of g. 
v 


1 meter 
Problem 6-g7. 


6-j1 When you're done using an electric 
mixer, you can get most of the batter off of the 
beaters by lifting them out of the batter with 
the motor running at a high enough speed. Let's 
imagine, to make things easier to visualize, that 
we instead have a piece of tape stuck to one of 
the beaters. 

(a) Explain why static friction has no effect on 
whether or not the tape flies off. 

(b) Analyze the forces in which the tape par- 
ticipates, using a table in the format shown in 
section 5.5. 

(c) Suppose you find that the tape doesn’t fly 
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off when the motor is on a low speed, but at 
a greater speed, the tape won’t stay on. Why 
would the greater speed change things? (Hint: If 
you don’t invoke any law of physics, you haven’t 
explained it.] 

* 


PSs): 


Problem 6-j1. 


6-j2 The acceleration of an object in uni- 
form circular motion can be given either by 
la] = |v|?/r or, equivalently, by ja] = 4r?r/T?, 
where T is the time required for one cycle. Per- 
son A says based on the first equation that the 
acceleration in circular motion is greater when 
the circle is smaller. Person B, arguing from 
the second equation, says that the acceleration 
is smaller when the circle is smaller. Rewrite the 
two statements so that they are less misleading, 
eliminating the supposed paradox. [Based on a 
problem by Arnold Arons.] 

* 


6-j3 Psychology professor R.O. Dent requests 
funding for an experiment on compulsive thrill- 
seeking behavior in guinea pigs, in which the 
subject is to be attached to the end of a spring 
and whirled around in a horizontal circle. The 
spring has relaxed length b, and obeys Hooke’s 
law with spring constant k. It is stiff enough to 
keep from bending significantly under the guinea 
pig’s weight. 

(a) Calculate the length of the spring when it is 
undergoing steady circular motion in which one 
rotation takes a time T. Express your result in 
terms of k, b, T, and the guinea pig's mass m. Y 
(b) The ethics committee somehow fails to veto 
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the experiment, but the safety committee ex- 
presses concern. Why? Does your equation do 
anything unusual, or even spectacular, for any 
particular value of T? What do you think is the 
physical significance of this mathematical behav- 
ior? 


Problem 6-j3. 


6-j4 The figure shows an old-fashioned device 
called a flyball governor, used for keeping an en- 
gine running at the correct speed. The whole 
thing rotates about the vertical shaft, and the 
mass M is free to slide up and down. This mass 
would have a connection (not shown) to a valve 
that controlled the engine. If, for instance, the 
engine ran too fast, the mass would rise, causing 
the engine to slow back down. 

(a) Show that in the special case of a = 0, the 
angle 0 is given by 


La E g(m + M)P? 
Boe: ( Ar2mL , 


where P is the period of rotation (time required 
for one complete rotation). 

(b) There is no closed-form solution for 0 in 
the general case where a is not zero. However, 
explain how the undesirable low-speed behavior 
of the a = 0 device would be improved by 
making a nonzero. 


* 
6-j5 A car exits the freeway via a circular 
off-ramp. The road is level (i.e., the curve is not 
banked at all), and the radius of curvature of the 
circular ramp is 1.00 x 10? m. The coefficient of 
friction between the tires and the road is u = 0.8. 
(a) What is the maximum possible speed the car 
can travel on the offramp without slipping? vV 
For parts (b) through (d), the car is traveling at 
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20.0 m/s and decelerating at a rate of 3.0 m/s?. 
The car is turning to the right. 

(b) What is the absolute value of the radial com- 
ponent of the acceleration? What is the magni- 
tude of the acceleration vector? v 
(c) There is a pine-scented tree hanging from the 
rear view mirror. During the curve, the tree does 
not hang vertically. Describe in words which way 
the tree swings. Does it appear to lean left, or 
right? Forward, or backward? An analysis of the 
forces might help in your explanation. 

(d) What angle does the tree make with respect 


to the vertical? 
V x 


6-j6 The vertical post rotates at frequency w. 
The bead slides freely along the string, reaching 
an equilibrium in which its distance from the axis 
is r and the angles 0 and ¢ have some particular 


values. Find ¢ in terms of 6, g, w, and r. 
Vx 


6-j7 A bead slides down along a piece of wire 
that is in the shape of a helix. The helix lies on 
the surface of a vertical cylinder of radius r, and 
the vertical distance between turns is d. 

(a) Ordinarily when an object slides downhill un- 
der the influence of kinetic friction, the velocity- 
independence of kinetic friction implies that the 
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Problem 6-j6. 


acceleration is constant, and therefore there is no 
limit to the object's velocity. Explain the physi- 
cal reason why this argument fails here, so that 
the bead will in fact have some limiting velocity. 
(b) Find the limiting velocity. 
(c) Show that your result has the correct behav- 
ior in the limit of r > oo. [Problem by B. Kor- 
sunsky.] 

V Ak 


WS 


kr] 


Problem 6-37. 


6-m1 A disk, initially rotating at 120 radi- 
ans per second, is slowed down with a constant 
angular acceleration of magnitude 4.0 s~?. How 
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many revolutions does the disk make before it 
comes to rest? 

Vv 
6-m2 A bell rings at the Tilden Park merry go 
round in Berkeley, California, and the carousel 
begins to move with an angular acceleration of 
1.0 x 107? s72. How much time does it take to 
perform its first revolution? 

Vv 
6-m3 Neutron stars are the collapsed rem- 
nants of dead stars. They rotate quickly, and 
their rotation can be measured extremely accu- 
rately by radio astronomers. Some of them ro- 
tate at such a predictable rate that they can be 
used to count time about as accurately as the 
best atomic clocks. They do decelerate slowly, 
but this deceleration can be taken into account. 
One of the best-studied stars of this type! was 
observed continuously over a 10-year period. As 
of the benchmark date April 5, 2001, it was found 
to have 


w = 1.091313551502333 x 10° s7! 
and 


a = —1.085991 x 107% s7?, 


where the error bars in the final digit of each 
number are about +1. Astronomers often use 
the Julian year as their unit of time, where one 
Julian year is defined to be exactly 3.15576 x 
107 s. Find the number of revolutions that this 
pulsar made over a period of 10 Julian years, 
starting from the benchmark date. 


v 


6-m4 A gasoline-powered car has a heavy 
wheel called a flywheel, whose main function is 
to add inertia to the motion of the engine so 
that it keeps spinning smoothly between power 
strokes of the cylinders. Suppose that a certain 
car’s flywheel is spinning with angular velocity 
wo, but the car is then turned off, so that the en- 
gine and flywheel start to slow down as a result 
of friction. Assume that the angular acceleration 


1 Verbiest et al., Astrophysical Journal 679 (675) 2008 
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is constant. After the flywheel has made N revo- 
lutions, it comes to rest. What is the magnitude 


of the angular acceleration? 
Vv 


6-m5 A rigid body rotates about a line ac- 
cording to 0 = At? — Bt (valid for both negative 
and positive t). 

(a) What is the angular velocity as a function of 
time? v 
(b) What is the angular acceleration as a func- 
tion of time? v 
(c) There are two times when the angular veloc- 
ity is zero. What is the positive time for which 
this is true? Call this ty. v 
(d) What is the average angular velocity over the 


time interval from 0 to t4? 
v 


6-m6 The angular acceleration of a wheel is 
a = 12t—24t?, where a is in s7? and t is the time 
in seconds. The wheel starts from rest at t = 0. 
How many revolutions has it turned between t = 


0 and when it is again at rest? 
v 


6-p1 (a) Find the angular velocities of the 
earth's rotation and of the earth's motion around 
the sun. v 
(b) Which motion involves the greater accelera- 
tion? 


6-p2 A bug stands on a horizontal turntable 
at distance r from the center. The coefficient of 
static friction between the bug and the turntable 
is us. The turntable spins at constant angular 
frequency w. 

(a) Is the bug more likely to slip at small values 
of r, or large values? 

(b) If the bug walks along a radius, what is the 
value of r at which it looses its footing? 


=D 


Problems 6-p2, 6-p3, and 6-p4. 


v 


TT 


6-p3 A bug stands on a horizontal turntable 
at distance r from the center. The coefficient of 
static friction between the bug and the turntable 
is ws. Starting from rest, the turntable begins 
rotating with angular acceleration a. What is 
the magnitude of the angular frequency at which 
the bug starts to slide? 


v 
6-p4 A 20.0 g cockroach is lounging at a dis- 
tance r = 5.00 cm from the axis of the carousel 


of a microwave oven. Except for the species, 
the situation is similar to the one shown in the 
figure. The cockroach’s angular coordinate is 
O(t) = 12? — 4.01%, where t is in seconds and 
0 is in radians. 
(a) Find the angular velocity and acceleration. 
V 
(b) At what time tz > 0 is the cockroach at rest? 
At what time tı, where 0 < tı < ta, is the cock- 
roach moving the fastest? v 
(c) Find the tangential and radial components 
of the linear acceleration of the cockroach at ty. 
What is the direction of the acceleration vector 


at this time? v 
(d) How many revolutions does the cockroach 
make from t = 0 to t = t2? v 


(e) Suppose that the carousel, instead of deceler- 
ating, had kept spinning at constant speed after 
tı. Find the period and the frequency (in revo- 
lutions per minute). 

v 

6-p5 A CD is initially moving counterclock- 
wise with angular speed wo and then starts de- 
celerating with an angular acceleration of mag- 
nitude a. 
(a) How long does it take for the CD to come to 
rest? v 
(b) Suppose that, after a time equal to half 
that found in part a, point on the CD satisfies 
jar| = Jas]. If the initial angular velocity of the 
CD was 40 s~!, what is the total time it takes 
for the CD to come to rest (i.e., the numerical 
value of your answer in part a)? 

v 
6-s1 The figure shows a microscopic view of 
the innermost tracks of a music CD. The pits 
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represent the pattern of ones and zeroes that en- 
code the musical waveform. Because the laser 
that reads the data has to sweep over a fixed 
amount of data per unit time, the disc spins at a 
decreasing angular velocity as the music is played 
from the inside out. The linear velocity v, not 
the angular velocity, is constant. Each track is 
separated from its neighbors on either side by 
a fixed distance p, called the pitch. Although 
the tracks are actually concentric circles, we will 
idealize them in this problem as a type of spiral, 
called an Archimedean spiral, whose turns have 
constant spacing, p, along any radial line. Our 
goal is to find the angular acceleration of this 
idealized CD, in terms of the constants v and p, 
and the radius r at which the laser is positioned. 
(a) Use geometrical reasoning to constrain the 
dependence of the result on p. 
(b) Use units to further constrain the result up 
to a unitless multiplicative constant. 
(c) Find the full result. [Hint: Find a differ- 
ential equation involving r and its time deriva- 
tive, and then solve this equation by separating 
variables. | 
(d) Consider the signs of the variables in your 
answer to part c, and show that your equation 
still makes sense when the direction of rotation 
is reversed. 
(e) Similarly, check that your result makes sense 
regardless of whether we view the CD player 
from the front or the back. (Clockwise seen from 
one side is counterclockwise from the other.) 

* 


Problem 6-s1. 
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6-s2 Find the motion of a bead that slides 
with coefficient of kinetic friction yy on a circular 
wire of radius r. Neglect gravity. [This requires a 
couple of standard techniques for solving a differ- 
ential equation, but not obscure or tricky ones.] 

* 


—r— 


Problem 6-s2. 


7 Conservation of energy 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


7.1 Conservation laws 


Newton presented his laws of motion as universal 
ones that would apply to all phenomena. We now 
know that this is not true. For example, a ray 
of light has zero mass, so a = F/m gives non- 
sense when applied to light. Today, physicists 
formulate the most fundamental laws of physics 
as conservation laws, which arise from symmetry 
principles. 

An object has a symmetry if it remains un- 
changed under some sort of transformation such 
as a reflection, rotation, rotation, or translation 
in time or space. A sphere is symmetric under ro- 
tation. An object that doesn’t change over time 
has symmetry with respect to time-translation. 


Figure 7.1: In this scene from Swan Lake, the 
choreography has a symmetry with respect to 
left and right. 


The fundamentally important symmetries in 
physics are not symmetries of objects but sym- 
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metries of the laws of physics themselves. One 
such symmetry is that laws of physics do not 
seem to change over time. That is, they have 
time-translation symmetry. The gravitational 
forces that you see near the surface of the earth 
are determined by Newton’s law of gravity, which 
we will state later in quantitative detail. 


Suppose that Newton’s law of gravity did 
change over time. (Such a change would have 
to be small, because precise experiments haven’t 
shown objects to get heavier or lighter from one 
time to another.) If you knew of such a change, 
then you could exploit it to make money. On a 
day when gravity was weak, you could pay the 
electric company what it cost you to run an elec- 
tric motor, and lift a giant weight to the top of 
a tower. Then, on a high-gravity day, you could 
lower the weight back down and use it to crank 
a generator, selling electric power back on the 
open market. You would have a kind of perpet- 
ual motion machine. 


What you are buying from the electric com- 
pany is a thing called energy, a term that has a 
specific technical meaning in physics. The fact 
that the law of gravity does does not seem to 
change over time tells us that we can’t use a 
scheme like the one described above as a way 
to create energy out of nothing. In fact, experi- 
ments seem to show that no physical process can 
create or destroy energy, they can only transfer 
or transform it from one form into another. In 
other words, the total amount of energy in the 
universe can never change. A statement of this 
form is called a conservation law. Today, New- 
ton’s laws have been replaced by a set of conser- 
vation laws, including conservation of energy. 


Writing conservation of energy symbolically, 
we have Ei + E2 +... = E + E4+..., where 
the sum is over all the types of energy that are 
present, and the primed and unprimed letters 
distinguish the energies at some initial and final 
times. For more compact writing, we can use the 
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Figure 7.2: Work. 


notation 
N Ex = Y Es, (7.1) 
k k 

where X, Greek uppercase sigma, stands for 
“sum,” and k is an index taking on the values 
1 325 ay 

Another conservation law is conservation of 
mass. Experiments by Lavoisier (1743-1794) 
showed that, for example, when wood was 
burned, the total mass of the smoke, hot gases, 
and charred wood was the same as the mass of 
the original wood. This view was modified in 
1905 by Einstein's famous E = mc’, which says 
that we can actually convert energy to mass and 
mass to energy. Therefore the separate laws of 
conservation of energy and mass are only ap- 
proximations to a deeper, underlying conserva- 
tion law that includes both quantities. 


7.2 Work 


Energy exists in various forms, such a the energy 
of sunlight, gravitational energy, and the energy 
of a moving object, called kinetic energy. Be- 
cause it exists in so many forms, it is a tricky 
concept to define. By analogy, an amount of 
money can be expressed in terms of dollars, eu- 
ros, or various other currencies, but modern gov- 
ernments no longer even attempt to define the 
value of their currencies in absolute terms such 
as ounces of gold. If we make radio contact with 


aliens someday, they will presumably not agree 
with us on how many units of energy there are 
in a liter of gasoline. We could, however, pick 
something arbitrary like a liter of gas as a stan- 
dard of comparison. 


Figure ?? shows a train of thought leading to 
a standard that turns out to be more convenient. 
In panel 1, the tractor raises the weight over 
the pulley. Gravitational energy is stored in the 
weight, and this energy could be released later by 
dropping or lowering the weight. In 2, the trac- 
tor accelerates the trailer, increasing its kinetic 
energy. In 3, the tractor pulls a plow. Energy 
is expended in frictional heating of the plow and 
the dirt, and in breaking dirt clods and lifting 
dirt up to the sides of the furrow. In all three 
examples, the energy of the gas in the tractor’s 
tank is converted into some other form, and in all 
three examples there is a force F involved, and 
the tractor travels some distance d as it applies 
the force. 


Now imagine a black box, panel 4, containing 
a gasoline-powered engine, which is designed to 
reel in a steel cable, exerting a force F. The 
box only communicates with the outside world 
via the hole through which its cable passes, and 
therefore the amount of energy transferred out 
through the cable can only depend on F and d. 
Since force and energy are both additive, this en- 
ergy must be proportional to F, and since the en- 
ergy transfer is additive as we reel in one section 
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of cable and then a further section, the energy 
must also be proportional to d. As an arbitrary 
standard, we pick the constant of proportionality 
to be 1, so that the energy transferred, notated 
W for work, is given by 


W = Fd. (7.2) 
This equation implicitly defines the SI unit of 
energy to be kg-m?/s?, and we abbreviate this 
as one joule, 1 J = 1 kg-m?/s?. 

In general, we define work as the transfer of 
energy by a macroscopic force, with a plus sign 
if energy is flowing from the object exerting the 
force to the object on which the force is exerted. 
(In examples such as heat conduction, the forces 
are forces that occur in the collisions between 
atoms, which are not measurable by macroscopic 
devices such as spring scales and force probes.) 
Equation (7.2) is a correct rule for computing 
work in the special case when the force is ex- 
erted at a single well-defined point of contact, 
that point moves along a line, the force and the 
motion are parallel, and the force is constant. 
The distance d is a signed quantity. 

When the force and the motion are not paral- 
lel, we have the generalization 

W = F. Ax, (7.3) 
in which - is the vector dot product. When force 
and motion are along the same line, but the force 


is not constant, 
W = / F dz. 


Applying both of these generalizations at once 


gives 
W = fe - dx, 


which is an example of the line integral from vec- 
tor calculus. 

The rate at which energy is transferred or 
transformed is the power, 


(7.4) 


(7.5) 


dE 
P=. (7.6) 
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The units of power can be abbreviated as watts, 
1 W = 1 J/s. For the conditions under which 
W = fFdz is valid, we can use the funda- 
mental theorem of calculus to find F = dW/ dz, 
and since dW/ dt = (dK/dx)(dx/ dt), the power 
transmitted by the force is 


P = Fv. (7.7) 


7.3 Kinetic energy 


Having chosen mechanical work as an arbitrary 
standard for defining transfers of energy, we are 
led by Newton’s laws to an expression for the 
energy that an object has because of its mo- 
tion, called kinetic energy, K. One form of this 
work-kinetic energy theorem is as follows. Let 
a force act on a particle of mass m in one di- 
mension. By the chain rule, we have dK/dz = 
(dK/dw(dv/dt(dt/dx) = (dK/dvja/v. Ap- 
plying a = F/m and dK/dz = F (work) gives 
dK/dv = mv. Integration of both sides with 
respect to v results in 


(7.8) 


where the constant of integration can be taken to 
be zero. The factor of 1/2 is ultimately a matter 
of convention; if we had wanted to avoid the 1/2 
in this equation, we could have, but we would 
have had to define work as 2Fd. 

When we heat an object, we are increasing 
the kinetic energy of the random motion of its 
molecules. The amount of energy required to 
heat one kilogram a substance by one degree is 
called its specific heat capacity. A useful figure is 
that the specific heat of water is 4.2x 10% J/kg2C. 


7.4 Potential energy 


Figure 7.3 shows someone lifting a heavy text- 
book at constant speed while a bug hitches a 
ride on top. The person's body has burned some 
calories, and although some of that energy went 
into body heat, an amount equal to Fd must 
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Figure 7.3: The book gains potential energy as 
it is raised. 


have flowed into the book. But the bug may be 
excused for being skeptical about this. No mea- 
surement that the bug can do within its own im- 
mediate environment shows any changes in the 
properties of the book: there is no change in tem- 
perature, no vibration, nothing. Even if the bug 
looks at the walls of the room and is able to tell 
that it is rising, it finds that it is rising at con- 
stant speed, so there is no change in the book’s 
kinetic energy. But if the person then takes her 
hand away and lets the book drop, the bug will 
have to admit that there is a spectacular and 
scary release of kinetic energy, which will later 
be transformed into sound and vibration when 
the book hits the floor. 

If we are to salvage the law of conservation of 
energy, we are forced to invent a new type of en- 
ergy, which depends on the height of the book in 
the earth’s gravitational field. This is an energy 
of position, which is usually notated as PE or U. 
Any time two objects interact through a force 
exerted at a distance (gravity, magnetism, etc.), 
there is a corresponding position-energy, which 
is referred to as potential energy. The hand was 
giving gravitational potential energy to the book. 
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Since the work done by the hand equals Fd, it 
follows that the potential energy must be given 
by 


PE gray = M9Y, (7.9) 


where an arbitary additive constant is implied 
because we have to choose a reference level at 
which to define y = 0. In the more general case 
where the external force such as gravity is not 
constant and can point in any direction, we have 


2 
APE=- | F - dx, (7.10) 
1 

where 1 and 2 stand for the inital and final po- 
sitions. This is a line integral, which is general 
may depend on the path the object takes. But 
for a certain class of forces, which includes, to 
a good approximation, the earth’s gravitational 
force on an object, the result is not dependent 
on the path, and therefore the potential energy 
is well defined. 

A common example is an elastic restoring force 
F = —kzx (Hooke’s law), such as the force of a 
spring. Calculating APE = — f F dz, we find 


1 
PE = =ka’, 


: (7.11) 


where the constant of integration is arbitrarily 
chosen to be zero. This is in fact a type of elec- 
trical potential energy, which varies as the lattice 
of atoms within the spring is distorted. 
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Problems 


7-al “Big wall” climbing is a specialized type 
of rock climbing that involves going up tall cliffs 
such as the ones in Yosemite, usually with the 
climbers spending at least one night sleeping on 
a natural ledge or an artificial “portaledge.” In 
this style of climbing, each pitch of the climb in- 
volves strenuously hauling up several heavy bags 
of gear — a fact that has caused these climbs to 
be referred to as “vertical ditch digging.” (a) If 
an 80 kg haul bag has to be pulled up the full 
length of a 60 m rope, how much work is done? 
(b) Since it can be difficult to lift 80 kg, a 2:1 
pulley is often used. The hauler then lifts the 
equivalent of 40 kg, but has to pull in 120 m of 


rope. How much work is done in this case? 
Vv 


7-a2 An airplane flies in the positive direction 
along the x axis, through crosswinds that exert 
a force F = (a + bx)x + (c + dx)y. Find the 
work done by the wind on the plane, and by the 
plane on the wind, in traveling from the origin 


to position x. 
Vv 


7-a3 In the power stroke of a car’s gasoline en- 
gine, the fuel-air mixture is ignited by the spark 
plug, explodes, and pushes the piston out. The 
exploding mixture’s force on the piston head is 
greatest at the beginning of the explosion, and 
decreases as the mixture expands. It can be 
approximated by F = a/x, where x is the dis- 
tance from the cylinder to the piston head, and 
a is a constant with units of N-m. (Actually 
a/x'* would be more accurate, but the problem 
works out more nicely with a/x!) The piston be- 
gins its stroke at x = xı, and ends at x = 22. 
The 1965 Rambler had six cylinders, each with 
a = 220 N-m, zı = 1.2 cm, and x2 = 10.2 cm. 
(a) Draw a neat, accurate graph of F vs x, on 
graph paper. 

(b) From the area under the curve, derive the 
amount of work done in one stroke by one 
cylinder. Vv 
(c) Assume the engine is running at 4800 r.p.m., 
so that during one minute, each of the six 
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cylinders performs 2400 power strokes. (Power 
strokes only happen every other revolution.) 
Find the engine’s power, in units of horsepower 
(1 hp=746 W). v 
(d) The compression ratio of an engine is defined 
as 12/11. Explain in words why the car’s power 
would be exactly the same if x; and x2 were, say, 
halved or tripled, maintaining the same compres- 
sion ratio of 8.5. Explain why this would not 
quite be true with the more realistic force equa- 
tion F = a/z?**. 


Problem 7-a3. 


7-a4 (a) The crew of an 18th century warship 
is raising the anchor. The anchor has a mass of 
5000 kg. The water is 30 m deep. The chain 
to which the anchor is attached has a mass per 
unit length of 150 kg/m. Before they start rais- 
ing the anchor, what is the total weight of the 
anchor plus the portion of the chain hanging out 
of the ship? (Assume that the buoyancy of the 
anchor is negligible.) 

(b) After they have raised the anchor by 1 m, 
what is the weight they are raising? 

(c) Define y = 0 when the anchor is resting on 
the bottom, and y = +30 m when it has been 
raised up to the ship. Draw a graph of the force 
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the crew has to exert to raise the anchor and 
chain, as a function of y. (Assume that they are 
raising it slowly, so water resistance is negligi- 
ble.) It will not be a constant! Now find the 
area under the graph, and determine the work 
done by the crew in raising the anchor, in joules. 
(d) Convert your answer from (c) into units of 
kcal. 
v 


7-a5 The figure, redrawn from Gray’s 
Anatomy, shows the tension of which a muscle 
is capable. The variable x is defined as the 
contraction of the muscle from its maximum 
length L, so that at x = 0 the muscle has length 
L, and at x = L the muscle would theoretically 
have zero length. In reality, the muscle can 
only contract to x = cL, where c is less than 1. 
When the muscle is extended to its maximum 
length, at x = 0, it is capable of the greatest 
tension, To. As the muscle contracts, however, it 
becomes weaker. Gray suggests approximating 
this function as a linear decrease, which would 
theoretically extrapolate to zero at x = L. (a) 
Find the maximum work the muscle can do in 
one contraction, in terms of c, L, and To. v 
(b) Show that your answer to part a has the 
right units. 

(c) Show that your answer to part a has the 
right behavior when c = 0 and when c = 1. 

(d) Gray also states that the absolute maximum 
tension T, has been found to be approximately 
proportional to the muscle’s cross-sectional area 
A (which is presumably measured at x 0), 
with proportionality constant k. Approximating 
the muscle as a cylinder, show that your answer 
from part a can be reexpressed in terms of the 
volume, V, eliminating L and A. v 
(e) Evaluate your result numerically for a biceps 
muscle with a volume of 200 cmë, with c = 0.8 
and k = 100 N/cm? as estimated by Gray. v 


7-d1 Can kinetic energy ever be less than 
zero? Explain. [Based on a problem by Serway 
and Faughn.] 
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do 


Problem 7-a5. 


7-d2 A bullet flies through the air, passes 
through a paperback book, and then continues 
to fly through the air beyond the book. When is 
there a force? When is there energy? 


7-d3 A 7.00 kg bowling ball moves at 
3.00 m/s. How fast must a 2.45 g ping-pong ball 
move so that the two balls have the same kinetic 


energy? 
v 


7-d4 You throw a ball straight up, and it 
lands with 2/3 the speed with which you threw 
it. What fraction of the initial kinetic energy was 


lost during the time the ball was in the air? 
vV 


7-d5 The multiflash photograph shows a col- 
lision between two pool balls. The ball that 
was initially at rest shows up as a dark image 
in its initial position, because its image was ex- 
posed several times before it was struck and be- 
gan moving. By making measurements on the 
figure, determine numerically whether or not en- 
ergy appears to have been conserved in the colli- 
sion. What systematic effects would limit the ac- 
curacy of your test? [From an example in PSSC 
Physics.] 


PROBLEMS 


Problem 7-d5. 


hw-colliding-balls 
7-d6 You are driving your car, and you hit a 
brick wall head on, at full speed. The car has a 
mass of 1500 kg. The kinetic energy released is 
a measure of how much destruction will be done 
to the car and to your body. Calculate the en- 
ergy released if you are traveling at (a) 40 mi/hr, 
and again (b) if you’re going 80 mi/hr. What is 
counterintuitive about this, and what implica- 
tion does this have for driving at high speeds? 
Vv 


7-d7 Object A has a kinetic energy of 13.4 J. 
Object B has a mass that is greater by a factor 
of 3.77, but is moving more slowly by a factor of 
2.34. What is object B’s kinetic energy? [Based 
on a problem by Arnold Arons.] 


7-d8 One theory about the destruction of the 
space shuttle Columbia in 2003 is that one of its 
wings had been damaged on liftoff by a chunk of 
foam insulation that fell off of one of its exter- 
nal fuel tanks. The New York Times reported on 
June 5, 2003, that NASA engineers had recreated 
the impact to see if it would damage a mock- 
up of the shuttle’s wing. “Before last week’s 
test, many engineers at NASA said they thought 
lightweight foam could not harm the seemingly 
tough composite panels, and privately predicted 
that the foam would bounce off harmlessly, like 
a Nerf ball.” In fact, the 0.80 kg piece of foam, 
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moving at 240 m/s, did serious damage. A mem- 
ber of the board investigating the disaster said 


, this demonstrated that “people's intuitive sense 


of physics is sometimes way off.” (a) Compute 
the kinetic energy of the foam, and (b) compare 
with the energy of an 80 kg boulder moving at 
2.4 m/s (the speed it would have if you dropped 
it from about knee-level). v 
(c) The boulder is a hundred times more mas- 
sive, but its speed is a hundred times smaller, so 
what’s counterintuitive about your results? 


7-d9 A closed system can be a bad thing — 
for an astronaut sealed inside a space suit, get- 
ting rid of body heat can be difficult. Suppose a 
60-kg astronaut is performing vigorous physical 
activity, expending 200 W of power. If none of 
the heat can escape from her space suit, how long 
will it take before her body temperature rises by 
6°C (11°F), an amount sufficient to kill her? As- 
sume that the amount of heat required to raise 
her body temperature by 1°C is the same as it 
would be for an equal mass of water. Express 


your answer in units of minutes. 
v 


7-d10 Experiments show that the power con- 
sumed by a boat’s engine is approximately pro- 
portional to the third power of its speed. (We 
assume that it is moving at constant speed.) (a) 
When a boat is crusing at constant speed, what 
type of energy transformation do you think is 
being performed? (b) If you upgrade to a mo- 
tor with double the power, by what factor is 
your boat’s crusing speed increased? [Based on 
a problem by Arnold Arons.] 


7-g1 Estimate the kinetic energy of an 
Olympic sprinter. 


7-g2 Estimate the kinetic energy of a buzzing 
fly’s wing. (You may wish to review section 1.4 
on order-of-magnitude estimates.) 


7-83 A blade of grass moves upward as it 
grows. Estimate its kinetic energy. (You may 
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wish to review section 1.4 on order-of-magnitude 
estimates.) 


7-g4 All stars, including our sun, show varia- 
tions in their light output to some degree. Some 
stars vary their brightness by a factor of two 
or even more, but our sun has remained rela- 
tively steady during the hundred years or so that 
accurate data have been collected. Neverthe- 
less, it is possible that climate variations such 
as ice ages are related to long-term irregulari- 
ties in the sun’s light output. If the sun was 
to increase its light output even slightly, it could 
melt enough Antarctic ice to flood all the world’s 
coastal cities. The total sunlight that falls on 
Antarctica amounts to about 1 x 10! watts. In 
the absence of natural or human-caused climate 
change, this heat input to the poles is balanced 
by the loss of heat via winds, ocean currents, and 
emission of infrared light, so that there is no net 
melting or freezing of ice at the poles from year 
to year. Suppose that the sun changes its light 
output by some small percentage, but there is no 
change in the rate of heat loss by the polar caps. 
Estimate the percentage by which the sun’s light 
output would have to increase in order to melt 
enough ice to raise the level of the oceans by 10 
meters over a period of 10 years. (This would be 
enough to flood New York, London, and many 
other cities.) Melting 1 kg of ice requires 3 x 10° 
J. 


7-31 A ball rolls up a ramp, turns around, 
and comes back down. When does it have the 
greatest gravitational energy? The greatest ki- 
netic energy? [Based on a problem by Serway 
and Faughn.] 


7-32 Can gravitational potential energy ever 
be negative? Note that the question refers to 
PE, not APE, so that you must think about 
how the choice of a reference level comes into 
play. [Based on a problem by Serway and 
Faughn.] 
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7-33 In each of the following situations, is the 
work being done positive, negative, or zero? (a) 
a bull paws the ground; (b) a fishing boat pulls 
a net through the water behind it; (c) the water 
resists the motion of the net through it; (d) you 
stand behind a pickup truck and lower a bale of 
hay from the truck's bed to the ground. Explain. 
[Based on a problem by Serway and Faughn.] 


7-j4 (a) Suppose work is done in one- 
dimensional motion. What happens to the work 
if you reverse the direction of the positive coor- 
dinate axis? Base your answer directly on the 
definition of work as a transfer of mechanical en- 
ergy. (b) Now answer the question based on the 
W = Fd rule. 


7-35 Does it make sense to say that work is 
conserved? 
7-6 (a) You release a magnet on a tabletop 


near a big piece of iron, and the magnet leaps 
across the table to the iron. Does the magnetic 
energy increase, or decrease? Explain. (b) Sup- 
pose instead that you have two repelling mag- 
nets. You give them an initial push towards each 
other, so they decelerate while approaching each 
other. Does the magnetic energy increase, or de- 
crease? Explain. 


7-37 Students are often tempted to think of 
potential energy and kinetic energy as if they 
were always related to each other, like yin and 
yang. To show this is incorrect, give examples of 
physical situations in which (a) PE is converted 
to another form of PE, and (b) KE is converted 
to another form of KE. 


7-j8 Anya and Ivan lean over a balcony side 
by side. Anya throws a penny downward with 
an initial speed of 5 m/s. Ivan throws a penny 
upward with the same speed. Both pennies end 
up on the ground below. Compare their kinetic 
energies and velocities on impact. 
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7-39 Decide whether the following statements 
regarding work and energy are true or false. 

(a) The work done by a frictional force depends 
only on the initial and final points of the path of 
a particle. 

(b) If a force is perpendicular to the direction 
of motion of an object, the force is not changing 
the kinetic energy of the object. 

(c) The work done by a conservative force is zero. 
(d) Doubling the amount of time a force is ap- 
plied will double the work done on an object by 
the force. 

(e) Since KE is always positive, the net work on 
a particle must be positive. 


7-j10 When you buy a helium-filled balloon, 
the seller has to inflate it from a large metal 
cylinder of the compressed gas. The helium in- 
side the cylinder has energy, as can be demon- 
strated for example by releasing a little of it into 
the air: you hear a hissing sound, and that sound 
energy must have come from somewhere. The to- 
tal amount of energy in the cylinder is very large, 
and if the valve is inadvertently damaged or bro- 
ken off, the cylinder can behave like a bomb or 
a rocket. 

Suppose the company that puts the gas in the 
cylinders prepares cylinder A with half the nor- 
mal amount of pure helium, and cylinder B with 
the normal amount. Cylinder B has twice as 
much energy, and yet the temperatures of both 
cylinders are the same. Explain, at the atomic 
level, what form of energy is involved, and why 
cylinder B has twice as much. 


7-11 Explain in terms of conservation of en- 
ergy why sweating cools your body, even though 
the sweat is at the same temperature as your 
body. Describe the forms of energy involved in 
this energy transformation. Why don’t you get 
the same cooling effect if you wipe the sweat off 
with a towel? Hint: The sweat is evaporating. 


7-312 A microwave oven works by twisting 
molecules one way and then the other, counter- 
clockwise and then clockwise about their own 
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centers, millions of times a second. If you put 
an ice cube or a stick of butter in a microwave, 
you'll observe that the solid doesn't heat very 
quickly, although eventually melting begins in 
one small spot. Once this spot forms, it grows 
rapidly, while the rest of the solid remains solid; 
it appears that a microwave oven heats a liquid 
much more rapidly than a solid. Explain why 
this should happen, based on the atomic-level 
description of heat, solids, and liquids. 

Don’t repeat the following common mistakes: 
In a solid, the atoms are packed more tightly and 
have less space between them. Not true. Ice 
floats because it’s less dense than water. 

In a liquid, the atoms are moving much faster. 
No, the difference in average speed between ice 
at —1°C and water at 1°C is only 0.4%. 


7-j13 The figure above is from a classic 1920 
physics textbook by Millikan and Gale. It rep- 
resents a method for raising the water from the 
pond up to the water tower, at a higher level, 
without using a pump. Water is allowed into the 
drive pipe, and once it is flowing fast enough, it 
forces the valve at the bottom closed. Explain 
how this works in terms of conservation of mass 
and energy. 


7-m1 A grasshopper with a mass of 110 mg 
falls from rest from a height of 310 cm. On the 
way down, it dissipates 1.1 mJ of heat due to air 
resistance. At what speed, in m/s, does it hit 
the ground? 
> Solution, p. 291 

7-m2 Suppose that the cost of energy in your 
city is 15 cents per kilowatt-hour. A cost-efficient 
light bulb uses energy at a rate of 25 W. How 
much does it cost to leave the light on for the 
entire month of January? 

v 
7-m3 Lisa times herself running up the stairs 
of her science building and finds that it takes her 
23 s to reach the top floor. Her mass is 44 kg. 
If the vertical height reached is 11.0 m, what is 
minimum average power she would have to have 
produced during the climb (i.e., only taking into 
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Problem 7-j13. 


account the energy required to overcome grav- 
ity)? 

v 
7-m4 How long will it take a 3.92 kW motor, 
operating at full power, to lift a 1150 kg car to 
a height of 25.0 m? Assume frictional forces are 
negligible. (To make this more vivid for people 
in the US, 3.92 kW is 5.26 horsepower.) 


7-m5 A roller coaster starts from rest and de- 
scends 35 meters in its initial drop and then rises 
23 meters before going over a hill. A passenger 
at the top of the hill feels an apparent weight 
which is 2/3 of her normal weight. By using the 
fact that the energy loss due to friction must be 
greater than zero, find a bound on the radius of 
curvature of the first hill. Is this an upper bound, 
or a lower bound? 

Vv 

7-m6 A piece of paper of mass 4.5 g is 
dropped from a height 1.0 m above the ground. 
The paper dissipates 37 mJ of energy through 
frictional heating on its way down. 
(a) How much kinetic energy does the paper have 
when it reaches the ground? v 
(b) What is the speed of the paper when it hits 
the ground? 

v 
7-m7 Let E), be the energy required to boil 
one kg of water. (a) Find an equation for the 
minimum height from which a bucket of water 


must be dropped if the energy released on im- 
pact is to vaporize it. Assume that all the heat 
goes into the water, not into the dirt it strikes, 
and ignore the relatively small amount of energy 
required to heat the water from room tempera- 
ture to 100°C. [Numerical check, not for credit: 
Plugging in Ep = 2.3 MJ/kg should give a result 
of 230 km.] v 
(b) Show that the units of your answer in part a 
come out right based on the units given for Ep. 


7-m8 Most modern bow hunters in the U.S. 
use a fancy mechanical bow called a compound 
bow, which looks nothing like what most people 
imagine when they think of a bow and arrow. It 
has a system of pulleys designed to produce the 
force curve shown in the figure, where F is the 
force required to pull the string back, and x is 
the distance between the string and the center 
of the bow’s body. It is not a linear Hooke's- 
law graph, as it would be for an old-fashioned 
bow. The big advantage of the design is that 
relatively little force is required to hold the bow 
stretched to point B on the graph. This is the 
force required from the hunter in order to hold 
the bow ready while waiting for a shot. Since it 
may be necessary to wait a long time, this force 
can't be too big. An old-fashioned bow, designed 
to require the same amount of force when fully 
drawn, would shoot arrows at much lower speeds, 
since its graph would be a straight line from A 
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to B. For the graph shown in the figure (taken 
from realistic data), find the speed at which a 
26 g arrow is released, assuming that 70% of the 
mechanical work done by the hand is actually 
transmitted to the arrow. (The other 30% is lost 
to frictional heating inside the bow and kinetic 


energy of the recoiling and vibrating bow.) 
v 


A 
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Problem 7-m8. 


7-m9 The following table gives the amount 
of energy required in order to heat, melt, or boil 
a gram of water. 


heat 1 g of ice by 1°C 2.05 J 
melt 1 g of ice 333 J 

heat 1 g of water by 1°C 4.19 J 
boil 1 g of water 2500 J 


heat 1 g of steam by 1°C 2.01 J 
(a) How much energy is required in order to con- 
vert 1.00 g of ice at -20 °C into steam at 137 °C? 
Vv 
(b) What is the minimum amount of hot water 
that could melt 1.00 g of ice? 
vV 


7-m10 Lord Kelvin, a physicist, told the story 
of how he encountered James Joule when Joule 
was on his honeymoon. As he traveled, Joule 
would stop with his wife at various waterfalls, 
and measure the difference in temperature be- 
tween the top of the waterfall and the still water 
at the bottom. (a) It would surprise most people 
to learn that the temperature increased. Why 
should there be any such effect, and why would 
Joule care? How would this relate to the energy 
concept, of which he was the principal inventor? 
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(b) How much of a gain in temperature should 
there be between the top and bottom of a 50- 
meter waterfall? (c) What assumptions did you 
have to make in order to calculate your answer to 
part b? In reality, would the temperature change 
be more than or less than what you calculated? 


[Based on a problem by Arnold Arons.] 
v 


7-m11  Weiping lifts a rock with a weight of 
1.0 N through a height of 1.0 m, and then lowers 
it back down to the starting point. Bubba pushes 
a table 1.0 m across the floor at constant speed, 
requiring a force of 1.0 N, and then pushes it 
back to where it started. (a) Compare the total 
work done by Weiping and Bubba. (b) Check 
that your answers to part a make sense, using 
the definition of work: work is the transfer of 
energy. In your answer, you'll need to discuss 
what specific type of energy is involved in each 
case. 


7-p1 Ata given temperature, the average ki- 
netic energy per molecule is a fixed value, so 
for instance in air, the more massive oxygen 
molecules are moving more slowly on the aver- 
age than the nitrogen molecules. The ratio of 
the masses of oxygen and nitrogen molecules is 
16.00 to 14.01. Now suppose a vessel contain- 
ing some air is surrounded by a vacuum, and the 
vessel has a tiny hole in it, which allows the air 
to slowly leak out. The molecules are bouncing 
around randomly, so a given molecule will have 
to “try” many times before it gets lucky enough 
to head out through the hole. Find the rate at 
which oxygen leaks divided by the rate at which 
nitrogen leaks. (Define this rate according to the 
fraction of the gas that leaks out in a given time, 
not the mass or number of molecules leaked per 
unit time.) 

v 
7-p2 In the earth's atmosphere, the molecules 
are constantly moving around. Because tem- 
perature is a measure of kinetic energy per 
molecule, the average kinetic energy of each type 
of molecule is the same, e.g., the average KE of 
the Oz molecules is the same as the average KE 
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of the Nz molecules. (a) If the mass of an Oz 
molecule is eight times greater than that of a He 
atom, what is the ratio of their average speeds? 
Which way is the ratio, i.e., which is typically 
moving faster? (b) Use your result from part a 
to explain why any helium occurring naturally in 
the atmosphere has long since escaped into outer 
space, never to return. (Helium is obtained com- 
mercially by extracting it from rocks.) You may 
want to do problem 11-s1 first, for insight. 


Vv 
7-p3 Two speedboats are identical, but one 
has more people aboard than the other. Al- 


though the total masses of the two boats are 
unequal, suppose that they happen to have the 
same kinetic energy. In a boat, as in a car, it’s 
important to be able to stop in time to avoid 
hitting things. (a) If the frictional force from 
the water is the same in both cases, how will 
the boats’ stopping distances compare? Explain. 
(b) Compare the times required for the boats to 
stop. 


7-p4 A car starts from rest at t = 0, and 
starts speeding up with constant acceleration. 
(a) Find the car’s kinetic energy in terms of its 
mass, m, acceleration, a, and the time, t. (b) 
Your answer in the previous part also equals the 
amount of work, W, done from t = 0 until time 
t. Take the derivative of the previous expression 
to find the power expended by the car at time t. 
(c) Suppose two cars with the same mass both 
start from rest at the same time, but one has 
twice as much acceleration as the other. At any 
moment, how many times more power is being 
dissipated by the more quickly accelerating car? 


(The answer is not 2.) 

v 
7-p5 While in your car on the freeway, you're 
travelling at a constant speed of 55 miles/hour, 
requiring a power output of 50 horsepower from 
the engine. Almost all of the energy provided by 
the engine is used to fight air resistance, which is 
proportional in magnitude to the square of the 
speed of the car. If you step on the gas pedal 
all the way and increase the power output to 
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100 horsepower, what final speed will you reach? 
Note that this problem can be done without any 
conversions or knowledge of US units. 

v 
7-s1 A soccer ball of mass m is moving at 
speed v when you kick it in the same direction 
it is moving. You kick it with constant force F, 
and you want to triple the ball's speed. Over 
what distance must your foot be in contact with 
the ball? 

v 


7-s2 A laptop of mass m and a desktop com- 
puter of mass 3m are both dropped from the top 
of a building. The laptop has kinetic energy K 
when it reaches the ground. 

(a) Find the kinetic energy of the desktop ma- 
chine on impact, in terms of K, m, or both. v 


(b) Find its speed in terms of the same variables. 
v 


7-s3 A girl picks up a stone of mass m from 
the ground and throws it at speed v, releasing 
the stone from a height h above the ground. If 
the maximum power output of the girl is P, how 
many stones could she throw in a time T? 


7-s4 A car accelerates from rest. At low 
speeds, its acceleration is limited by static fric- 
tion, so that if we press too hard on the gas, we 
will “burn rubber” (or, for many newer cars, a 
computerized traction-control system will over- 
ride the gas pedal). At higher speeds, the limit 
on acceleration comes from the power of the en- 
gine, which puts a limit on how fast kinetic en- 
ergy can be developed. 

(a) Show that if a force F is applied to an object 
moving at speed v, the power required is given 
by P=vF. 

(b) Find the speed v at which we cross over from 
the first regime described above to the second. 
At speeds higher than this, the engine does not 
have enough power to burn rubber. Express your 
result in terms of the car’s power P, its mass m, 
the coefficient of static friction ws, and g. v 
(c) Show that your answer to part b has units 
that make sense. 

(d) Show that the dependence of your answer on 
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each of the four variables makes sense physically. 
(e) The 2010 Maserati Gran Turismo Convertible 
has a maximum power of 3.23x 10° W (433 horse- 
power) and a mass (including a 50-kg driver) of 
2.03 x 10° kg. (This power is the maximum the 
engine can supply at its optimum frequency of 
7600 r.p.m. Presumably the automatic trans- 
mission is designed so a gear is available in which 
the engine will be running at very nearly this fre- 
quency when the car is moving at v.) Rubber on 
asphalt has us = 0.9. Find v for this car. An- 
swer: 18 m/s, or about 40 miles per hour. 

(£) Our analysis has neglected air friction, which 
can probably be approximated as a force propor- 
tional to v?. The existence of this force is the rea- 
son that the car has a maximum speed, which is 
176 miles per hour. To get a feeling for how good 
an approximation it is to ignore air friction, find 
what fraction of the engine’s maximum power is 
being used to overcome air resistance when the 
car is moving at the speed v found in part e. 
Answer: 1% 


7-s5 A piece of paper of mass m is dropped 
from a height H above the ground. Because of 
air resistance, the paper lands with only 1/5th 
the speed that it would have landed with had 
there been no air resistance. 

(a) What is the work on the paper due to 
gravity? v 
(b) What is the work on the paper due to the 


drag force? 
v 


7-s6 A block of mass m is at the top of a 
ramp of length L inclined at angle 0 with re- 
spect to the horizontal. The block slides down 
the ramp, and the coefficient of friction between 
the two surfaces is ux. Parts a-c are about find- 
ing the speed of the block when it reaches the 
bottom of the ramp. 

(a) Based on units, infer as much as possible 
about the form of the answer. 

(b) Find the speed. v 
(c) Check that the dependence of the result on 
the variables make sense. Under what conditions 
is the result unphysical? 
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(d) The speed of the block at the bottom of the 
ramp is only half of what it would have been 
without friction. Knowing this, what is the coef- 
ficient of friction uz in terms of the other given 
quantities? 

Vv 


7-s7 Some kids are playing a game where they 
shoot a ball of mass m off a spring into a cup that 
is a distance D away from the base of the table 
(see figure). The ball starts at a height H, and 
the spring has spring constant k. The goal of 
the problem is to find the distance you should 
compress the spring so that the ball lands in the 
cup. 

(a) Infer as much as possible about the form of 
the result based on units. 

(b) Find the result. 


Problem 7-s7. 


7-s8 A person on a bicycle is to coast down 
a ramp of height h and then pass through a 
circular loop of radius r. What is the smallest 
value of h for which the cyclist will complete the 
loop without falling? (Ignore the kinetic energy 
of the spinning wheels.) v 


7-s9 Suppose that the cyclist in problem 7- 
s8 wants to have a little extra security, passing 
through the top of the loop at twice the mini- 
mum speed that would have theoretically been 
required. 

(a) What is this speed? v 
(b) Find the height of the ramp that is needed. 

v 
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7-s10 Consider the system shown in the fig- 
ure. Block A has mass Ma and block B has mass 
Mg. There is a coefficient of kinetic friction uz 
between block A and the table. The system is 
released from rest and block B drops a distance 
D. 

(a) What is the work done by gravity on block 


B? Vv 
(b) What is the tension in the string? v 
(c) What is the work done on block B by the 
string? v 
(d) By adding your results in parts a and c, find 
the speed of block B. v 


(e) Show that the sum of the works done on block 
A equals the change in KE of block A. 


Problem 7-s10. 


7-s11 (a) A circular hoop of mass m and ra- 
dius r spins like a wheel while its center remains 
at rest. Its period (time required for one revo- 
lution) is T. Show that its kinetic energy equals 
2r?°mr? /T?. 

(b) If such a hoop rolls with its center moving 
at velocity v, its kinetic energy equals (1/2)mv?, 
plus the amount of kinetic energy found in the 
first part of this problem. Show that a hoop rolls 
down an inclined plane with half the acceleration 
that a frictionless sliding block would have. 


7-s12 As shown in the figure, a box of mass 
m is dropped from a height H above a spring. 
The platform has negligible mass. The spring 
has spring constant k. 

(a) By what amount is the spring compressed? 
Your answer requires the quadratic equation; to 
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choose the correct root, note that x needs to be 


positive. vV 
(b) What is the speed of the box when it is first 
in contact with the platform? v 


(c) What is the maximum speed of the box? 
Hint: the box speeds up until the force from the 


spring equals the gravitational force. 
V x 


TEn 


Problem 7-s12. 


7-s13 A skateboarder starts at rest nearly at 
the top of a giant cylinder, and begins rolling 
down its side. (If he started exactly at rest and 
exactly at the top, he would never get going!) 
Show that his board loses contact with the pipe 
after he has dropped by a height equal to one 
third the radius of the pipe. 

* 


7-s14 The figure shows a slab of mass M 
rolling freely down an inclined plane inclined at 
an angle O to the horizontal. The slab is on top of 
a set of rollers, each of radius r, that roll without 
slipping at their top and bottom surfaces. The 
rollers may for example be cylinders, or spheres 
such as ball bearings. Each roller’s center of mass 
coincides with its geometrical center. The sum 
of the masses of the rollers is m, and the sum 
of their moments of inertia (each about its own 
center) is J. Find the acceleration of the slab, 
and verify that your expression has the correct 


behavior in interesting limiting cases. 
V x 


PROBLEMS 


Problem 7-s13. 


Problem 7-s14. 


7-v1 The magnitude of the force between two 
magnets separated by a distance r can be ap- 
proximated as kr“ for large values of r. The 
constant k depends on the strengths of the mag- 
nets and the relative orientations of their north 
and south poles. Two magnets are released on 
a slippery surface at an initial distance r;, and 
begin sliding towards each other. What will be 
the total kinetic energy of the two magnets when 
they reach a final distance rf? (Ignore friction.) 
Vv 


7-v2 An object’s potential energy is described 
by the function U (x) = —ax?4Bx*, where a and 
6 are positive constants. 

(a) For what positive value of x is the force on 
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the object equal to zero? v 
(b) What is the force on the particle when x = 
24/a/ B? 

v 
7-v3 The potential energy of a particle mov- 
ing in a certain one-dimensional region of space 
is 


U(x) = (1.00 J/m?)z? — (7.00 J/m?)x? 
+ (10.0 J/m)z. 


(a) Determine the force F(x) acting on the par- 
ticle as a function of position. 

(b) Is the force you found in part a conservative, 
or non-conservative? Explain. 

(c) Let “R” refer to the region « = —1.00 m 
to x = +6.00 m. Draw U(x) on R (label your 
axes). On your plot, label all points of stable 
and unstable equilibrium on R, and find their 
locations. 

(d) What is the maximum force (in magnitude) 
experienced by a particle on R? 

(e) The particle has mass 1.00 kg and is released 
from rest at x = 2.00 m. Describe the subse- 
quent motion. What is the maximum KE that 
the particle achieves? 


7-v4 The potential energy of a particle mov- 
ing in a certain one-dimensional region of space 
is 


U(x) = (1.00 J/m*)a* — (4.00 J/m?)a? 
+ (1.00 J/m)z. 


You might want to plot the function U(x) using 
a graphing calculator or an online utility such as 
desmos.com. An object of mass 2.00 kg is re- 
leased from rest at x = 2.00 m. 
(a) At what position does the object have maxi- 
mum speed? Vv 
(b) What is the maximum speed of the object? 
vV 
(c) What is the velocity of the object when it 
reaches the unstable equilibrium point? v 
(d) What is the lowest value of x that the object 
gets to? 
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v 


T-v5 A banana starts at rest and is subject 
to the force shown. This force is the only force 
acting on the banana. 

(a) What is the work done on the banana as it 
moves from z = 0 m to 2 m? v 
(b) From 2 m to 3 m? v 
(c) If this force acts on the banana for 0.5 s, what 


is the average power delivered to the banana? 
v 


10 
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Problem 7-v5. 


7-v6 An object of mass m is moving with 
speed v in the +x-direction when, starting at x = 
0, it is subjected to the position-dependent force 
F(x) = —kx?, where k is a positive constant. 
What is the maximum z-coordinate the object 


will reach? 
v 


T-v7 In 1935, Yukawa proposed an early 
theory of the force that held the neutrons and 
protons together in the nucleus. His equation 
for the potential energy of two such particles, 
at a center-to-center distance r, was PE(r) = 
gr %e="/%, where g parametrizes the strength 
of the interaction, e is the base of natural log- 
arithms, and a is about 10715 m. Find the force 
between two nucleons that would be consistent 


with this equation for the potential energy. 
v 


7-v8 A rail gun is a device like a train on 
a track, with the train propelled by a power- 
ful electrical pulse. Very high speeds have been 
demonstrated in test models, and rail guns have 
been proposed as an alternative to rockets for 
sending into outer space any object that would 
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be strong enough to survive the extreme accel- 
erations. Suppose that the rail gun capsule is 
launched straight up, and that the force of air 
friction acting on it is given by F = be~™, where 
x is the altitude, b and c are constants, and e is 
the base of natural logarithms. The exponen- 
tial decay occurs because the atmosphere gets 
thinner with increasing altitude. (In reality, the 
force would probably drop off even faster than 
an exponential, because the capsule would be 
slowing down somewhat.) Find the amount of 
kinetic energy lost by the capsule due to air fric- 
tion between when it is launched and when it 
is completely beyond the atmosphere. (Gravity 
is negligible, since the air friction force is much 


greater than the gravitational force.) 
v 


7-v9 The figure shows two unequal masses, 
M and m, connected by a string running over a 
pulley. This system was analyzed previously in 
problem 5-p2 on p. 63, using Newton's laws. 

(a) Analyze the system using conservation of 
energy instead. Find the speed the weights gain 
after being released from rest and traveling a 
distance h. v 
(b) Use your result from part a to find the 
acceleration, reproducing the result of the 
earlier problem. v 


Problem 7-v9. 


PROBLEMS 


7-v10 A mass moving in one dimension is at- 
tached to a horizontal spring. It slides on the sur- 
face below it, with equal coefficients of static and 
kinetic friction, Hk = Hs. The equilibrium posi- 
tion is x = 0. If the mass is pulled to some initial 
position and released from rest, it will complete 
some number of oscillations before friction brings 
it to a stop. When released from x = a (a > 0), 
it completes exactly 1/4 of an oscillation, i.e., it 
stops precisely at x = 0. Similarly, define b > 0 
as the greatest x from which it could be released 
and comlete 1/2 of an oscillation, stopping on 
the far side and not coming back toward equi- 
librium. Find b/a. Hint: To keep the algebra 
simple, set every fixed parameter of the system 


equal to 1. 
Vv 


7-v11 In 2003, physicist and philosopher 
John Norton came up with the following appar- 
ent paradox, in which Newton's laws, which ap- 
pear deterministic, can produce nondeterminis- 
tic results. Suppose that a bead moves friction- 
lessly on a curved wire under the influence of 
gravity. The shape of the wire is defined by the 
function y(x), which passes through the origin, 
and the bead is released from rest at the ori- 
gin. For convenience of notation, choose units 
such that g = 1, and define y = dy/dt and 
y' = dy/ dx. 

(a) Show that the equation of motion is 


(b) To simplify the calculations, assume from 
now on that y! < 1. Find a shape for the wire 
such that x = t* is a solution. (Ignore units.) Y 
(c) Show that not just the motion assumed in 
part b, but any motion of the following form is 
a solution: 


_ fo if t < to 
© \(t—to)t ift> to 


This is remarkable because there is no physical 
principle that determines tọ, so if we place the 
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bead at rest at the origin, there is no way to 


predict when it will start moving. 


* 


96 


CHAPTER 7. CONSERVATION OF ENERGY 


8 Conservation of momentum 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


8.1 Momentum: a con- 
served vector 
Consider the hockey puck in figure 8.1. If we 


release it at rest, we expect it to remain at rest. 
If it did start moving all by itself, that would 
be strange: it would have to pick some direction 
in which to move, and why would it have such 
a deep desire to visit the region of space on one 
side rather than the other? Such behavior, which 
is not actually observed, would suggest that the 
laws of physics differed between one region of 
space and another. 


Figure 8.1: A hockey puck is released at rest. 
Will it start moving in some direction? 


The laws of physics are in fact observed to be 


the same everywhere, and this symmetry leads to 
a conservation law, conservation of momentum. 
The momentum of a material object, notated p 
for obscure reasons, is given by the product of 
its mass and its momentum, 


p = mv. (8.1) 


From the definition, we see that momentum is a 
vector. That’s important because up until now, 
the only conserved quantities we’d encountered 
were mass and energy, which are both scalars. 
Clearly the laws of physics would be incomplete 
if we never had a law of physics that related to 
the fact that the universe has three dimensions of 
space. For example, it wouldn’t violate conserva- 
tion of mass or energy if an object was moving in 
a certain direction and then suddenly changed its 
direction of motion, while maintaining the same 
speed. 

If we differentiating the equation for momen- 
tum with respect to time and apply Newton’s 
second law, we obtain 

dp 


Fiotal = Pri 


We can also see from this equation that in the 
special case of a system of particles, conservation 
of momentum is closely related to Newton’s third 
law. 


(8.2) 


8.2 Collisions 


A collision is an interaction between particles in 
which the particles interact over some period of 
time and then stop interacting. It is assumed 
that external forces are negligible. Often the re- 
sult of a collision can be uniquely predicted by 
simultaneously imposing conservation of energy 
and conservation of momentum, 


»,E¡=) E, 
yb ph 


(8.3) 
(8.4) 
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where j runs over the types of energy and k over 
the particles. 

Some collisions are highly elastic, meaning 
that little or no kinetic energy is transformed 
into other forms, such as heat or sound. Other 
collisions, for example car crashes, are highly in- 
elastic. Unless we have some reason to believe 
that the collision is elastic, we cannot assume 
that the total kinetic energy is conserved. 


8.3 The center of mass 


Figure 4.4 on p. 44 showed two ice skaters, ini- 
tially at rest, pushing off from each other in op- 
posite directions. If their masses are equal, then 
the average of their positions, (11 + 22)/2, re- 
mains at rest. Generalizing this to more than one 
dimension, more than two particles, and possibly 
unequal masses, we define the center of mass of 
a system of particles to be 


= LME (8.5) 


Xcm TE $ mi y 


which is a weighted average of all the position 
vectors x;. The velocity Vem with which this 
point moves is related to the total momentum of 
the system by 


Ptotal = Mtotal Vem. (8.6) 


If no external force acts on the system, it follows 
that Vem is constant. Often problems can be 
simplified by adopting the center of mass frame 
of reference, in which Vem = 0. 


PROBLEMS 


Problems 


8-al When the contents of a refrigerator 
cool down, the changed molecular speeds imply 
changes in both momentum and energy. Why, 
then, does a fridge transfer power through its 
radiator coils, but not force? 

> Solution, p. 299 
8-a2 A firework shoots up into the air, and 
just before it explodes it has a certain momen- 
tum and kinetic energy. What can you say about 
the momenta and kinetic energies of the pieces 
immediately after the explosion? [Based on a 
problem from PSSC Physics.] 

> Solution, p. 299 
8-a3 Two people in a rowboat wish to move 
around without causing the boat to move. What 
should be true about their total momentum? Ex- 
plain. 


8-a4 Two blobs of putty collide head-on and 
stick. The collision is completely symmetric: the 
blobs are of equal mass, and they collide at equal 
speeds. What becomes of the energy the blobs 
had before the collision? The momentum? 


8-d1 Derive a formula expressing the kinetic 
energy of an object in terms of its momentum 
and mass. 

v 
8-d2 Show that for a body made up of many 
equal masses, the equation for the center of mass 
becomes a simple average of all the positions of 
the masses. 


8-d3 Objects of mass m and 4m are dropped 
from the top of a building (both starting from 
rest). When it hits the ground, the object of 
mass m has momentum p. What is the mo- 
mentum of the heavier object when it hits the 
ground? 


8-d4 The force acting on an object is F = 
Ae~*/7, where A and 7 are positive constants. 
The object is at rest at time t = 0. 

(a) What is the momentum of the object at time 
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EST? v 
(b) What is the final momentum of the object? 


v 


8-d5 The force acting on an object is F = 
At?. The object is at rest at time t = 0. What 


is its momentum at t = T? 
v 


8-g1 Decide whether the following statements 
about one-dimensional motion are true or false: 
(a) The momentum transferred to an object is 
equal to the final momentum of the object. 

(b) The momentum delivered to an object by a 
force F is equal to the average force on the ob- 
ject multiplied by the time over which the force 
acts on the object. 

(c) Momentum transfer has the same dimensions 
as force (SI units of newtons). 

(d) The area underneath a momentum-vs-time 
graph gives the average force delivered to an ob- 
ject. 


8-g2 Can the result of a collision always be 
determined by the condition that both energy 
and momentum are conserved? If your answer is 
no, give a counterexample. 


8-g3 The big difference between the equations 
for momentum and kinetic energy is that one is 
proportional to v and one to v?. Both, how- 
ever, are proportional to m. Suppose someone 
tells you that there’s a third quantity, funkos- 
ity, defined as f = m?v, and that funkosity is 
conserved. How do you know your leg is being 
pulled? 

> Solution, p. 300 x 


8-j1 A mass m moving at velocity v collides 
with a stationary target having the same mass 
m. Find the maximum amount of energy that 


can be released as heat and sound. 
v 


8-j2 A bullet leaves the barrel of a gun with 
a kinetic energy of 90 J. The gun barrel is 50 cm 
long. The gun has a mass of 4 kg, the bullet 10 


g. 
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a) Find the bullet's final velocity. v 
b) Find the bullet’s final momentum. v 
c) Find the momentum of the recoiling gun. 

d) Find the kinetic energy of the recoiling gun, 
and explain why the recoiling gun does not kill 
the shooter. 


( 
( 
( 
( 


v 
8-j3 The figure shows the force acting on a 
58.5 g tennis ball as a function of time. 
(a) What is the momentum transferred to the 


tennis ball? v 
(b) What is the final speed of the tennis ball if 
it is initially at rest? v 


(c) What is the final speed of the tennis ball if 
its initial velocity is —25m/s? 
v 


100 N 


20 ms 
Problem 8-j3. 


8-j4 A learjet traveling due east at 300 mi/hr 
collides with a jumbo jet which was heading 
southwest at 150 mi/hr. The jumbo jet’s mass is 
five times greater than that of the learjet. When 
they collide, the learjet sticks into the fuselage 
of the jumbo jet, and they fall to earth together. 
Their engines stop functioning immediately af- 
ter the collision. On a map, what will be the 
direction from the location of the collision to the 
place where the wreckage hits the ground? (Give 
an angle.) 

v 
8-j5 A 1000 kg car approaches an intersection 
traveling north at 20.0 m/s. A 1200 kg car ap- 
proaches the same intersection traveling east at 
22.0 m/s. The two cars collide at the intersection 
and lock together. The drivers probably wish it 
was all over now, but they're still moving. What 
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is the velocity of the cars immediately after the 
collision? 
v 


8-j6 Two equal masses travel at equal speeds 
and collide in a perfectly inelastic collision. The 
final velocity of the two masses is 1/3 the initial 
speed. What was the angle between the veloc- 
ity vectors of the two masses when they collided? 
(Give an exact expression, not a decimal approx- 
imation.) 


v 


8-37 A ball of mass m1 is moving to the right 
at speed vo when it collides with a ball of mass 
ma initially at rest. After the collision, mı loses 
75% of its initial kinetic energy and has a veloc- 
ity at an angle 0, = 60° below the horizontal, as 
shown. 

(a) What is the speed of ball 1 after the collision? 


Vv 
(b) What are the x and y components of the mo- 
mentum of ball 1 after the collision? v 
(c) What are the x and y components of the mo- 
mentum of ball 2 after the collision? v 
(d) What fraction of the initial kinetic energy 
does ball 2 have after the collision? v 


(e) Is this collision elastic, or inelastic? Explain. 


initial final 
V2 
q we 
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Problem 8-j7. 


hw-collision-2d-given-one-angle 
8-j8 The graph shows the force, in meganew- 
tons, exerted by a rocket engine on the rocket as 
a function of time. If the rocket’s mass is 4000 
kg, at what speed is the rocket moving when the 


PROBLEMS 


engine stops firing? Assume it goes straight up, 
and neglect the force of gravity, which is much 


less than a meganewton. 
y 
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Problem 8-j8. 


hw-rocket 

8-j9 Cosmic rays are particles from outer 
space, mostly protons and atomic nuclei, that 
are continually bombarding the earth. Most of 
them, although they are moving extremely fast, 
have no discernible effect even if they hit your 
body, because their masses are so small. Their 
energies vary, however, and a very small minority 
of them have extremely large energies. In some 
cases the energy is as much as several Joules, 
which is comparable to the KE of a well thrown 
rock! If you are in a plane at a high altitude and 
are so incredibly unlucky as to be hit by one of 
these rare ultra-high-energy cosmic rays, what 
would you notice, the momentum imparted to 
your body, the energy dissipated in your body 
as heat, or both? Base your conclusions on nu- 
merical estimates, not just random speculation. 
(At these high speeds, one should really take into 
account the deviations from Newtonian physics 
described by Einstein’s special theory of relativ- 
ity. Don’t worry about that, though.) 


8-j10 A 10-kg bowling ball moving at 2.0 m/s 
hits a 1.0-kg bowling pin, which is initially at 
rest. The other pins are all gone already, and the 
collision is head-on, so that the motion is one- 
dimensional. Assume that negligible amounts of 


101 


heat and sound are produced. Find the velocity 
of the pin immediately after the collision. 


8-m1 A student of mass M is traveling on 
his skateboard of mass m. They are both mov- 
ing at speed v, when suddenly the student kicks 
the board back so that it is immediately at rest 
relative to the ground. How fast is the student 
moving after kicking back the skateboard? 


8-m2 Rachel and Sara are playing a game of 
tug-of-war on frictionless ice. They are separated 
by a distance L, and the coordinate system is 
given in the figure (with Sara at x = +L/2 and 
Rachel at x = —L/2). Rachel has a mass Mp, 
Sara has a mass Mg, and Mr > Ms. Where will 
they meet? 


-L/2 0 
Problem 8-m2. 


+L/2 


8-m3 The figure shows a view from above 
of a collision about to happen between two air 
hockey pucks sliding without friction. They have 
the same speed, v;, before the collision, but the 
big puck is 2.3 times more massive than the small 
one. Their sides have sticky stuff on them, so 
when they collide, they will stick together. At 
what angle will they emerge from the collision? 
In addition to giving a numerical answer, please 
indicate by drawing on the figure how your angle 
is defined. 
> Solution, p. 302 

8-m4 The moon doesn’t really just orbit the 
Earth. By Newton’s third law, the moon’s grav- 
itational force on the earth is the same as the 
earth’s force on the moon, and the earth must re- 
spond to the moon’s force by accelerating. If we 
consider the earth and moon in isolation and ig- 
nore outside forces, then Newton’s first law says 
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Problem 8-m3. 


their common center of mass doesn't accelerate, 
i.e., the earth wobbles around the center of mass 
of the earth-moon system once per month, and 
the moon also orbits around this point. The 
moon’s mass is 81 times smaller than the earth’s. 
Compare the kinetic energies of the earth and 
moon. 


8-m5 A very massive object with velocity v 
collides head-on with an object at rest whose 
mass is very small. No kinetic energy is con- 
verted into other forms. Prove that the low-mass 
object recoils with velocity 2v. [Hint: Use the 
center-of-mass frame of reference.] 


8-m6 An ice puck of mass m, traveling with 
speed v, hits another identical ice puck that is 
sitting at rest. The collision is 1-dimensional. 

(a) If the collision is perfectly elastic, what is 
the final speed of the puck that was initially at 
rest? v 
(b) If the collision is perfectly inelastic, what 
is the final speed of the two pucks after the 
collision? vV 
(c) If the collision is perfectly inelastic, what 
fraction of the total energy was lost during the 
collision? vV 
(d) If one-fourth of the initial kinetic energy was 
lost during the collision, what is the final speed 


of the puck that was initially at rest? 
v 
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8-m7 A bullet of mass m strikes a block of 
mass M which is hanging by a string of length 
L from the ceiling. It is observed that, after 
the sticky collision, the maximum angle that the 
string makes with the vertical is 0. This setup is 
called a ballistic pendulum, and it can be used 
to measure the speed of the bullet. 

(a) What vertical height does the block reach? 


v 
(b) What was the speed of the block just after 
the collision? v 


(c) What was the speed of the bullet just before 
it struck the block? 
v 


8-m8 A car of mass M and a truck of mass 
2M collide head-on with equal speeds v, and the 
collision is perfectly inelastic, i.e., the maximum 
possible amount of kinetic energy is transformed 
into heat and sound, consistent with conserva- 
tion of momentum. 
(a) What is the magnitude of the change in mo- 
mentum of the car? v 
(b) What is the magnitude of the change in mo- 
mentum of the truck? v 
(c) What is the final speed of the two vehicles? 
v 
(d) What fraction of the initial kinetic energy 


was lost as a result of the collision? 
v 


8-m9 A 5.00 kg firework is launched straight 
up into the air. When it reaches its maximum 
height of H = 140 m, it explodes into two frag- 
ments that fly off in horizontal directions. The 
explosion is very quick, and only lasts 15 ms. 
One of the two fragments (fragment A, with mass 
Ma = 2.00 kg) lands 290 meters away from the 
initial launch position. 

(a) Find the speed of fragment A just after the 
explosion. v 
(b) By using conservation of momentum and 
your answer from part a, find the speed of the 
other fragment (call this fragment B) just after 
the explosion. v 
(c) Calculate the magnitude of the momentum 
transferred to fragment A due to the explosion. 


PROBLEMS 


Vv 
(d) Calculate the magnitude of the impulse de- 
livered by gravity to fragment A over the course 
of the explosion. Vv 
(e) How far away from the initial launch position 
does fragment B land? Hint: the center of mass 
of the two fragments lands at the location where 
the firework was initially launched. 

Vv 
8-m10 An object of mass m, moving at veloc- 
ity u, undergoes a one-dimensional elastic colli- 
sion with a mass km that is initially at rest. Let 
the positive direction be in the direction of the 
initial motion, so that u > 0. (a) What is the 
final velocity of mass m? v 
(b) What is the final velocity of the mass km? 

V x 
8-m11 Two blocks, each of mass M, are con- 
nected by a thread and moving with speed vo. 
Between them is also a spring of spring constant 
k, and it is compressed a distance x (so that 
the tension in the thread is kx). Suddenly, the 
thread breaks, and the spring relaxes to its equi- 
librium length. Find the speed of the block that 
is pushed forward by the spring. 

xk 
8-m12 Suppose a system consisting of point- 
like particles has a total kinetic energy Kem mea- 
sured in the center-of-mass frame of reference. 
Since they are pointlike, they cannot have any 
energy due to internal motion. 
(a) Prove that in a different frame of reference, 
moving with velocity u relative to the center- 
of-mass frame, the total kinetic energy equals 
Kem + Mlul?/2, where M is the total mass. 
[Hint: You can save yourself a lot of writing if 
you express the total kinetic energy using the dot 
product.] 
(b) Use this to prove that if energy is conserved 
in one frame of reference, then it is conserved in 
every frame of reference. The total energy equals 
the total kinetic energy plus the sum of the po- 
tential energies due to the particles’ interactions 
with each other, which we assume depends only 
on the distance between particles. 
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8-m13 A flexible rope of mass m and length 
L slides without friction over the edge of a table. 
Let x be the length of the rope that is hanging 
over the edge at a given moment in time. 

(a) Show that x satisfies the equation of motion 
Ë x/dt? = gx/L. [Hint: Use F = dp/ dt, which 
allows you to handle the two parts of the rope 
separately even though mass is moving out of 
one part and into the other.] 

(b) Give a physical explanation for the fact that 
a larger value of x on the right-hand side of the 
equation leads to a greater value of the acceler- 
ation on the left side. 

(c) When we take the second derivative of the 
function x(t) we are supposed to get essentially 
the same function back again, except for a con- 
stant out in front. The function e” has the prop- 
erty that it is unchanged by differentiation, so it 
is reasonable to look for solutions to this problem 
that are of the form x = be“, where b and c are 
constants. Show that this does indeed provide a 
solution for two specific values of c (and for any 
value of b). 

(d) Show that the sum of any two solutions to 
the equation of motion is also a solution. 

(e) Find the solution for the case where the rope 
starts at rest at t = 0 with some nonzero value 
of x. 


8-m14 A rocket ejects exhaust with an ex- 
haust velocity u. The rate at which the exhaust 
mass is used (mass per unit time) is b. We as- 
sume that the rocket accelerates in a straight line 
starting from rest, and that no external forces act 
on it. Let the rocket’s initial mass (fuel plus the 
body and payload) be m;, and mf be its final 
mass, after all the fuel is used up. (a) Find the 
rocket’s final velocity, v, in terms of u, mi, and 
my. Neglect the effects of special relativity. (b) 
A typical exhaust velocity for chemical rocket en- 
gines is 4000 m/s. Estimate the initial mass of 
a rocket that could accelerate a one-ton payload 
to 10% of the speed of light, and show that this 
design won’t work. (For the sake of the estimate, 
ignore the mass of the fuel tanks. The speed is 
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fairly small compared to c, so it’s not an unrea- 
sonable approximation to ignore relativity.) 
xk 


9 Conservation of angular momentum 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


9.1 Angular momentum 


We have discarded Newton's laws of motion and 
begun the process of rebuilding the laws of me- 
chanics from scratch using conservation laws. So 
far we have encountered conservation of energy 
and momentum. 

It is not hard to come up with examples to 
show that this list of conservation laws is incom- 
plete. The earth has been rotating about its own 
axis at very nearly the same speed (once every 
24 hours) for all of human history. Why hasn't 
the planet's rotation slowed down and come to 
a halt? Conservation of energy doesn't protect 
us against this unpleasant scenario. The kinetic 
energy tied up in the earth's spin could be trans- 
formed into some other type of energy, such as 
heat. Nor is such a deceleration prevented by 
conservation of momentum, since the total mo- 
mentum of the earth due to its rotation cancels 
out. 

There is a third important conservation law 
in mechanics, which is conservation of angular 
momentum. A spinning body such as the earth 
has angular momentum. Conservation of an- 
gular momentum arises from symmetry of the 
laws of physics with respect to rotation. That is, 
there is no special direction built into the laws of 
physics, such as the direction toward the constel- 
lation Sagittarius. Suppose that a non-spinning 
asteroid were to gradually start spinning. Even if 
there were some source of energy to initiate this 
spin (perhaps the heat energy stored in the rock), 


it wouldn’t make sense for the spin to start spon- 
taneously, because then the axis of spin would 
have to point in some direction, but there is no 
way to determine why one particular direction 
would be preferred. 

As a concrete example, suppose that a bike 
wheel of radius r and mass m is spinning at a 
rate such that a point on the rim (where all the 
mass is concentrated) moves at speed v. We then 
define the wheel’s angular momentum L to have 
magnitude mur. 

More generally, we define the angular momen- 
tum of a system of particles to be the sum of 
the quantity r x p, where r is the position of a 
particle relative to an arbitrarily chosen point 
called the axis, p is the particle’s momentum 
vector, and x represents the vector cross prod- 
uct. This definition is chosen both because ex- 
periments show that this is the quantity that is 
conserved. It follows from the definition that an- 
gular momentum is a vector, and that its direc- 
tion is defined by the same right-hand rule used 
to define the cross product. 


9.2 Rigid-body dynamics 


In the special case where a rigid body rotates 
about an axis of symmetry and its center of mass 
is at rest, the dimension parallel to the axis be- 
comes irrelevant both kinematically and dynam- 
ically. We can imagine squashing the system flat 
so that the object rotates in a two-dimensional 
plane about a fixed point. The kinetic energy in 
this situation is 


1 
K= 1” 


and the angular momentum about the center of 
mass is 
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its mass concentrated on the rim rotating end over end 
= 2 mr? A I= mr? 
I= 5 MR 2 is í 
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12 


sphere of radius R with 
uniform density throughout 


Figure 9.1: 


where J is a constant of proportionality, called 
the moment of inertia. These relations are anal- 
ogous to K = (1/2)mv? and p = mv for mo- 
tion of a particle. The angular velocity can also 
be made into a vector w, which points along the 
axis in the right-handed direction. We then have 
L= Iw. 

For a system of particles, the moment of iner- 


tia is given by 
I= 5 mir?, 


where r; is the ith particle’s distance from the 
axis. For a continuous distribution of mass, 


r= fr? am. 


Figure ?? gives the moments of inertia of some 
commonly encountered shapes. 


9.3 Torque 


For each of the three conserved quantities we 
have encountered so far, we can define a rate 


cylinder of radius R 
rotating about its axis 


cylinder of radius R and 
length b rotating end over end 


Moments of inertia of some geometric shapes. 


of transfer or transformation: 


dE 
P= E [power] 
dp 
F = a [force] 
_dL [t 
Pa orque]. 


The torque exerted by a force F can be expressed 
as 


T=rxPF. 


For rigid-body rotation about an axis of symme- 


try, we have 
a=-, 
I 


which is analogous to Newton’s second law. 


9.4 Statics 


If an object is to be in equilibrium, both the total 
torque and the total force acting on it must be 


9.4. STATICS 


Zero: 


Y F=0 
Y r=0 


We consider an object to be in equilibrium when 
these conditions apply, even if it is moving. 

An equilibrium can be stable, like a marble at 
the bottom of a bowl, unstable, like a marble 
placed on top of a hemispherical hill, or neutral, 
like a marble placed on a flat tabletop. 
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Problems 
9-al A skilled motorcyclist can ride up a 


ramp, fly through the air, and land on another 
ramp. Why would it be useful for the rider to 
speed up or slow down the back wheel while in 
the air? 


9-a2 The earth moves about the sun in an 
elliptical orbit where angular momentum about 
the sun is conserved. Earth’s distance from the 
sun ranges from 0.983 AU (at perihelion, the 
closest point) to 1.017 AU (at aphelion, the far- 
thest point). The AU is a unit of distance. If the 
orbital speed of Earth at aphelion is v, what is 
the orbital speed of Earth at perihelion? 


9-a3 (a) Alice says Cathy’s body has zero 
momentum, but Bob says Cathy’s momentum is 
nonzero. Nobody is lying or making a mistake. 
How is this possible? Give a concrete example. 
(b) Alice and Bob agree that Dong’s body has 
nonzero momentum, but disagree about Dong’s 
angular momentum, which Alice says is zero, and 
Bob says is nonzero. Explain. 


9-a4 Two objects have the same momentum 
vector. Assume that they are not spinning; they 
only have angular momentum due to their mo- 
tion through space. Can you conclude that their 
angular momenta are the same? Explain. [Based 
on a problem by Serway and Faughn.] 


9-a5 Find the angular momentum of a parti- 
cle whose position is r = 3x — y + @ (in meters) 


and whose momentum is p = —2x + y +2 (in 
kg-m/s). 

Vv 
9-d1 The sun turns on its axis once every 


26.0 days. Its mass is 2.0 x 10% kg and its 
radius is 7.0 x 108 m. Assume it is a rigid sphere 
of uniform density. 

(a) What is the sun’s angular momentum? vV 
In a few billion years, astrophysicists predict 
that the sun will use up all its sources of nuclear 
energy, and will collapse into a ball of exotic, 
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dense matter known as a white dwarf. Assume 
that its radius becomes 5.8 x 10° m (similar 
to the size of the Earth.) Assume it does not 
lose any mass between now and then. (Don’t 
be fooled by the photo, which makes it look 
like nearly all of the star was thrown off by the 
explosion. The visually prominent gas cloud 
is actually thinner than the best laboratory 
vacuum ever produced on earth. Certainly a 
little bit of mass is actually lost, but it is not at 
all unreasonable to make an approximation of 
zero loss of mass as we are doing.) 

(b) What will its angular momentum be? 

(c) How long will it take to turn once on its 
axis? v 


Problem 9-d1. 


9-d2 Give a numerical comparison of the two 
molecules’ moments of inertia for rotation in the 


plane of the page about their centers of mass. 
Vv 


9-d3 A baseball pitcher can throw a curveball 
toward home plate at 138 km/hr with a spin of 
2500 r.p.m. What percentage of the total KE 
of the baseball is in rotational kinetic energy? 
Treat the 145-gram baseball as a uniform sphere 


of radius 3.7 cm. 
v 


PROBLEMS 


9-d4 A merry-go-round consists of a uniform 
disc of mass M. It spins around at N revolu- 
tions per minute. Mary, who also has mass M, 
is thinking about jumping on. 

(a) What is the initial angular velocity of the 
merry-go-round (in terms of N alone)? v 
(b) Suppose Mary jumps on the merry-go-round 
at the edge with negligible initial velocity. How 
many revolutions per minute does the merry-go- 
round make? v 
(c) Suppose that, instead of jumping on the edge 
with no initial velocity, Mary wants to jump 
onto the edge (tangent to the disc) such that the 
merry-go-round is at rest right after jumping on. 
Express your answer in terms of the radius of 
the merry-go-round, R, and the initial angular 


velocity of the merry-go-round, w. 
v 


9-d5 A circular, solid disc of radius R and 
mass 2M is rotating with angular velocity w. A 
second disc of radius R and mass M is dropped 
onto the rotating disc, and the two slide against 
each other until they reach the same final angu- 
lar velocity. 

(a) What is the final angular velocity of the 
discs? vV 
(b) What percentage of the initial KE was lost 


during the collision? 
v 


9-d6 In a physics lecture, a student holds 
a bicycle wheel of moment of inertia J while 
sitting on a stool that can spin. With her feet 
on the ground so as not to move, she starts the 
wheel spinning with angular velocity w in the 
counterclockwise direction when looking down 
from above, so that the angular velocity vector 
points towards the ceiling. She then picks up 
her feet and turns the wheel over so that the 
rotation is reversed. This causes her to start 
rotating about the stool’s axis of rotation. In the 
following, take angular momenta to be positive 
if pointing vertically upwards and negative if 
pointing vertically downwards. 

(a) What is the final (spin) angular momentum 
of the bicycle wheel? v 
(b) What is the final angular momentum of rest 
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of the system, assuming there is no external 
frictional torque during the flip? v 


9-d7 Show that a sphere of radius R that is 
rolling without slipping has angular momentum 
and momentum in the ratio L/p = (2/5)R. 


9-d8 A dumbbell consists of two solid, spheri- 
cal masses (each of mass M) attached to the two 
ends of a bar, also of mass M. The length of the 
bar is L. 

(a) Find the moment of inertia of the mass distri- 
bution about an axis through the center of mass 
and perpendicular to the bar, assuming the balls 
are pointlike. v 
(b) Now find the moment of inertia assuming the 
spherical masses have radius r. You will need to 
use the parallel-axis theorem for this. To sim- 
plify the math and make it easier to compare 
the answers to parts a and b, take the densities 
to add in the places where the bar’s volume over- 
laps with the volume of a ball. v 
(c) Let r = L/5. By what percentage is your 
result from part a off from that in part b? Give 


your answer to two significant figures. 
v 


Mo 


Problem 9-d8. 


9-d9 A solid sphere of weight W rolls with- 
out slipping up an incline at an angle of 0 (with 
respect to the horizontal). At the bottom of the 
incline the center of mass of the sphere has trans- 
lational speed v. How far along the ramp does 
the sphere travel before coming to rest (not ver- 
tical height, but distance along the ramp)? 


9-d10 A sphere of mass M and radius R is 
not necessarily solid or hollow. It has moment of 


110 


inertia J = cM R?. As shown in the figure, the 
sphere starts from rest and rolls without slipping 
down a ramp from height H. It then moves back 
up the other side, but now with no friction at all 
between the sphere and the ramp. What height 
does the sphere reach? 


rolling 
without er 

Aer RS 
slipping ¿e 


Problem 9-d10. 


9-d11 You race a hoop, a solid sphere, and 
a solid cylinder down an incline of angle 9 with 
respect to the horizontal. Each object rolls with- 
out slipping. 

(a) What is the linear acceleration of the center 
of mass of the hoop? v 
(b) The solid sphere? v 
(c) The solid cylinder?Note this problem is easier 
if you don’t do each part separately, but rather 
say that I = cM R?, and plug in different values 


of c at the very end of the calculation. 
v 


9-d12 The figure shows a tabletop experi- 
ment that can be used to determine an unknown 
moment of inertia. A rotating platform of radius 
R has a string wrapped around it. The string is 
threaded over a pulley and down to a hanging 
weight of mass m. The mass is released from 
rest, and its downward acceleration a (a > 0) is 
measured. Find the total moment of inertia I of 
the platform plus the object sitting on top of it. 
(The moment of inertia of the object itself can 
then be found by subtracting the value for the 


empty platform.) 
Vv 


9-d13 Show that when a thin, uniform ring 
rotates about a diameter, the moment of inertia 
is half as big as for rotation about the axis of 
symmetry. 
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Problem 9-d12. 


> Solution, p. 310 


9-d14 A bug stands at the right end of a 
rod of length £, which is initially at rest in a 
horizontal position. The rod rests on a fulcrum 
which is at a distance b to the left of the rod's 
center, so that when the rod is released from rest, 
the bug's end will drop. For what value of b 
will the bug experience apparent weightlessness 
at the moment when the rod is released? 


TA 


> 
e > 


Problem 9-d14. 


9-d15 The figure shows a trap door of length 
£, which is released at rest from a horizontal posi- 
tion and swings downward under its own weight. 
The bug stands at a distance b from the hinge. 
Because the bug feels the floor dropping out from 
under it with some acceleration, it feels a change 
in the apparent acceleration of gravity from g to 
some value g,, at the moment when the door is 


released. Find ga. 
v 


PROBLEMS 
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Problem 9-d15. 


9-el The nucleus **Er (erbium-168) contains 
68 protons (which is what makes it a nucleus of 
the element erbium) and 100 neutrons. It has 
an ellipsoidal shape like an American football, 
with one long axis and two short axes that are of 
equal diameter. Because this is a subatomic sys- 
tem, consisting of only 168 particles, its behav- 
lor shows some clear quantum-mechanical prop- 
erties. It can only have certain energy lev- 
els, and it makes quantum leaps between these 
levels. Also, its angular momentum can only 
have certain values, which are all multiples of 
2.109 x 107% kg - m?/s. The table shows some 
of the observed angular momenta and energies of 
168Er, in SI units (kg - m?/s and joules). 


Lx10% Exio** 
0 0 

2.109 1.2786 
4.218 4.2311 
6.327 8.7919 
8.437 14.8731 
10.546 22.3798 
12.655 31.135 
14.764 41.206 
16.873 52.223 


(a) These data can be described to a good ap- 
proximation as a rigid end-over-end rotation. Es- 
timate a single best-fit value for the moment of 
inertia from the data, and check how well the 
data agree with the assumption of rigid-body 
rotation. v 
(b) Check whether this moment of inertia is on 
the right order of magnitude. The moment of in- 
ertia depends on both the size and the shape of 
the nucleus. For the sake of this rough check, ig- 
nore the fact that the nucleus is not quite spher- 
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ical. To estimate its size, use the fact that a neu- 
tron or proton has a volume of about 1 fm? (one 
cubic femtometer, where 1 fm = 10715 m), and 
assume they are closely packed in the nucleus. 


9-e2 When we talk about rigid-body rota- 
tion, the concept of a perfectly rigid body can 
only be an idealization. In reality, any object 
will compress, expand, or deform to some ex- 
tent when subjected to the strain of rotation. 
However, if we let it settle down for a while, 
perhaps it will reach a new equilibrium. As an 
example, suppose we fill a centrifuge tube with 
some compressible substance like shaving cream 
or Wonder Bread. We can model the contents 
of the tube as a one-dimensional line of mass, 
extending from r = 0 tor = @. Once the ro- 
tation starts, we expect that the contents will 
be most compressed near the “floor” of the tube 
at r = £; this is both because the inward force 
required for circular motion increases with r for 
a fixed w, and because the part at the floor has 
the greatest amount of material pressing “down” 
(actually outward) on it. The linear density 
dm/dr, in units of kg/m, should therefore in- 
crease as a function of r. Suppose that we have 
dm/dr = pe’/*, where u is a constant. Find the 
moment of inertia. 


v 


9-e3 (a) As suggested in the figure, find the 
area of the infinitesimal region expressed in po- 
lar coordinates as lying between r and r+dr and 
between 0 and 0 + dé. v 
(b) Generalize this to find the infinitesimal 
element of volume in cylindrical coordinates 
(r,0, z), where the Cartesian z axis is perpendic- 
ular to the directions measured by r and 9. Y 
(c) Find the moment of inertia for rotation about 
its axis of a cone whose mass is M, whose height 
is h, and whose base has a radius b. 

Vv 
9-e4 Find the moment of inertia of a solid 
rectangular box of mass M and uniform density, 
whose sides are of length a, b, and c, for rotation 
about an axis through its center parallel to the 
edges of length a. 
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v 


9-e5 (a) Prove the identity ax (b x c) = b(a- 
c) — c(a - b) by expanding the product in terms 
of its components. Note that because the z, y, 
and z components are treated symmetrically in 
the definitions of the vector cross product, it is 
only necessary to carry out the proof for the x 
component of the result. 
(b) Applying this to the angular momentum of 
a rigidly rotating body, L = fr x (w x r)dm, 
show that the diagonal elements of the moment 
of inertia tensor can be expressed as, e.g., Ing = 
fy? + 22) dm. 
(c) Find the diagonal elements of the moment of 
inertia matrix of an ellipsoid with axes of lengths 
a, b, and c, in the principal-axis frame, and with 
the axis at the center. 

Vv 


9-e6 Let two sides of a triangle be given by 
the vectors A and B, with their tails at the ori- 
gin, and let mass m be uniformly distributed on 
the interior of the triangle. (a) Show that the dis- 
tance of the triangle’s center of mass from the in- 
tersection of sides A and B is given by $|A +B]. 
(b) Consider the quadrilateral with mass 2m, 
and vertices at the origin, A, B, and A + B. 
Show that its moment of inertia, for rotation 
about an axis perpendicular to it and passing 
through its center of mass, is 2 (4? + B?). 

(c) Show that the moment of inertia for rotation 
about an axis perpendicular to the plane of the 
original triangle, and passing through its center 
of mass, is (A? + B? — A- B). Hint: Combine 
the results of parts a and b with the result of 
problem ??. 


9-e7 In this problem we investigate the 
notion of division by a vector. 

(a) Given a nonzero vector a and a scalar b, 
suppose we wish to find a vector u that is the 
solution of a: u = b. Show that the solution is 
not unique, and give a geometrical description 
of the solution set. 

(b) Do the same thing for the equation ax u = c. 
(c) Show that the simultaneous solution of these 
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two equations exists and is unique. 


Remark: This is one motivation for constructing the 
number system called the quaternions. For a certain pe- 
riod around 1900, quaternions were more popular than 
the system of vectors and scalars more commonly used 
today. They still have some important advantages over 
the scalar-vector system for certain applications, such as 
avoiding a phenomenon known as gimbal lock in control- 
ling the orientation of bodies such as spacecraft. 

* 


9-g1 The figure shows scale drawing of a pair 

of pliers being used to crack a nut, with an ap- 

propriately reduced centimeter grid. Warning: 

do not attempt this at home; it is bad manners. 

If the force required to crack the nut is 300 N, 

estimate the force required of the person’s hand. 
> Solution, p. 314 


Problem 9-g1. 


9-g2 Make a rough estimate of the mechanical 
advantage of the lever shown in the figure. In 
other words, for a given amount of force applied 
on the handle, how many times greater is the 
resulting force on the cork? 


9-g3 An object is observed to have constant 
angular momentum. Can you conclude that no 
torques are acting on it? Explain. [Based on a 
problem by Serway and Faughn.] 


9-g4 You are trying to loosen a stuck bolt on 
your RV using a big wrench that is 50 cm long. 


PROBLEMS 


Problem 9-g2. 


If you hang from the wrench, and your mass is 55 
kg, what is the maximum torque you can exert 
on the bolt? 

v 
9-g5 A bicycle wheel with moment of inertia 
0.15 kgm? takes 30 seconds to come to rest from 
an initial angular velocity of 90 r.p.m. What is 
the magnitude of the average frictional torque 
over this deceleration? 


9-g6 The graph shows the torque on a rigid 
body as a function of time. The body is at rest 
at t = 2 s. Later, at t = 5 s, it is spinning at 
angular velocity 90 s71. 
(a) What is the moment of inertia of the body? 

v 
(b) What is its angular velocity at t = 7 s? 

v 


t (Nm) 


t (S) 


1234567 
Problem 9-g6. 


9-g7 A disk starts from rest and rotates about 
a fixed axis, subject to a constant torque. The 
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work done by the torque during the first revolu- 
tion is W. What is the work done by the torque 


during the second revolution? 
v 


9-g8 A physical therapist wants her patient 
to rehabilitate his injured elbow by laying his 
arm flat on a table, and then lifting a 2.1 kg 
mass by bending his elbow. In this situation, 
the weight is 33 cm from his elbow. He calls her 
back, complaining that it hurts him to grasp the 
weight. He asks if he can strap a bigger weight 
onto his arm, only 17 cm from his elbow. How 
much mass should she tell him to use so that he 
will be exerting the same torque? (He is raising 
his forearm itself, as well as the weight.) 


9-g9 Two horizontal tree branches on the 
same tree have equal diameters, but one branch 
is twice as long as the other. Give a quantitative 
comparison of the torques where the branches 
join the trunk. [Thanks to Bong Kang.] 


9-g10 Penguins are playful animals. Tux the 
Penguin invents a new game using a natural cir- 
cular depression in the ice. He waddles at top 
speed toward the crater, aiming off to the side, 
and then hops into the air and lands on his belly 
just inside its lip. He then belly-surfs, moving 
in a circle around the rim. The ice is friction- 
less, so his speed is constant. Is Tux’s angular 
momentum zero, or nonzero? What about the 
total torque acting on him? Take the center of 
the crater to be the axis. Explain your answers. 


9-j1 A massless rod of length £ has weights, 
each of mass m, attached to its ends. The rod 
is initially put in a horizontal position, and laid 
on an off-center fulcrum located at a distance b 
from the rod's center. The rod will topple. (a) 
Calculate the total gravitational torque on the 
rod directly, by adding the two torques. (b) Ver- 
ify that this gives the same result as would have 
been obtained by taking the entire gravitational 
force as acting at the center of mass. 
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9-32 A solid rectangular door of moment of 
inertia J is initially open and at rest when a piece 
of sticky clay of mass m and velocity vo strikes 
the door perpendicularly at a distance d from the 
axis of the hinges. 

(a) Find the angular speed of the door just after 


the sticky collision. v 
(b) What fraction of the initial KE was lost dur- 
ing the sticky collision? v 


(c) Suppose the door comes to rest after rotating 
A0 > 0 because of a constant frictional torque. 


What is the value of this frictional torque? 
v 


9-j3 A ball is connected by a string to a ver- 
tical post. The ball is set in horizontal motion 
so that it starts winding the string around the 
post. Assume that the motion is confined to a 
horizontal plane, i.e., ignore gravity. Michelle 
and Astrid are trying to predict the final veloc- 
ity of the ball when it reaches the post. Michelle 
says that according to conservation of angular 
momentum, the ball has to speed up as it ap- 
proaches the post. Astrid says that according 
to conservation of energy, the ball has to keep 
a constant speed. Who is right? [Hint: How is 
this different from the case where you whirl a 
rock in a circle on a string and gradually reel in 
the string?] 


9-j4 A book is spinning around a circle of 
radius R on top of a flat tabletop. The speed 
of the book is initially vy. The inward force is 
provided by a string attached to the book, going 
through a hole at the center of the circle (r = 0), 
and passing underneath to a person holding the 
string. The person pulls on the string so that 
the book spirals inward, eventually cutting the 
radius of the circular motion in half. 
(a) What is the speed of the book at r = R/2? 
v 
(b) How much work is done by the person pulling 
on the string as the book moves from r = R to 
r= R/2? vV 
(The string’s force exerts no torque on the book, 
since it is always in the direction towards the 
hole. The force, however, can have a non-zero 
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component tangential to the book’s motion, be- 
cause the book spirals in toward the hole. This 
is why the answer to part b is nonzero.) 


Problem 9-j4. 


9-j5 Suppose a bowling ball is initially thrown 
so that it has no angular momentum at all, i.e., it 
is initially just sliding down the lane. Eventually 
kinetic friction will get it spinning fast enough so 
that it is rolling without slipping. Show that the 
final velocity of the ball equals 5/7 of its initial 
velocity. [Hint: You'll need the result of problem 
9-d7.] 


9-j6 A yo-yo of total mass m consists of two 
solid cylinders of radius R, connected by a small 
spindle of negligible mass and radius r. The top 
of the string is held motionless while the string 
unrolls from the spindle. Show that the accel- 
eration of the yo-yo is g/(1 + R?/2r?). [Hint: 
The acceleration and the tension in the string 
are unknown. Use 7 = AL/At and F = ma to 
determine these two unknowns.] 


9-m1 Block A (of mass Ma) rests on a fric- 
tionless horizontal table. It is connected via a 
light string to block B (of mass Mp) hanging 
over the edge of the table. The pulley itself, 
a solid disc, has non-negligible mass Mc. The 
light string does not slip over the pulley. What 
is the magnitude of the linear acceleration of the 
system? 
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Problem 9-m1. 


9-m2 A rod of length b and mass m stands 
upright. We want to strike the rod at the bot- 
tom, causing it to fall and land flat. 

(a) Find the momentum, p, that should be deliv- 
ered, in terms of m, b, and g. [Hint: the solution 
is nearly determined by units.] 

(b) Can this really be done without having the 
rod scrape on the floor? 

* 
9-m3 (a) Find the moment of inertia of a uni- 
form square of mass m and with sides of length 
b, for rotation in its own plane, about one of its 
corners. v 
(b) The square is balanced on one corner on a 
frictionless surface. An infinitesimal perturba- 
tion causes it to topple. Find its angular velocity 
at the moment when its side slaps the surface. 

V ox 
9-p1 An object thrown straight up in the air 
is momentarily at rest when it reaches the top of 
its motion. Does that mean that it is in equilib- 
rium at that point? Explain. 


9-p2 A person of weight W stands on the ball 
of one foot. Find the tension in the calf muscle 
and the force exerted by the shinbones on the 
bones of the foot, in terms of W,a, and b. For 
simplicity, assume that all the forces are at 90- 
degree angles to the foot, i.e., neglect the angle 
between the foot and the floor. 

v 
9-p3 The rod in the figure is supported by 
the finger and the string. 

(a) Find the tension, T, in the string, and the 


115 


a — b 


Problem 9-p2. 


— 


force, F, from the finger, in terms of m, b, L, and 
g. v 
(b) Comment on the cases b = L and b = L/2. 
(c) Are any values of b unphysical? 


|< b >| 


| ——— 1 >| 


Problem 9-p3. 


9-p4 Two atoms will interact through elec- 
trical forces between their protons and electrons. 
One fairly good approximation to the electrical 
energy is the Lennard-Jones formula, 


ver [O=O] 
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where r is the center-to-center distance between 
the atoms and k is a positive constant. Show 
that (a) there is an equilibrium point at r = a, 
(b) the equilibrium is stable, and 

(c) the energy required to bring the atoms from 
their equilibrium separation to infinity is k. 


9-s1 (a) Find the minimum horizontal force 
which, applied at the axle, will pull a wheel 
over a step. Invent algebra symbols for what- 
ever quantities you find to be relevant, and give 
your answer in symbolic form. [Hints: There are 
four forces on the wheel at first, but only three 
when it lifts off. Normal forces are always per- 
pendicular to the surface of contact. Note that 
the corner of the step cannot be perfectly sharp, 
so the surface of contact for this force really co- 
incides with the surface of the wheel.] 

(b) Under what circumstances does your result 
become infinite? Give a physical interpretation. 


Problem 9-s1. 


9-s2 A uniform bar of mass M and length 
L is held up by a vertical rope attached to the 
ceiling, as shown. 


(a) What is the tension in the rope? v 
(b) What is the normal force provided by the 
ground on the bar? v 


(c) What is the static frictional force provided 
by the ground on the bar? 

v 
9-s3 (a) The bar of mass m is attached at the 
wall with a hinge, and is supported on the right 
by a massless cable. Find the tension, T, in the 
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Problem 9-82. 


cable in terms of the angle 0. v 
(b) Interpreting your answer to part a, what 
would be the best angle to use if we wanted to 
minimize the strain on the cable? 
(c) Again interpreting your answer to part a, for 
what angles does the result misbehave mathe- 
matically? Interpet this physically. 

* 


Problem 9-s3. 


9-s4 A block of mass m (uniformly dis- 
tributed) and dimensions 2L x L is prevented 
from toppling over by a rope, making the same 
angle with respect to the horizontal as the long 
end of the block. (@ < arctan(2) = 63.4°, which 
is another way of saying that the block’s center 
of mass lies to the right of the point of contact 
with the ground.) (a) What is the tension in the 


rope? v 
(b) What is the normal force provided by the 
ground? vV 


(c) What is the minimum coefficient of friction 
required for this configuration to be in static 


PROBLEMS 


equilibrium? Evaluate your expression for 0 = 


30°. 
V x 
EA N 
RY 
ÓN (5) 
Problem 9-s4. 
9-s5 A meter-stick balances on a fulcrum 


placed at the 50.0 cm mark only when a 4.0 g 
weight is placed at the 80.0 cm mark. Without 
the weight, the fulcrum needs to be placed at the 
48.0 cm mark to balance the stick. What is the 
mass of the meter-stick? 


9-s6 Julia, whose mass is 2M, is walking 
across a uniform bar of mass M and length L, 
as shown. The bar is supported by scales at its 
left and right ends. The readings on the scales 
are Nı and Na, respectively. 

(a) What is the maximum distance q from the 
left end of the bar that she can reach so that Na 
does not exceed Mg? v 
(b) What is the reading N; when she reaches this 
maximum distance? 


v 


Problem 9-s6. 


9-s7 A bar of mass m and length L is sup- 
ported by a hinge on one end and by a rope on 
the other end. The rope makes an angle 0 with 
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respect to the horizontal. In addition, a weight 
W is hung from the bar at a distance x away 
from the hinge. Take the +x direction to the 
right, and +y vertically upwards. 


(a) What is the tension in the rope? v 
(b) What is the x component of the force from 
the hinge on the bar? v 


(c) What is the y component of the force from 
the hinge on the bar? 
v 


Problem 9-s7. 


9-s8 A stoplight consists of three pieces of 
mass M: a thin, vertical bar mounted at the 
center of a base of width w, a horizontal bar of 
length D, and the stoplight fixture itself. (The 
two bars have a uniform mass distribution.) The 
structure is screwed to the ground at the base. 
For simplicity, we take there to be only two 
screws, one on the left and one on the right side 
of the base, which has width w < (D/2). Assume 
that the entire normal force from the ground acts 
on the right-hand side of the base. (This is where 
the structure would naturally pivot.) 

(a) By taking the right side of the base as your 
pivot point, you should be able to easily see that 
the screw on the left must provide a downwards 
force to keep the stoplight in static equilibrium. 
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What is the magnitude of this force? v 
(b) Find the upward normal force acting on the 


base. 
Jv 


= = 
<> 
W 
Problem 9-s8. 


9-s9 A uniform ladder of mass m and length 
L leans against a smooth wall, making an angle 
0 with respect to the ground. The dirt exerts a 
normal force and a frictional force on the ladder, 
producing a force vector with magnitude F at 
an angle ¢ with respect to the ground. Since the 
wall is smooth, it exerts only a normal force on 
the ladder; let its magnitude be F>. 

(a) Explain why ¢ must be greater than 0. No 
math is needed. 

(b) Choose any numerical values you like for m 
and L, and show that the ladder can be in equi- 
librium (zero torque and zero total force vector) 
for 0 = 45.00° and ¢ = 63.43°. 


9-v1 Continuing problem 9-s9, find an equa- 
tion for @ in terms of 0, and show that m and 
L do not enter into the equation. Do not as- 
sume any numerical values for any of the vari- 
ables. You will need the trig identity sin(a—b) = 
sinacosb— sinbcosa. (As a numerical check on 
your result, you may wish to check that the an- 
gles given in part b of the previous problem sat- 
isfy your equation.) 
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Problem 9-v1. 


9-v2 A person of mass M is climbing a lad- 
der of length L and negligible mass, propped up 
against a wall making an angle 0 with respect 
to the horizontal. There is no friction between 
the ladder and the wall, but there is a coefficient 
of static friction us between the ladder and the 
ground. What is the maximum distance along 
the ladder that the person can reach before the 
ladder starts to slide? 

* 


\ 


Problem 9-v2. 


9-v3 You wish to determine the mass of a 
ship in a bottle without taking it out. Show that 
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this can be done with the setup shown in the 
figure, with a scale supporting the bottle at one 
end, provided that it is possible to take readings 
with the ship slid to several different locations. 
Note that you can't determine the position of 
the ship's center of mass just by looking at it, 
and likewise for the bottle. In particular, you 
can't just say, “position the ship right on top of 
the fulcrum” or “position it right on top of the 
balance.” 

* 


Problem 9-v3. 


9-v4 The box shown in the figure is being ac- 
celerated by pulling on it with the rope. 

(a) Assume the floor is frictionless. What is 
the maximum force that can be applied with- 
out causing the box to tip over? v 
(b) Repeat part a, but now let the coefficient of 
friction be p. v 
(c) What happens to your answer to part b when 
the box is sufficiently tall? How do you interpret 
this? 


Problem 9-v4. 


9-v5 (a) The two identical rods are attached 
to one another with a hinge, and are supported 
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by the two massless cables. Find the angle a in 
terms of the angle P, and show that the result is 
a purely geometric one, independent of the other 
variables involved. v 
(b) Using your answer to part a, sketch the con- 
figurations for 8 > 0, 8 = 45°, and 8 = 90°. Do 
your results make sense intuitively? 

* 


Problem 9-v5. 


9-v6 Two bars of length L are connected with 
a hinge and placed on a frictionless cylinder of 
radius r. (a) Show that the angle 0 shown in the 
figure is related to the unitless ratio r/L by the 
equation 

ro cos?0 


L 2tan@’ 


(b) Discuss the physical behavior of this equation 
for very large and very small values of r/L. 


Problem 9-v6. 
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9-v7 We have n identical books of width w, 
and we wish to stack them at the edge of a ta- 
ble so that they extend the maximum possible 
distance L, beyond the edge. Surprisingly, it is 
possible to have values of L, that are greater 
than w, even with fairly small n. For large n, 
however, Ln begins to grow very slowly. Our 
goal is to find Ln for a given n. We adopt the 
restriction that only one book is ever used at a 
given height.! (a) Use proof by induction to find 
L,,, expressing your result as a sum. (b) Find a 
sufficiently tight lower bound on this sum, as a 
closed-form expression, to prove that 1,202,604 
books suffice for L > 7w. 

xk 


9-v8 The uniform cube has unit weight and 
sides of unit length. One corner is attached to 
a universal joint, i.e., a frictionless bearing that 
allows any type of rotation. If the cube is in 
equilibrium, find the magnitudes of the forces a, 
b, and c. 

v 


universal 
joint 


Problem 9-v8. 


1When this restriction is lifted, the calculation of Ln 
becomes a much more difficult problem, which was par- 
tially solved in 2009 by Paterson, Peres, Thorup, Winkler, 
and Zwick. 


10 Fluids 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


10.1 Statics 


Fluids 


In physics, the term fluid is used to mean either 
a gas or a liquid. The important feature of a fluid 
can be demonstrated by comparing with a cube 
of jello on a plate. The jello is a solid. If you 
shake the plate from side to side, the jello will 
respond by shearing, i.e., by slanting its sides, 
but it will tend to spring back into its original 
shape. A solid can sustain shear forces, but a 
fluid cannot. A fluid does not resist a change in 
shape unless it involves a change in volume. 


Pressure 


We begin by restricting ourselves to the case of 
fluid statics, in which the fluid is at rest and in 
equilibrium. A small chunk or “parcel” of the 
fluid has forces acting on it from the adjacent 
portions of the fluid. We have assumed that the 
parcel is in equilibrium, and if no external forces 
are present then these forces must cancel. By 
the definition of a fluid these forces are perpen- 
dicular to any part of the imaginary boundary 
surrounding the parcel. Since force is an additive 
quantity, the force the fluid exerts on any surface 
must be proportional to the surface's area. We 
therefore define the pressure to be the (perpen- 
dicular) force per unit area, 

Fi 


PS. 


a (10.1) 


If the forces are to cancel, then this force must be 
the same on all sides on an object such as a cube, 
so it follows that pressure has no direction: it is 
a scalar. The SI units of pressure are newtons 
per square meter, which can be abbreviated as 
pascals, 1 Pa = 1 N/m?. The pressure of the 
earth’s atmosphere at sea level is about 100 kPa. 

Only pressure differences are ordinarily of any 
importance. For example, your ears hurt when 
you fly in an airplane because there is a pressure 
difference between your inner ear and the cabin; 
once the pressures are equalized, the pain stops. 


Variation of pressure with depth 


If a fluid is subjected to a gravitational field and 
is in equilibrium, then the pressure can only de- 
pend on depth (figure 10.1). 


hire 


Figure 10.1: The pressure is the same at all the 
points marked with dots. 


To find the variation with depth, we consider 
the vertical forces acting on a tiny, cubical parcel 
of the fluid having infinitesimal height dy, where 
positive y is up. By requiring equilibrium, we 
find that the difference in pressure between the 
top and bottom is dP = —pgdy. A more elegant 
way of writing this is in terms of a dot product, 


dP = pg : dy (10.2) 


which automatically takes care of the plus or mi- 
nus sign, and avoids any requirements about the 
coordinate system. By integrating this equation, 
we can find the change in pressure AP corre- 
sponding to any change in depth Ay. 
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Archimedes’ principle 


A helium balloon or a submarine experiences un- 
equal pressure above and below, due to the vari- 
ation of pressure with depth. The total force 
of the surrounding fluid does not vanish, and is 
called the buoyant force. In a fluid in equilib- 
rium that does not contain any foreign object, 
any parcel of fluid evidently has its weight can- 
celed out by the buoyant force on it. This buoy- 
ant force is unchanged if another object is substi- 
tuted for the parcel of fluid, so the buoyant force 
on a submerged object is upward and equal to 
the weight of the displaced fluid. This is called 
Archimedes” principle. 


10.2 Dynamics 


Continuity 


We now turn to fluid dynamics, eliminating the 
restriction to cases in which the fluid is at rest 
and in equilibrium. Mass is conserved, and this 
constrains the ways in which a fluid can flow. 
For example, it is not possible to have a piece of 
pipe with water flowing out of it at each end in- 
definitely. The principle of continuity states that 
when a fluid flows steadily (so that the velocity 
at any given point is constant over time), mass 
enters and leaves a region of space at equal rates. 

Liquids are highly incompressible, so that it is 
often a good approximation to assume that the 
density is the same everywhere. In the case of 
incompressible flow, we can frequently relate the 
rate of steady flow to the cross-sectional area, 
as in figure 10.2. Because the water is incom- 
pressible, the rate at which mass flows through a 
perpendicular cross-section depends only on the 
product of the velocity and the cross-sectional 
area. Therefore as the water falls and acceler- 
ates, the cross-sectional area goes down. 


Bernoulli’s equation 


Consider a parcel of fluid as it flows from one 
place to another. If it accelerates or decelerates, 
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Figure 10.2: Due to conservation of mass, the 
stream of water narrows. 


then its kinetic energy changes. If it rises or falls, 
its potential energy changes as well. If there is 
a net change in KE + PE, then this must be 
accomplished through forces from the surround- 
ing fluid. For example, if water is to move uphill 
at constant speed, then there must be a pres- 
sure difference, such as one produced by a pump. 
Based on these considerations, one can show that 
along a streamline of the flow, 
1 3 
pgy + iad + P = constant, (10.3) 


which is Bernoulli’s principle. 
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Problems 


10-al The pressure at 11,000 meters (where 
most commercial airliners fly) is about a quarter 
of atmospheric pressure at sea level. Suppose 
you're a passenger on a plane, flying at such an 
altitude but with the cabin pressurized to 1 atm, 
and you notice a gremlin on the wing. Suppose 
that the window near your seat isn't screwed in 
and is held in place only by the difference in pres- 
sure. What force would the gremlin need to exert 
on your 40 cm x 50 cm window in order to get 
in? 

v 

10-a2 The figure shows a schematic diagram 
of a car on a hydraulic lift. The small piston has 
diameter d and the large one D. Any difference 
in height between the two sides is not enough to 
create a significant difference in pressure due to 
gravity. 
(a) If we would like to lift a car of mass M, what 
force is required at the piston end? v 
(b) If we would like to lift the car by a distance 
L, how far does the piston need to move? As- 
sume that the fluid is incompressible, so that its 
volume is conserved. v 
(c) By considering the work done in lifting the 
car, verify that your answers to part a and b are 
consistent with conservation of energy. 


a" 


Problem 10-a2. 


10-d1 A drinking straw works because, when 
you suck air out of the straw, there is decreased 
pressure. The equilibrium water level inside the 
straw is such that the pressure at the water level 
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outside the straw (atmospheric pressure) is equal 
to the pressure at the same height inside the 
straw. Inside the straw, there are two contri- 
butions: the air pressure inside the straw plus 
the column of water above this height. 

(a) Suppose you find that you can only suck wa- 
ter up to a height of 1.0m. What is the minimum 
pressure inside the straw? v 
(b) Superman, strong as he is, can suck out all 
the air from a (strong-walled) straw. What is the 
tallest straw through which Superman can drink 


water out of a lake? 
v 


10-d2 The first transatlantic telegraph cable 
was built in 1858, lying at a depth of up to 3.2 
km. What is the pressure at this depth, in at- 
mospheres? 


10-d3 One way to measure the density of an 
unknown liquid is by using it as a barometer. 
Suppose you have a column of length L of the 
unknown liquid (inside a vacuum tube), which 
provides the same pressure as atmospheric pres- 
sure Po. 

(a) What is the density of the unknown liquid? 


vV 
(b) Mercury barometers have L = 760 mm at 
standard atmospheric pressure Po = 1.013 x 


105 Pa. Given these data, what is the density 


of mercury to three significant figures? 
vV 


10-d4 A U-shaped tube, with both ends ex- 
posed to the atmosphere, has two immiscible liq- 
uids in it: water, and some unknown liquid. The 
unknown liquid sits on top of the water on the 
right side of the tube in a column of height H. 
Also, the water extends a height h above the 
unknown-water interface. If the density of water 


is pw, what is the density of the unknown liquid? 
V 


10-d5 Typically the atmosphere gets colder 
with increasing altitude. However, sometimes 
there is an inversion layer, in which this trend is 
reversed, e.g., because a less dense mass of warm 
air moves into a certain area, and rises above the 
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unknown 
liquid 


water 


Problem 10-d4. 


denser colder air that was already present. Sup- 
pose that this causes the pressure P as a func- 
tion of height y to be given by a function of the 
form P = P,e~*¥(1 + by), where constant tem- 
perature would give b = 0 and an inversion layer 
would give b > 0. (a) Infer the units of the con- 
stants P,, k, and b. (b) Find the density of the 
air as a function of y, of the constants, and of 
the acceleration of gravity g. (c) Check that the 
units of your answer to part b make sense. 

> Solution, p. 325 
10-d6 Estimate the pressure at the center 
of the Earth, assuming it is of constant density 
throughout. The gravitational field g is not con- 
stant with respect to depth. It equals Gmr/b? 
for r, the distance from the center, less than b, 
the earth’s radius. Here m is the mass of the 
earth, and G is Newton’s universal gravitational 
constant, which has units of N-m?/kg?. 
(a) State your result in terms of G, m, and b. Y 
(b) Show that your answer from part a has the 
right units for pressure. 
(c) Evaluate the result numerically. v 
(d) Given that the earth’s atmosphere is on the 
order of one thousandth the earth’s radius, and 
that the density of the earth is several thousand 
times greater than the density of the lower atmo- 
sphere, check that your result is of a reasonable 
order of magnitude. 


10-g1 A uniform, solid sphere floats in a liq- 
uid of known density. We measure its draft, i.e., 
the depth to which it is submerged. From this 
measurement, we want to find the density of the 
sphere. 
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(a) Based on units, infer as much as possible 
about the form of the result. 
(b) Find the density of the sphere in terms of the 


relevant variables. 

v 
10-g2 Suppose we want to send a space probe 
to Venus and have it release a balloon that can 
float over the landscape and collect data. The 
venerian atmosphere is hot and corrosive, so it 
would destroy the kind of mylar or rubber bal- 
loon we use on earth. The purpose of this prob- 
lem is to get a feel for things by estimating 
whether an aluminum beer can full of helium 
would float on Venus. Here are some data: 


density of atmosphere 67 kg/m? 
density of helium 6.0 kg/m? 
mass of beer can 15 g 
volume of beer can 330 cm 


Find the ratio Fg/F, of the buoyant force to 
the can’s weight. Does it float? v 


10-g3 Aluminum and lead have densities 
2.8pw and 11.3pw, respectively, where pw is the 
density of water. If the maximum mass of the 
lead that you can lift while underwater is M, 
what is the maximum for aluminum? 


v 
10-g4 A block of wood is floating in water. It 
has density kpw, where pw is the density of water. 
When you apply a downward force of magnitude 
F, the block becomes fully submerged. What is 
the mass of the block? 

Vv 
10-85 Gina has a mass of 62 kg. 

(a) Estimate her volume, assuming that her den- 
sity is the same as that of water. v 
(b) Gina is in air, which has density 1.2 kg/m’. 
What is the buoyant force on her? v 
(c) Without the air pushing up slightly, she 
would weigh more on a standard scale. How 
much more would the scale claim her mass was? 

v 
10-g6 An object of mass m has an appar- 
ent weight (3/5)mg when submerged in water, 
which has density pw. If the object is placed 
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in bromine, which has density 3.1py, 1t floats. 
What fraction of the object is submerged in 


bromine? 
Jv 


10-k1 A river with a certain width and depth 
splits into two parts, each of which has the same 
width and depth as the original river. What can 
you say about the speed of the current after the 
split? 


> 
> cS 


Problem 10-k1. 


10-k2 At one cross-section of the Mississippi 
River, the width is 150 m, the depth is 12 m, and 
the speed of the water flowing is 1.2 m/s. 

(a) What is the rate of flow of the Mississippi 
River at this location, measured as volume per 


unit time? Vv 
(b) What is the corresponding rate of flow of 
mass? v 


(c) If the river narrows to 140 m with a depth of 
20 m, what is the new speed of the water? 
vV 


10-k3 The firehose shown in the figure has 
radius a, and water flows through it at speed u. 
The conical nozzle narrows the radius down to b. 
Find the speed v at which the water leaves the 


nozzle. 
v 


10-k4 A pipe of slow-moving water is basi- 
cally at atmospheric pressure, Pp. As the pipe 
narrows (without changing height), the water 
speeds up, and the pressure decreases. How fast 
would the water need to move in order for the 
pressure in the pipe to be 0.75 P9? 

vV 


Problem 10 


-k3. 
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11 Gravity 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


11.1 Kepler’s laws 


Johannes Kepler (1571-1630) studied newly 
available high-precision data on the motion of 
the planets, and discovered the following three 
empirical laws: 

Kepler’s elliptical orbit law: The planets orbit 
the sun in elliptical orbits with the sun at one 
focus. 

Kepler’s equal-area law: The line connecting a 
planet to the sun sweeps out equal areas in equal 
amounts of time. 

Kepler’s law of periods: The time required for 
a planet to orbit the sun, called its period, is pro- 
portional to the long axis of the ellipse raised to 
the 3/2 power. The constant of proportionality 
is the same for all the planets. 


nr Q 


so.” 


Figure 11.1: If the time interval taken by the 
planet to move from P to Q is equal to the time 
interval from R to S, then according to Kepler’s 
equal-area law, the two shaded areas are equal. 


11.2 Newton's law of gravity 


Kepler’s laws were a beautifully simple expla- 
nation of what the planets did, but they didn't 
address why they moved as they did. Once New- 
ton had formulated his laws of motion and taught 
them to some of his friends, they began trying 
to connect them to Kepler’s laws. It was clear 
now that an inward force would be needed to 
bend the planets’ paths. Since the outer planets 
were moving slowly along more gently curving 
paths than the inner planets, their accelerations 
were apparently less. This could be explained if 
the sun’s force was determined by distance, be- 
coming weaker for the farther planets. In the 
approximation of a circular orbit, it is not diffi- 
cult to show that Kepler’s law of periods requires 
that this weakening with distance vary accord- 
ing to F œx 1/r?. We know that objects near 
the earth’s surface feel a gravitational force that 
is also in proportion to their masses. Newton 
therefore hypothesized a universal law of grav- 
ity, 

= Gmyme 


F= 


r2 ? 


which states that any two massive particles, any- 
where in the universe, attract each other with a 


certain amount of force. The universal constant 
G is equal to 6.67 x 1071! N-m?/kg?. 


11.3 The shell theorem 


Newton proved the following theorem, known as 
the shell theorem: 

If an object lies outside a thin, spherical shell 
of mass, then the vector sum of all the gravita- 
tional forces exerted by all the parts of the shell 
is the same as if the shell’s mass had been con- 
centrated at its center. If the object lies inside 
the shell, then all the gravitational forces cancel 
out exactly. 

The earth is nearly spherical, and the density 
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in each concentric spherical shell is nearly con- 
stant. Therefore for terrestrial gravity, each shell 
acts as though its mass was at the center, and 
the result is the same as if the whole mass was 
there. 


Figure 11.2: Cut-away view of a spherical shell 
of mass. A, who is outside the shell, feels grav- 
itational forces from every part of the shell — 
stronger forces from the closer parts, and weaker 
ones from the parts farther away. The shell the- 
orem states that the vector sum of all the forces 
is the same as if all the mass had been concen- 
trated at the center of the shell. B, at the center, 
is clearly weightless, because the shell’s gravita- 
tional forces cancel out. Surprisingly, C also feels 
exactly zero gravitational force. 


11.4 Universality of free fall 


Suppose that masses mı and ma interact gravita- 
tionally, and m; is fixed in place, or has so much 
mass that its inertia makes its acceleration neg- 
ligible. For example, mı could be the earth, and 
ma a rock. When we combine Newton’s law of 
gravity with Newton's second law, we find that 
ma's acceleration equals Gm; /r?, which is com- 
pletely independent of the mass m2. (We assume 
that no other forces act.) That is, if we give an 
object a certain initial position and velocity in an 
ambient gravitational field, then its later motion 
is independent of its mass: free fall is universal. 


CHAPTER 11. GRAVITY 


This fact had first been demonstrated em- 
pirically a generation earlier by Galileo, who 
dropped a cannonball and a musketball simul- 
taneously from the leaning tower of Pisa, and 
observed that they hit the ground at nearly the 
same time. This contradicted Aristotle’s long- 
accepted idea that heavier objects fell faster. 
Modern experiments have verified the universal- 
ity of free fall to the phenomenal precision of 
about one part in 101. 


11.5 Current status of New- 
ton’s theory 


Newton’s theory of gravity, according to which 
masses act on one another instantaneously at a 
distance, is not consistent with Einstein’s the- 
ory of relativity, which requires that all phys- 
ical influences travel no faster than the speed 
of light. Einstein generalized Newton’s descrip- 
tion of gravity in his general theory of relativ- 
ity. Newton’s theory is a good approximation to 
the general theory when the masses that interact 
move at speeds small compared to the speed of 
light, when the gravitational fields are weak, and 
when the distances involved are small in cosmo- 
logical terms. General relativity is needed in or- 
der to discuss phenomena such as neutron stars 
and black holes, the big bang and the expan- 
sion of the universe. The effects of general rel- 
ativity also become important, for example, in 
the Global Positioning System (GPS), where ex- 
tremely high precision is required, so that even 
extremely small deivations from the Newtonian 
picture are important. 

General relativity shares with Newtonian 
gravity the prediction that free fall is universal. 
High-precision tests of this universality are there- 
fore stringent tests of both theories. 


11.6 Energy 


Newton’s law of gravity can be restated as a de- 
scription of energy rather than force. Taking the 
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indefinite integral of the force law gives the ex- 
pression 
PE = ———__, 
r 


where for convenience the constant of integration 
is taken to be zero. 
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Problems 
11-al Astronomers have detected a solar sys- 


tem consisting of three planets orbiting the star 
Upsilon Andromedae. The planets have been 
named b, c, and d. Planet b’s average distance 
from the star is 0.059 A.U., and planet c’s aver- 
age distance is 0.83 A.U., where an astronomical 
unit or A.U. is defined as the distance from the 
Earth to the sun. For technical reasons, it is 
possible to determine the ratios of the planets’ 
masses, but their masses cannot presently be de- 
termined in absolute units. Planet c’s mass is 
3.0 times that of planet b. Compare the star’s 
average gravitational force on planet c with its 
average force on planet b. [Based on a problem 
by Arnold Arons.] 
> Solution, p. 327 

11-a2 The star Lalande 21185 was found in 
1996 to have two planets in roughly circular or- 
bits, with periods of 6 and 30 years. What is the 
ratio of the two planets’ orbital radii? 

v 
11-d1 Ceres, the largest asteroid in our solar 
system, is a spherical body with a mass 6000 
times less than the earth’s, and a radius which 
is 13 times smaller. If an astronaut who weighs 
400 N on earth is visiting the surface of Ceres, 
what is her weight? 

> Solution, p. 327 

11-d2 (a) A certain vile alien gangster lives 
on the surface of an asteroid, where his weight is 
0.20 N. He decides he needs to lose weight with- 
out reducing his consumption of princesses, so 
he’s going to move to a different asteroid where 
his weight will be 0.10 N. The real estate agent’s 
database has asteroids listed by mass, however, 
not by surface gravity. Assuming that all as- 
teroids are spherical and have the same density, 
how should the mass of his new asteroid compare 
with that of his old one? 
(b) Jupiter’s mass is 318 times the Earth’s, and 
its gravity is about twice Earth's. Is this consis- 
tent with the results of part a? If not, how do 
you explain the discrepancy? 

> Solution, p. 327 
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11-d3 Roy has a mass of 60 kg. Laurie has a 
mass of 65 kg. They are 1.5 m apart. 

(a) What is the magnitude of the gravitational 
force of the earth on Roy? 

(b) What is the magnitude of Roy’s gravitational 
force on the earth? 

(c) What is the magnitude of the gravitational 
force between Roy and Laurie? 

(d) What is the magnitude of the gravitational 


force between Laurie and the sun? 
v 


11-d4 The planet Uranus has a mass of 8.68 x 
10% kg and a radius of 2.56 x 10* km. The figure 
shows the relative sizes of Uranus and Earth. 
(a) Compute the ratio gu /gg, where gy is the 
strength of the gravitational field at the surface 
of Uranus and gg is the corresponding quantity 
at the surface of the Earth. v 
(b) What is surprising about this result? How 
do you explain it? 


11-d5 The International Space Station orbits 
at an average altitude of about 370 km above sea 


level. Compute the value of g at that altitude. 
v 


11-d6 Two spherical objects, both of mass m 
and radius R, have center-to-center separation 
4R and are initially at rest. No external forces 
act. The spheres accelerate towards one another 
until they collide. 

(a) What is the speed of each object just before 
the collision? Find the exact answer using 
energy methods. v 
(b) Using the final speed from part (a), and 
assuming the acceleration is roughly constant 
and equal to the initial acceleration, calculate 
an upper limit on the time it takes for the two 
objects to collide. (The actual time will be 
shorter, because the acceleration increases as 
they get closer.) v 
(c) Calculate a numerical value of the time from 
part b, in the case of two bowling balls having 
m= 7 kg and R=0.1 m. v 
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earth 
sun moon 


Problem 11-d9. 


8.00043x10* km to the sun 


Problem 11-d10. 
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Problem 11-d4. 


11-d7 The figure shows the International 
Space Station (ISS). One of the purposes of the 
ISS is supposed to be to carry out experiments 
in microgravity. However, the following factor 
limits this application. The ISS orbits the earth 
once every 92.6 minutes. It is desirable to keep 
the same side of the station always oriented to- 
ward the earth, which means that the station has 
to rotate with the same period. In the photo, the 
direction of orbital motion is left or right on the 
page, so the rotation is about the axis shown as 
up and down on the page. The greatest distance 
of any pressurized compartment from the axis 
of rotation is 36.5 meters. Find the acceleration 
due to the rotation at this point, and the appar- 


ent weight of a 60 kg astronaut at that location. 
v 


11-d8 During a solar eclipse, the moon, earth 
and sun all lie on the same line, with the moon 
between the earth and sun. Define your coordi- 
nates so that the earth and moon lie at greater 
x values than the sun. For each force, give the 
correct sign as well as the magnitude. (a) What 
force is exerted on the moon by the sun? (b) On 
the moon by the earth? (c) On the earth by the 
sun? (d) What total force is exerted on the sun? 
(e) On the moon? (f) On the earth? 
V 


11-d9 Suppose that on a certain day there is 
a crescent moon, and you can tell by the shape 
of the crescent that the earth, sun and moon 
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Problem 11-d7. 


form a triangle with a 135° interior angle at the 
moon’s corner. What is the magnitude of the 
total gravitational force of the earth and the sun 
on the moon? (If you haven’t done problem 11- 
d8 already, you might want to try it first, since 
it’s easier, and some of its results can be recycled 


in this problem.) 
v 


11-d10 On Feb. 28, 2007, the New Hori- 
zons space probe, on its way to a 2015 flyby of 
Pluto, passed by the planet Jupiter for a gravity- 
assisted maneuver that increased its speed and 
changed its course. The dashed line in the fig- 
ure shows the spacecraft’s trajectory, which is 
curved because of three forces: the force of the 
exhaust gases from the probe’s own engines, the 
sun’s gravitational force, and Jupiter’s gravita- 
tional force. Find the magnitude of the total 
gravitational force acting on the probe. You will 
find that the sun's force is much smaller than 
Jupiter’s, so that the magnitude of the total force 
is determined almost entirely by Jupiter’s force. 
However, this is a high-precision problem, and 


PROBLEMS 


you will find that the total force is slightly dif- 
ferent from Jupiter’s force. 

v 
11-g1 Tidal interactions with the earth are 
causing the moon’s orbit to grow gradually 
larger. Laser beams bounced off of a mirror left 
on the moon by astronauts have allowed a mea- 
surement of the moon’s rate of recession, which is 
about 4 cm per year. This means that the grav- 
itational force acting between earth and moon 
is decreasing. By what fraction does the force 
decrease with each 27-day orbit? 

[Based on a problem by Arnold Arons.] 
> Solution, p. 329 
11-g2 How high above the Earth’s surface 
must a rocket be in order to have 1/100 the 
weight it would have at the surface? Express 
your answer in units of the radius of the Earth. 

v 
11-g3 You are considering going on a space 
voyage to Mars, in which your route would be 
half an ellipse, tangent to the Earth’s orbit at 
one end and tangent to Mars’ orbit at the other. 
Your spacecraft's engines will only be used at 
the beginning and end, not during the voyage. 
How long would the outward leg of your trip last? 
(The orbits of Earth and Mars are nearly circu- 
lar, and Mars's is bigger by a factor of 1.52.) 

v 
11-g4 Where would an object have to be lo- 
cated so that it would experience zero total grav- 
itational force from the earth and moon? 

v 
11-j1 In a Star Trek episode, the Enterprise 
is in a circular orbit around a planet when some- 
thing happens to the engines. Spock then tells 
Kirk that the ship will spiral into the planet’s 
surface unless they can fix the engines. Is this 
scientifically correct? Why? 


11-j2 Astronomers have recently observed 
stars orbiting at very high speeds around an un- 
known object near the center of our galaxy. For 
stars orbiting at distances of about 1014 m from 
the object, the orbital velocities are about 10% 
m/s. Assuming the orbits are circular, estimate 
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the mass of the object, in units of the mass of 
the sun, 2 x 10% kg. If the object was a tightly 
packed cluster of normal stars, it should be a 
very bright source of light. Since no visible light 
is detected coming from it, it is instead believed 


to be a supermassive black hole. 
vV 


11-33 (a) A geosynchronous orbit is one in 
which the satellite orbits above the equator, 
and has an orbital period of 24 hours, so 
that it is always above the same point on the 
spinning earth. Calculate the altitude of such a 
satellite. v 
(b) What is the gravitational field experienced 
by the satellite? Give your answer as a percent- 
age in relation to the gravitational field at the 
earth’s surface. vV 


11-j4 (a) Suppose a rotating spherical body 
such as a planet has a radius r and a uniform 
density p, and the time required for one rotation 
is T. At the surface of the planet, the appar- 
ent acceleration of a falling object is reduced by 
the acceleration of the ground out from under it. 
Derive an equation for the apparent acceleration 
of gravity, g, at the equator in terms of r, p, T, 
and G. v 
(b) Applying your equation from a, by what frac- 
tion is your apparent weight reduced at the equa- 
tor compared to the poles, due to the Earth’s 
rotation? vV 
(c) Using your equation from a, derive an equa- 
tion giving the value of T for which the appar- 
ent acceleration of gravity becomes zero, i.e., ob- 
jects can spontaneously drift off the surface of 
the planet. Show that T only depends on p, and 
not on r. v 
(d) Applying your equation from c, how long 
would a day have to be in order to reduce the 
apparent weight of objects at the equator of the 
Earth to zero? [Answer: 1.4 hours] 

(e) Astronomers have discovered objects they 
called pulsars, which emit bursts of radiation at 
regular intervals of less than a second. If a pulsar 
is to be interpreted as a rotating sphere beaming 
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out a natural “searchlight” that sweeps past the 
earth with each rotation, use your equation from 
c to show that its density would have to be much 
greater than that of ordinary matter. 

(£) Astrophysicists predicted decades ago that 
certain stars that used up their sources of en- 
ergy could collapse, forming a ball of neutrons 
with the fantastic density of ~ 101 kg/m?. If 
this is what pulsars really are, use your equation 
from c to explain why no pulsar has ever been 
observed that flashes with a period of less than 
1 ms or so. 


11-35 The figure shows an image from the 
Galileo space probe taken during its August 1993 
flyby of the asteroid Ida. Astronomers were sur- 
prised when Galileo detected a smaller object or- 
biting Ida. This smaller object, the only known 
satellite of an asteroid in our solar system, was 
christened Dactyl, after the mythical creatures 
who lived on Mount Ida, and who protected the 
infant Zeus. For scale, Ida is about the size and 
shape of Orange County, and Dactyl the size of 
a college campus. Galileo was unfortunately un- 
able to measure the time, T, required for Dactyl 
to orbit Ida. If it had, astronomers would have 
been able to make the first accurate determina- 
tion of the mass and density of an asteroid. Find 
an equation for the density, p, of Ida in terms 
of Ida’s known volume, V, the known radius, r, 
of Dactyl’s orbit, and the lamentably unknown 
variable T. (This is the same technique that was 
used successfully for determining the masses and 
densities of the planets that have moons.) 
> Solution, p. 331 


11-j6 On an airless body such as the moon, 
there is no atmospheric friction, so it should be 
possible for a satellite to orbit at a very low al- 
titude, just high enough to keep from hitting 
the mountains. (a) Suppose that such a body 
is a smooth sphere of uniform density p and ra- 
dius r. Find the velocity required for a ground- 
skimming orbit. v 
(b) A typical asteroid has a density of about 
2 g/cm’, i.e., twice that of water. (This is a lot 
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Problem 11-j5. 


lower than the density of the earth’s crust, prob- 
ably indicating that the low gravity is not enough 
to compact the material very tightly, leaving lots 
of empty space inside.) Suppose that it is pos- 
sible for an astronaut in a spacesuit to jump at 
2 m/s. Find the radius of the largest asteroid 
on which it would be possible to jump into a 
ground-skimming orbit. 
v 


11-j7 Ifa bullet is shot straight up at a high 
enough velocity, it will never return to the earth. 
This is known as the escape velocity. In this 
problem, you will analyze the motion of an ob- 
ject of mass m whose initial velocity is exactly 
equal to escape velocity. We assume that it is 
starting from the surface of a spherically sym- 
metric planet of mass M and radius b. The trick 
is to guess at the general form of the solution, 
and then determine the solution in more detail. 
Assume (as is true) that the solution is of the 
form r = ktP, where r is the object’s distance 
from the center of the planet at time t, and k 
and p are constants. 

(a) Find the acceleration, and use Newton’s sec- 
ond law and Newton’s law of gravity to deter- 
mine k and p. You should find that the result is 
independent of m. v 
(b) What happens to the velocity as t approaches 
infinity? 

(c) Determine escape velocity from the Earth's 


surface. 
v 
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11-j8 Planet X rotates, as the earth does, 
and is perfectly spherical. An astronaut who 
weighs 980.0 N on the earth steps on a scale at 
the north pole of Planet X and the scale reads 
600.0 N; at the equator of Planet X, the scale 
only reads 500.0 N. The distance from the north 
pole to the equator is 20,000 km, measured 
along the surface of Planet X. 

(a) Explain why the astronaut appears to weigh 
more at the north pole of planet X than at the 
equator. Which is the “actual” weight of the 
astronaut? Analyze the forces acting on an 
astronaut standing on a scale, providing one 
analysis for the north pole, and one for the 
equator. 

(b) Find the mass of planet X. Is planet X more 
massive than the earth, or less massive? The 
radius of the earth is 6370 km, and its mass is 
5.97 x 10? kg. v 
(c) If a 30,000 kg satellite is orbiting the planet 
very close to the surface, what is its orbital 
period? Assume planet X has no atmosphere, 
so that there’s no air resistance. v 
(d) How long is a day on planet X? Is this longer 
than, or shorter than, the period of the satellite 
in part c? vV 


11-j9 A 20.0 kg satellite has a circular or- 
bit with a period of 2.40 hours and a radius of 
8.00 x 10% m around planet Z. The magnitude of 
the gravitational acceleration on the surface of 
the planet is 8.00 m/s?. 

(a) What is the mass of planet Z? v 
(b) What is the radius of planet Z? v 
(c) Find the KE and the PE of the satellite. 
What is the ratio PE/KE (including both magni- 
tude and sign)? You should get an integer. This 
is a special case of something called the virial 
theorem. v 
(d) Someone standing on the surface of the 
planet sees a moon orbiting the planet (a cir- 
cular orbit) with a period of 20.0 days. What is 


the distance between planet Z and its moon? 
V 
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11-m1 Astronomers calculating orbits of 
planets often work in a nonmetric system of 
units, in which the unit of time is the year, the 
unit of mass is the sun's mass, and the unit of 
distance is the astronomical unit (A.U.), defined 
as half the long axis of the earth's orbit. In these 
units, find an exact expression for the gravita- 


tional constant, G. 
Vv 


11-m2 Suppose that we inhabited a universe 
in which, instead of Newton’s law of gravity, we 
had F = k,/mam/r?, where k is some constant 
with different units than G. (The force is still 
attractive.) However, we assume that a = F/m 
and the rest of Newtonian physics remains true, 
and we use a = F/m to define our mass scale, so 
that, e.g., a mass of 2 kg is one which exhibits 
half the acceleration when the same force is ap- 
plied to it as to a 1 kg mass. 

(a) Is this new law of gravity consistent with 
Newton’s third law? 

(b) Suppose you lived in such a universe, and you 
dropped two unequal masses side by side. What 
would happen? 

(c) Numerically, suppose a 1.0-kg object falls 
with an acceleration of 10 m/s?. What would 
be the acceleration of a rain drop with a mass of 
0.1 g? Would you want to go out in the rain? 
(d) If a falling object broke into two unequal 
pieces while it fell, what would happen? 

(e) Invent a law of gravity that results in behav- 
ior that is the opposite of what you found in part 
b. [Based on a problem by Arnold Arons.] 


11-m3 The structures that we see in the 
universe, such as solar systems, galaxies, and 
clusters of galaxies, are believed to have con- 
densed from clumps that formed, due to grav- 
itational attraction, in preexisting clouds of gas 
and dust. Observations of the cosmic microwave 
background radiation suggest that the mixture 
of hot hydrogen and helium that existed soon 
after the Big Bang was extremely uniform, but 
not perfectly so. We can imagine that any region 
that started out a little more dense would form a 
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natural center for the collapse of a clump. Sup- 
pose that we have a spherical region with density 
p and radius r, and for simplicity let's just as- 
sume that it's surrounded by vacuum. (a) Find 
the acceleration of the material at the edge of 
the cloud. To what power of r is it proportional? 

v 
(b) The cloud will take a time t to collapse to 
some fraction of its original size. Show that t is 


independent of r. 

Remark: This result suggests that structures would get 
a chance to form at all scales in the universe. That is, 
solar systems would not form before galaxies got to, or 
vice versa. It is therefore physically natural that when 
we look at the universe at essentially all scales less than 
a billion light-years, we see structure. 


11-m4 You have a fixed amount of material 
with a fixed density. If the material is formed 
into some shape S, then there will be some point 
in space at which the resulting gravitational field 
attains its maximum value gs. What shape max- 
imizes gs? 


11-m5 The escape velocity of a massive body 
is the speed for which the total energy of a pro- 
jectile is zero: the projectile has just enough 
KE to move infinitely far away from the massive 
body, with no left-over KE. The escape velocity 
depends on the distance from which the projec- 
tile is launched — often the body’s surface. 

The Schwarzschild radius (Rs) of a massive 
body is the radius where the escape velocity is 
equal to the speed of light, c = 3.00 x 10% m/s. 
An object is called a black hole if it has a 
Schwarzschild radius. 

An object must be very compact to be a black 
hole. For example, escape velocity from the sur- 
face of the earth is tens of thousands of times less 
than c, as is the escape velocity for a projectile 
launched from the center of the earth through a 
hypothetical radial, evacuated tunnel. 

In this problem we will make some numerical 
estimates of how compact an object has to be in 
order to be a black hole. We will use Newtonian 
gravity, which is a poor approximation for such 
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strong gravitational fields, so we expect these es- 
timates to be rough. 

(a) For an object of mass M, what would its ra- 
dius have to be if all of its mass was to fit within 
the Schwarzschild radius? v 
(b) Evaluate your equation from part a for M 
equal to the masses of the earth and the sun. If 
these bodies were compressed to approximately 
these sizes, they would become black holes. (Be- 
cause these are rough estimates, treat them as 
having no more than 1 significant figure.) 


11-m6 Problems 11-m6-11-m8 all investigate 
the following idea. Cosmological surveys at the 
largest observable distance scales have detected 
structures like filaments. As an idealization of 
such a structure, consider a uniform mass distri- 
bution lying along the entire x axis, with mass 
density A in units of kg/m. The purpose of this 
problem is to find the gravitational field created 
by this structure at a distance y. 
(a) Determine as much as possible about the 
form of the solution, based on units. 
(b) To evaluate the actual result, find the contri- 
bution dg, to the y component of the field arising 
from the mass dm lying between x and x + dz, 
then integrate it. 

> Solution, p. 334 


11-m7 Let us slightly change the physical sit- 
uation described in problem 11-m6, letting the 
filament have a finite size, while retaining its 
symmetry under rotation about the x axis. The 
details don’t actually matter very much for our 
purposes, but if we like, we can take the mass 
density to be constant within a cylinder of ra- 
dius b centered on the x axis. Now consider the 
following two limits: 


gı = lim lim g and 


y>0b>0 
oa = fn imo. 
Each of these is a limit inside another limit, the 
only difference being the order of the limits. Ei- 
ther of these could be used as a definition of the 
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field at a point on an infinitely thin filament. Do 
they agree? 


11-m8 Suppose we have a mass filament like 
the one described in problems 11-m6 and 11-m7, 
but now rather than taking it to be straight, let 
it have the shape of an arbitrary smooth curve. 
Locally, “under a microscope,” this curve will 
look like an arc of a circle, i.e., we can describe 
its shape solely in terms of a radius of curvature. 
As in problem 11-m7, consider a point P lying 
on the filament itself, taking g to be defined as 
in definition gi. Investigate whether g is finite, 
and also whether it points in a specific direction. 
To clarify the mathematical idea, consider the 
following two limits: 


1 
A= lim — and 
x70 g£ 
. 1 
B = lim —. 
x> r 


We say that A = oo, while B = +00, i.e., both 
diverge, but B diverges with a definite sign. For 
a straight filament, as in problem 11-m6, with an 
infinite radius of curvature, symmetry guaran- 
tees that the field at P has no specific direction, 
in analogy with limit A. For a curved filament, 
a calculation is required in order to determine 
whether we get behavior A or B. Based on your 
result, what is the expected dynamical behavior 
of such a filament? 


11-p1 (a) If the earth was of uniform density, 
would your weight be increased or decreased at 
the bottom of a mine shaft? Explain. 

(b) In real life, objects weigh slightly more at the 
bottom of a mine shaft. What does that allow 
us to infer about the Earth? 


11-p2 Consult a proof of the shell theorem 
in your textbook or in some other source such 
as Wikipedia.Prove that the theorem fails if the 
exponent of r in Newton's law of gravity differs 
from —2. 
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11-p3 The shell theorem describes two cases, 
inside and outside. Show that for an alternative 
law of gravity F = GMmr (with r! rather than 
r72), the outside case still holds. 


11-p4 The figure shows a region of outer 
space in which two stars have exploded, leaving 
behind two overlapping spherical shells of gas, 
which we assume to remain at rest. The figure is 
a cross-section in a plane containing the shells” 
centers. A space probe is released with a very 
small initial speed at the point indicated by the 
arrow, initially moving in the direction indicated 
by the dashed line. Without any further infor- 
mation, predict as much as possible about the 
path followed by the probe and its changes in 
speed along that path. 


11-p5 Approximate the earth’s density as be- 
ing constant. (a) Find the gravitational field at 
a point P inside the earth and half-way between 
the center and the surface. Express your result 
as a ratio gp/gs relative to the field we expe- 
rience at the surface. (b) As a check on your 
answer, make sure that the same reasoning leads 
to a reasonable result when the fraction 1/2 is re- 
placed by the value 0 (P being the earth’s center) 
or the value 1 (P being a point on the surface). 


11-p6 The earth is divided into solid inner 
core, a liquid outer core, and a plastic mantle. 
Physical properties such as density change dis- 
continuously at the boundaries between one layer 
and the next. Although the density is not com- 
pletely constant within each region, we will ap- 
proximate it as being so for the purposes of this 
problem. (We neglect the crust as well.) Let R 
be the radius of the earth as a whole and M its 
mass. The following table gives a model of some 
properties of the three layers, as determined by 
methods such as the observation of earthquake 
waves that have propagated from one side of the 
planet to the other. 
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Problem 11-p4. 
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region outer radius/R  mass/M 
mantle 1 0.69 
outer core 0.55 0.29 
inner core 0.19 0.017 


The boundary between the mantle and the 
outer core is referred to as the Gutenberg dis- 
continuity. Let gs be the strength of the earth’s 
gravitational field at its surface and ga its value 
at the Gutenberg discontinuity. Find ya /gs. 

v 


11-s1 Starting at a distance r from a planet 
of mass M, how fast must an object be mov- 
ing in order to have a hyperbolic orbit, i.e., one 
that never comes back to the planet? This ve- 
locity is called the escape velocity. Interpreting 
the result, does it matter in what direction the 
velocity is? Does it matter what mass the object 
has? Does the object escape because it is moving 


too fast for gravity to act on it? 
v 


11-s2 A certain binary star system consists 
of two stars with masses mı and ma, separated 
by a distance b. A comet, originally nearly at 
rest in deep space, drops into the system and at 
a certain point in time arrives at the midpoint 
between the two stars. For that moment in time, 
find its velocity, v, symbolically in terms of b, mı, 


mg, and fundamental constants. 
Vv 
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12 Oscillations 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


12.1 Periodic motion 


The sine function has the property that sin(x + 
27) = sin x, so that whetever the function is do- 
ing at one point, it is guaranteed to do the same 
thing again at a point 27 to the right. Such 
a function is called periodic. When an object's 
position as a function of time is periodic, we say 
that it exhibits periodic motion. Examples in- 
clude uniform circular motion and a mass vibrat- 
ing back and forth frictionlessly on a spring. The 
time from one repetition of the motion to the 
next is called the period, T. The inverse of the 
period is the frequency, 

fam 
and it is also convenient to define the angular 
frequency 

27 

W= 7 
Either f or w can be referred to simply as fre- 
quency, when context makes it clear or the dis- 
tinction isn’t important. The units of frequency 
are s71, which can also be abbreviated as hertz, 


1Hz=1s"1. 
12.2 Simple harmonic mo- 
tion 


When an object is displaced from equilibrium, it 
can oscillate around the equilibrium point. Let 


the motion be one-dimensional, let the equilib- 
rium be at x = 0, and let friction be negligible. 
Then by conservation of energy, the oscillations 
are periodic, and they extend from some nega- 
tive value of x on the left to a value on the right 
that is the same except for the sign. We describe 
the size of the oscillations as their amplitude, A. 

When the oscillations are small enough, 
Hooke's law F = —kx is a good approxima- 
tion, because any function looks linear close up. 
Therefore all such oscillations have a universal 
character, differing only in amplitude and fre- 
quency. Such oscillations are referred to as sim- 
ple harmonic motion. 

For simple harmonic motion, Newton’s second 
law gives x” = —(k/m)x. This is a type of 
equation referred to as a differential equation, 
because it relates the function x(t) to its own 
(second) derivative. The solution of the equa- 
tion is x = Asin(wt + ô), where 


is independent of the amplitude. 


12.3 Damped oscillations 


The total energy of an oscillation is proportional 
to the square of the amplitude. In the simple 
harmonic oscillator, the amplitude and energy 
are constant. Unlike this idealization, real oscil- 
lating systems have mechanisms such as friction 
that dissipate energy. These mechanisms are re- 
ferred to as damping. A simple mathematical 
model that incorporates this behavior is to incor- 
porate a frictional force that is proportional to 
velocity. The equation of motion then becomes 
ma" + ba’ + kx = 0. In the most common case, 
where b < 2Vkm. In this underdamped case, the 
solutions are decaying exponentials of the form 


x= Ae“ sinwt, 
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where c = b/2m and w = [k/m — b?/4m?]1/?. 

It is customary to describe the amount of 
damping with a quantity called the quality fac- 
tor, Q, defined as the number of cycles required 
for the energy to fall off by a factor of e?" ~ 535. 
The terminology arises from the fact that friction 
is often considered a bad thing, so a mechanical 
device that can vibrate for many oscillations be- 
fore it loses a significant fraction of its energy 
would be considered a high-quality device. 

Underdamped motion occurs for Q > 1/2. For 
the case Q < 1/2, referred to as overdamped, 
there are no oscillations, and the motion is a de- 
caying exponential. 


12.4 Driven oscillations 


It is often of interest to consider an oscillator 
that is driven by an oscillating force. Examples 
would be a mother pushing a child on a play- 
ground swing, or the ear responding to a sound 
wave. We assume for simplicity that the driving 
force oscillates sinusoidally with time, although 
most of the same results are qualitatively correct 
when this requirement is relaxed. The oscillator 
responds to the driving force by gradually set- 
tling down into a steady, sinusoidal pattern of 
vibration called the steady state. Figure 12.1 
shows the bell-shaped curve that results when 
we graph the energy of the steady-state response 
against the frequency of the driving force. We 
have the following results. 


energy of 
steady- 
state 
vibrations 


frequency 


Figure 12.1: The response of an oscillator to a 
driving force, showing the definition of the full 
width at half maximum (FWHM). 
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(1) The steady-state response to a sinusoidal 
driving force occurs at the frequency of the force, 
not at the system's own natural frequency of vi- 
bration. 

(2) A vibrating system resonates at its own 
natural frequency.! That is, the amplitude of the 
steady-state response is greatest in proportion 
to the amount of driving force when the driving 
force matches the natural frequency of vibration. 

(3) When a system is driven at resonance, the 
steady-state vibrations have an amplitude that 
is proportional to Q. 

(4) The FWHM of a resonance, defined in fig- 
ure 12.1, is related to its Q and its resonant fre- 
quency fres by the equation 


fres 
FWHM = ; 
Q 


(This equation is only a good approximation 
when Q is large.) 


1 This is an approximation, which is valid in the usual 
case where Q is significantly greater than 1. 
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Problems 


12-al Many single-celled organisms propel 
themselves through water with long tails, which 
they wiggle back and forth. (The most obvious 
example is the sperm cell.) The frequency of the 
tail’s vibration is typically about 10-15 Hz. To 
what range of periods does this range of frequen- 
cies correspond? 
Vv 

12-a2 The figure shows the oscillation of a 
microphone in response to the author whistling 
the musical note “A.” The horizontal axis, rep- 
resenting time, has a scale of 1.0 ms per square. 
Find the period T, the frequency f, and the an- 
gular frequency w. 


Problem 12-a2. 


12-d1 Show that the equation T = 27/m/k 
has units that make sense. 


12-d2 (a) Pendulum 2 has a string twice as 
long as pendulum 1. If we define x as the dis- 
tance traveled by the bob along a circle away 
from the bottom, how does the k of pendulum 2 
compare with the k of pendulum 1? Give a nu- 
merical ratio. [Hint: the total force on the bob is 
the same if the angles away from the bottom are 
the same, but equal angles do not correspond to 
equal values of x.] 

(b) Based on your answer from part (a), how 
does the period of pendulum 2 compare with the 
period of pendulum 1? Give a numerical ratio. 


12-d3 A pneumatic spring consists of a pis- 
ton riding on top of the air in a cylinder. The 
upward force of the air on the piston is given by 
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Fur = axr’, where 8 = 1.4 and a is a constant 
with funny units of N-mt4. For simplicity, as- 
sume the air only supports the weight mg of the 
piston itself, although in practice this device is 
used to support some other object. The equi- 
librium position, £o, is where mg equals — Fair- 
(Note that in the main text I have assumed the 
equilibrium position to be at x = 0, but that is 
not the natural choice here.) Assume friction is 
negligible, and consider a case where the ampli- 
tude of the vibrations is very small. Find the 


angular frequency of oscillation. 
v 


12-d4 Verify that energy is conserved in sim- 
ple harmonic motion. 


12-d5 Archimedes’ principle states that an 
object partly or wholly immersed in fluid experi- 
ences a buoyant force equal to the weight of the 
fluid it displaces. For instance, if a boat is float- 
ing in water, the upward pressure of the water 
(vector sum of all the forces of the water press- 
ing inward and upward on every square inch of 
its hull) must be equal to the weight of the wa- 
ter displaced, because if the boat was instantly 
removed and the hole in the water filled back in, 
the force of the surrounding water would be just 
the right amount to hold up this new “chunk” 
of water. (a) Show that a cube of mass m with 
edges of length b floating upright (not tilted) in 
a fluid of density p will have a draft (depth to 
which it sinks below the waterline) h given at 
equilibrium by ho = m/b?p. (b) Find the total 
force on the cube when its draft is h, and ver- 
ify that plugging in h — ho gives a total force of 
zero. (c) Find the cube’s period of oscillation as 
it bobs up and down in the water, and show that 
can be expressed in terms of and g only. 


12-d6 A hot scientific question of the 18th 
century was the shape of the earth: whether its 
radius was greater at the equator than at the 
poles, or the other way around. One method 
used to attack this question was to measure 
gravity accurately in different locations on the 
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earth using pendula. If the highest and low- 
est latitudes accessible to explorers were 0 and 
70 degrees, then the the strength of gravity 
would in reality be observed to vary over a range 
from about 9.780 to 9.826 m/s?. This change, 
amounting to 0.046 m/s?, is greater than the 
0.022 m/s? effect to be expected if the earth had 
been spherical. The greater effect occurs because 
the equator feels a reduction due not just to the 
acceleration of the spinning earth out from un- 
der it, but also to the greater radius of the earth 
at the equator. What is the accuracy with which 
the period of a one-second pendulum would have 
to be measured in order to prove that the earth 
was not a sphere, and that it bulged at the equa- 
tor? 
Vv 


12-d7 A certain mass, when hung from a cer- 
tain spring, causes the spring to stretch by an 
amount h compared to its equilibrium length. If 
the mass is displaced vertically from this equilib- 
rium, it will oscillate up and down with a period 
Tose. Give a numerical comparison between Tse 
and Ttan, the time required for the mass to fall 
from rest through a height h, when it isn’t at- 
tached to the spring. (You will need the result 
of problem ??). 
v 


12-d8 An object undergoing simple har- 
monic motion oscillates with position x(t) = 
(35 cm) cos[(25 s~!)t + rr]. 

(a) Find the period, angular frequency, and 
frequency. vV 
(b) What is the initial velocity? What is the 
maximum speed? v 
(c) What is the initial acceleration? What is the 
maximum in magnitude of the acceleration? Y 
(d) Find the location and velocity of the object 
at 1.00 s. 

v 


12-d9 On a frictionless, horizontal air track, 
a glider oscillates at the end of an ideal spring of 
force constant 150 N/m. The graph shows the 
acceleration of the glider as a function of time. 

(a) Find the period of oscillations and the mass 
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of the glider. v 
(b) Notice that the graph says that the maxi- 
mum acceleration of the glider is 12.0 m/s?. Use 
this to find the amplitude of oscillations, A. Y 
(c) When the glider is A/3 away from its equilib- 
rium position, what are its kinetic and potential 
energies? v 
(d) Suppose x(t) = Acos(wt+¢), where 0 < $ < 
2r. Find 4. 
Vv 


a (m/s?) 


Problem 12-d9. 


12-g1 Consider the same pneumatic piston 
described in problem 12-d3, but now imagine 
that the oscillations are not small. Sketch a 
graph of the total force on the piston as it would 
appear over this wider range of motion. For a 
wider range of motion, explain why the vibra- 
tion of the piston about equilibrium is not simple 
harmonic motion, and sketch a graph of x vs t, 
showing roughly how the curve is different from 
a sine wave. [Hint: Acceleration corresponds to 
the curvature of the x — t graph, so if the force 
is greater, the graph should curve around more 
quickly. ] 


12-g2 The figure shows a see-saw with two 
springs at Codornices Park in Berkeley, Califor- 
nia. Each spring has spring constant k, and a 
kid of mass m sits on each seat. (a) Find the 
period of vibration in terms of the variables k, 
m, a, and b. (b) Discuss the special case where 
a = b, rather than a > b as in the real see-saw. 
(c) Show that your answer to part a also makes 


sense in the case of b = 0. 
v 
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Problem 12-g2. 


12-g3 Find the period of vertical oscillations 
of the mass m. The spring, pulley, and ropes 
have negligible mass. 


5 


Problem 12-g3. 


v 


12-g4 The equilibrium length of each spring 
in the figure is b, so when the mass m is at 
the center, neither spring exerts any force on 
it. When the mass is displaced to the side, the 
springs stretch; their spring constants are both 
k. 

(a) Find the energy, U, stored in the springs, as 
a function of y, the distance of the mass up or 
down from the center. v 
(b) Show that the period of small up-down oscil- 
lations is infinite. 
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Problem 12-g4. 


12-g5 For a one-dimensional harmonic os- 
cillator, the solution to the energy conservation 
equation, 


1 1 
U +K = a he” + ¿na = constant, 


is an oscillation with frequency w = y/k/m. 
Now consider an analogous system consisting of 
a bar magnet hung from a thread, which acts 
like a magnetic compass. A normal compass 
is full of water, so its oscillations are strongly 
damped, but the magnet-on-a-thread compass 
has very little friction, and will oscillate repeat- 
edly around its equilibrium direction. The mag- 
netic energy of the bar magnet is 


U = —Bmcos8, 


where B is a constant that measures the strength 
of the earth’s magnetic field, m is a constant that 
parametrizes the strength of the magnet, and 0 is 
the angle, measured in radians, between the bar 
magnet and magnetic north. The equilibrium 
occurs at 0 = 0, which is the minimum of U. 

(a) By making analogies between rotational and 
linear motion, translate the equation defining the 
linear quantity k to one that defines an analo- 
gous angular one « (Greek letter kappa). Apply- 
ing this to the present example, find an expres- 
sion for x. (Assume the thread is so thin that 
its stiffness does not have any significant effect 
compared to earth’s magnetic field.) v 
(b) Find the frequency of the compass's vibra- 


tions. 
Jv 
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12-j1 A mass m on a spring oscillates around 
an equilibrium at x = 0. Any function F(x) 
with an equilibrium at x = 0, F(0) = 0, 
can be approximated as F(x) = —kx, and if 
the spring’s behavior is symmetric with respect 
to positive and negative values of x, so that 
F(—x) = —F(x), then the next level of im- 
provement in such an approximation would be 
F(x) = —kx — bx?. The general idea here is 
that any smooth function can be approximated 
locally by a polynomial, and if you want a better 
approximation, you can use a polynomial with 
more terms in it. When you ask your calculator 
to calculate a function like sin or e”, it’s using a 
polynomial approximation with 10 or 12 terms. 
Physically, a spring with a positive value of b gets 
stiffer when stretched strongly than an “ideal” 
spring with b = 0. A spring with a negative b 
is like a person who cracks under stress — when 
you stretch it too much, it becomes more elastic 
than an ideal spring would. We should not ex- 
pect any spring to give totally ideal behavior no 
matter no matter how much it is stretched. For 
example, there has to be some point at which it 
breaks. 

Do a numerical simulation of the oscillation of 
a mass on a spring whose force has a nonvan- 
ishing b. Is the period still independent of am- 
plitude? Is the amplitude-independent equation 
for the period still approximately valid for small 
enough amplitudes? Does the addition of an x 
term with b > 0 tend to increase the period, or 
decrease it? Include a printout of your program 
and its output with your homework paper. 


12-j2 An idealized pendulum consists of a 
pointlike mass m on the end of a massless, rigid 
rod of length L. Its amplitude, 0, is the angle the 
rod makes with the vertical when the pendulum 
is at the end of its swing. Write a numerical sim- 
ulation to determine the period of the pendulum 
for any combination of m, L, and 0. Examine 
the effect of changing each variable while manip- 
ulating the others. 
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Problems 12-k1 through 12-k4 require specific 

knowledge of the properties of simple and physi- 
cal pendulums. 
12-k1 A simple pendulum of length L is re- 
leased from from angle 9. Solve for the maximum 
speed of the pendulum bob two ways: 
(a) Exactly, by using conservation of energy. Y 
(b) Approximately, by assuming 6 < 1, using 
|Umax| = Aw, and writing A and w in terms of 
the given quantities. Your result is the first non- 
zero term in the Taylor expansion of the exact 
answer around 0 = 0. 

Vv 
12-k2 A pendulum of length L has period 
T on Earth. If a pendulum of length 2L has a 
period 4T on planet W, then what is the accel- 
eration due to gravity on planet W? Give your 
answer to two significant figures. 

Vv 
12-k3 A uniform rod of length L is hung at 
one end. What is the period of oscillations for 
this physical pendulum? 

Vv 
12-k4 A pendulum with length L has pe- 
riod T when a very small mass is placed at the 
end of it (with size much less than L). Suppose 
we do not want to ignore the size of the bob. 
Consider a spherical bob with radius zL (æ is a 
dimensionless constant, and L is the length of 
the string, connecting the pivot to the center of 
the bob). The period of motion of this physical 
pendulum is T = 27,/L/gf(ax). What is f(x)? 
Your expression for f(a) should satisfy f(0) = 1. 
(Why?) 

Vv 
12-m1 If one stereo system is capable of pro- 
ducing 20 watts of sound power and another can 
put out 50 watts, how many times greater is the 
amplitude of the sound wave that can be created 
by the more powerful system? (Assume they are 
playing the same music.) 


12-m2 What fraction of the total energy of 
an object undergoing SHM is kinetic at time t = 
T/3 (where T is the period of motion) if: 

(a) the object is at maximum displacement from 
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equilibrium at t = 0; v 
(b) the object is at equilibrium at t = 0. 

v 
12-m3 An object undergoing simple har- 
monic motion has amplitude A and angular fre- 
quency w. What is the speed of the object when 
it is at a distance x = A/4 from equilibrium? 

v 
12-m4 A spring is attached to a wall as shown 
(the horizontal surface is frictionless). One fact 
is known about the spring: when compressed a 
distance 11.0 cm, the spring holds 1.00 J of elas- 
tic potential energy. 

(a) What mass M must be attached to the spring 
so that it will oscillate with a period of 1.00 s? 

v 
(b) If the amplitude of the motion is 5.00 cm and 
the period is that specified in part a, where is the 
object (relative to equilibrium) and in what di- 
rection is it moving 0.35 s after it has passed the 
equilibrium position, moving to the left? v 
(c) At the instant described in part b, what are 
the kinetic and potential energies of the system? 

v 
(d) What force (magnitude and direction) does 
the spring exert on mass M when it is 3.00 cm 
to the right of the equilibrium position, moving 
to the right? 


12-p1 (a) Let W be the amount of work done 
by friction in the first cycle of oscillation, i.e., the 
amount of energy lost to heat. Find the fraction 
of the original energy E that remains in the os- 
cillations after n cycles of motion. 

(b) From this, prove the equation 


SEN 
E =e 


(recalling that the number 535 in the definition 
of Q is e27). 

(c) Use this to prove the approximation 1/Q = 
(1/27)W/E. (Hint: Use the approximation 
In(1 + x) = x, which is valid for small values 
of x, as shown on p. ??.) 
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12-p2 (a) We observe that the amplitude of 
a certain free oscillation decreases from A, to 
A. /Z after n oscillations. Find its Q. v 
(b) The figure is from Shape memory in Spider 
draglines, Emile, Le Floch, and Vollrath, Nature 
440:621 (2006). Panel 1 shows an electron mi- 
croscope’s image of a thread of spider silk. In 
2, a spider is hanging from such a thread. From 
an evolutionary point of view, it’s probably a 
bad thing for the spider if it twists back and 
forth while hanging like this. (We're referring 
to a back-and-forth rotation about the axis of 
the thread, not a swinging motion like a pendu- 
lum.) The authors speculate that such a vibra- 
tion could make the spider easier for predators 
to see, and it also seems to me that it would be 
a bad thing just because the spider wouldn’t be 
able to control its orientation and do what it was 
trying to do. Panel 3 shows a graph of such an 
oscillation, which the authors measured using a 
video camera and a computer, with a 0.1 g mass 
hung from it in place of a spider. Compared to 
human-made fibers such as kevlar or copper wire, 
the spider thread has an unusual set of proper- 
ties: 


1. It has a low Q, so the vibrations damp out 
quickly. 


2. It doesn’t become brittle with repeated 
twisting as a copper wire would. 


3. When twisted, it tends to settle in to a new 
equilibrium angle, rather than insisting on 
returning to its original angle. You can see 
this in panel 2, because although the exper- 
imenters initially twisted the wire by 35 de- 
grees, the thread only performed oscillations 
with an amplitude much smaller than +35 
degrees, settling down to a new equilibrium 
at 27 degrees. 


4. Over much longer time scales (hours), the 
thread eventually resets itself to its origi- 
nal equilbrium angle (shown as zero degrees 
on the graph). (The graph reproduced here 
only shows the motion over a much shorter 
time scale.) Some human-made materials 
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Problem 12-p2. 


Problem 12-m4. 


have this “memory” property as well, but 
they typically need to be heated in order to 
make them go back to their original shapes. 


Focusing on property number 1, estimate the Q 
of spider silk from the graph. 
v 


12-p3 An object has underdamped motion as 
depicted in the figure, where T = 27/w, and, as 
described in the text, w differs from wọ = y k/m. 
(a) What fraction of the energy was lost during 
this first cycle? This fraction is lost in every en- 
suing cycle. v 
(b) Where will the object be (in terms of A) af- 
ter the second full oscillation? v 
(c) By assuming w = wo, what is the value of b? 
To express your answer, write b = Cy km, and 
solve for the unitless constant C. v 
(d) Use this value of b to find the percentage in- 
crease in the period of the motion as compared 


to the undamped case. You should get an answer 
much less than 1%, which means the approxima- 


tion made in part c was justified. 
V x 


Problem 12-p3. 


12-s1 Many fish have an organ known as a 
swim bladder, an air-filled cavity whose main 
purpose is to control the fish’s buoyancy and al- 
low it to keep from rising or sinking without hav- 
ing to use its muscles. In some fish, however, the 
swim bladder (or a small extension of it) is linked 
to the ear and serves the additional purpose of 
amplifying sound waves. For a typical fish hav- 
ing such an anatomy, the bladder has a resonant 
frequency of 300 Hz, the bladder’s Q is 3, and 
the maximum amplification is about a factor of 
100 in energy. Over what range of frequencies 
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would the amplification be at least a factor of 
50? 
v 


12-s2 As noted in section ??, it is only ap- 
proximately true that the amplitude has its max- 
imum at the natural frequency (1/2r)y k/m. 
Being more careful, we should actually define 
two different symbols, fo = (1/27),/k/m and 
fres for the slightly different frequency at which 
the amplitude is a maximum, i.e., the actual res- 
onant frequency. In this notation, the amplitude 
as a function of frequency is 


F 
A= ; 
2m4 4r?m? (f? — sey + b? f? 


Show that the maximum occurs not at fo but 
rather at 


b2 1 > 
fees =4/ fea == fe- zF WHM 


872m 


Hint: Finding the frequency that minimizes the 
quantity inside the square root is equivalent to, 
but much easier than, finding the frequency that 
maximizes the amplitude. 


12-s3 An oscillator with sufficiently strong 
damping has its maximum response at w = 0. 
Using the result derived on page ?? , find the 
value of Q at which this behavior sets in. 


12-s4 The goal of this problem is to refine 
the proportionality FWHM œ fres/Q into the 
equation FWHM = fres/Q, i.e., to prove that 
the constant of proportionality equals 1. 

(a) Show that the work done by a damping 
force F = —bv over one cycle of steady-state 
motion equals Waamp = —2n7bfA?. Hint: It 
is less confusing to calculate the work done over 
half a cycle, from x= —A to x = +A, and then 
double it. 

(b) Show that the fraction of the undriven os- 
cillator’s energy lost to damping over one cycle 
is |Waamp|/E = 4nbf /k. 
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(c) Use the previous result, combined with 
the result of problem 4, to prove that Q equals 
k/2mbf . 

(d) Combine the preceding result for Q with 
the equation FWHM = b/2rm from section ?? 
to prove the equation FWHM = fres/Q. 


12-s5 An oscillator has Q=6.00, and, for con- 
venience, let's assume Fm = 1.00, wo = 1.00, and 
m = 1.00. The usual approximations would give 


Wres = Wo, 
Ares = 6.00, 
Aw = 1/6.00. 


and 


Determine these three quantities numerically us- 
ing the result derived on page ?? , and compare 
with the approximations. 


150 CHAPTER 12. OSCILLATIONS 


13 Waves 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


13.1 Free waves 


References: 


e Crowell, Simple Nature,  lightandmat- 
ter.com, sec. 6.1 


e OpenStax University Physics, openstax.org, 
v. 1, sec. 16.1-4 


13.2 Bounded waves 


References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, v. 1, sec. 6.2 
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Problems 
13-a1 The following is a graph of the height 


of a water wave as a function of position, at a 
certain moment in time. 

Trace this graph onto another piece of pa- 
per, and then sketch below it the corresponding 
graphs that would be obtained if 

(a) the amplitude and frequency were doubled 
while the velocity remained the same; 

(b) the frequency and velocity were both dou- 
bled while the amplitude remained unchanged; 

(c) the wavelength and amplitude were re- 
duced by a factor of three while the velocity was 
doubled. 

Explain all your answers. [Problem by Arnold 
Arons.] 


13-42 (a) The graph shows the height of a wa- 
ter wave pulse as a function of position. Draw a 
graph of height as a function of time for a specific 
point on the water. Assume the pulse is travel- 
ing to the right. 

(b) Repeat part a, but assume the pulse is trav- 
eling to the left. 

(c) Now assume the original graph was of height 
as a function of time, and draw a graph of height 
as a function of position, assuming the pulse is 
traveling to the right. 

(d) Repeat part c, but assume the pulse is trav- 
eling to the left. 

Explain all your answers. [Problem by Arnold 
Arons.] 


13-a3 The figure shows one wavelength of 
a steady sinusoidal wave traveling to the right 
along a string. Define a coordinate system in 
which the positive x axis points to the right and 
the positive y axis up, such that the flattened 
string would have y = 0. Copy the figure, and 
label with y = 0 all the appropriate parts of the 
string. Similarly, label with v = 0 all parts of the 
string whose velocities are zero, and with a = 0 
all parts whose accelerations are zero. There 
is more than one point whose velocity is of the 
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greatest magnitude. Pick one of these, and indi- 

cate the direction of its velocity vector. Do the 

same for a point having the maximum magnitude 

of acceleration. Explain all your answers. 
[Problem by Arnold Arons.] 


13-a4 (a) Find an equation for the rela- 
tionship between the Doppler-shifted frequency 
of a wave and the frequency of the original 
wave, for the case of a stationary observer and a 
source moving directly toward or away from the 
observer. Vv 
(b) Check that the units of your answer make 
sense. 

(c) Check that the dependence on v, makes 
sense. 


13-a5 Suggest a quantitative experiment to 
look for any deviation from the principle of su- 
perposition for surface waves in water. Make it 
simple and practical. 


13-a6 The musical note middle C has a fre- 
quency of 262 Hz. What are its period and wave- 
length? 

v 
13-a7 Singing that is off-pitch by more than 
about 1% sounds bad. How fast would a singer 
have to be moving relative to the rest of a band 
to make this much of a change in pitch due to 
the Doppler effect? 

v 


13-a8 In section ??, we saw that the speed of 
waves on a string depends on the ratio of T/p, 
i.e., the speed of the wave is greater if the string 
is under more tension, and less if it has more in- 
ertia. This is true in general: the speed of a me- 
chanical wave always depends on the medium’s 
inertia in relation to the restoring force (tension, 
stiffness, resistance to compression,...). Based on 
these ideas, explain why the speed of sound in 
air is significantly greater on a hot day, while 
the speed of sound in liquids and solids shows 
almost no variation with temperature. 
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13-a9 At a particular moment in time, a 
wave on a string has a shape described by y = 
3.5 cos(0.737x+0.451t+0.377). The stuff inside 
the cosine is in radians. Assume that the units of 
the numerical constants are such that x, y, and 
t are in SI units. 

(a) Is the wave moving in the positive x or the 
negative x direction? 

(b) Find the wave’s period, frequency, wave- 
length. 

(c) Find the wave’s velocity. 

(d) Find the maximum velocity of any point on 
the string, and compare with the magnitude and 
direction of the wave’s velocity. 


Vv 
13-a10 The simplest trick with a lasso is 
to spin a flat loop in a horizontal plane. The 


whirling loop of a lasso is kept under tension 
mainly due to its own rotation. Although the 
spoke’s force on the loop has an inward compo- 
nent, we’ll ignore it. The purpose of this prob- 
lem, which is based on one by A.P. French, is 
to prove a cute fact about wave disturbances 
moving around the loop. As far as I know, this 
fact has no practical implications for trick rop- 
ing! Let the loop have radius r and mass per 
unit length js, and let its angular velocity be w. 
(a) Find the tension, T, in the loop in terms of 
r, u, and w. Assume the loop is a perfect circle, 
with no wave disturbances on it yet. v 
(b) Find the velocity of a wave pulse traveling 
around the loop. Discuss what happens when 
the pulse moves is in the same direction as the 
rotation, and when it travels contrary to the ro- 


tation. 
vV 


13-a11 A string hangs vertically, free at the 
bottom and attached at the top. 

(a) Find the velocity of waves on the string as a 
function of the distance from the bottom. v 
(b) Find the acceleration of waves on the string. 
(c) Interpret your answers to parts a and b for 
the case where a pulse comes down and reaches 
the end of the string. What happens next? 
Check your answer against experiment and con- 
servation of energy. 
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loop 
Problem 13-a10. 


13-d1 Light travels faster in warmer air. On 
a sunny day, the sun can heat a road and create a 
layer of hot air above it. Let’s model this layer as 
a uniform one with a sharp boundary separating 
it from the cooler air above. Use this model to 
explain the formation of a mirage appearing like 
the shiny surface of a pool of water. 


13-d2 (a) Compute the amplitude of light 
that is reflected back into air at an air-water in- 
terface, relative to the amplitude of the incident 
wave. Assume that the light arrives in the di- 
rection directly perpendicular to the surface. The 
speeds of light in air and water are 3.0 x 108 and 
2.2 x 108 m/s, respectively. 

(b) Find the energy of the reflected wave as a 
fraction of the incident energy. 

v 
13-d3 A concert flute produces its lowest 
note, at about 262 Hz, when half of a wavelength 
fits inside its tube. Compute the length of the 
flute. 


13-d4 (a) A good tenor saxophone player can 
play all of the following notes without changing 
her fingering, simply by altering the tightness of 
her lips: Eb (150 Hz), Eb (300 Hz), Bb (450 Hz), 
and E» (600 Hz). How is this possible? (I’m not 
asking you to analyze the coupling between the 
lips, the reed, the mouthpiece, and the air col- 
umn, which is very complicated.) 

(b) Some saxophone players are known for their 
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Problem 13-d3. 


ability to use this technique to play “freak 
notes,” i.e., notes above the normal range of the 
instrument. Why isn’t it possible to play notes 
below the normal range using this technique? 


13-d5 The table gives the frequencies of the 
notes that make up the key of F major, starting 
from middle C and going up through all seven 
notes. 

(a) Calculate the first four or five harmonics of C 
and G, and determine whether these two notes 
will be consonant or dissonant. (Recall that har- 
monics that differ by about 1-10% cause disso- 
nance.) 

(b) Do the same for C and Bb. 


13-d6 A Fabry-Perot interferometer, shown 
in the figure being used to measure the diame- 
ter of a thin filament, consists of two glass plates 
with an air gap between them. As the top plate is 
moved up or down with a screw, the light pass- 
ing through the plates goes through a cycle of 
constructive and destructive interference, which 
is mainly due to interference between rays that 
pass straight through and those that are reflected 
twice back into the air gap. (Although the di- 
mensions in this drawing are distorted for legibil- 
ity, the glass plates would really be much thicker 
than the length of the wave-trains of light, so no 
interference effects would be observed due to re- 
flections within the glass.) 
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(a) If the top plate is cranked down so that the 
thickness, d, of the air gap is much less than the 
wavelength A of the light, i.e., in the limit d > 0, 
what is the phase relationship between the two 
rays? (Recall that the phase can be inverted by 
a reflection.) Is the interference constructive, or 
destructive? 

(b) If d is now slowly increased, what is the first 
value of d for which the interference is the same 
as at d > 0? Express your answer in terms of A. 
(c) Suppose the apparatus is first set up as shown 
in the figure. The filament is then removed, and 
n cycles of brightening and dimming are counted 
while the top plate is brought down to d = 0. 
What is the thickness of the filament, in terms 
of n and A? 

Based on a problem by D.J. Raymond. 


—a— 


Problem 13-d6. 


13-d7 (a) A wave pulse moves into a new 
medium, where its velocity is greater by a factor 
a. Find an expression for the fraction, f, of the 
wave energy that is transmitted, in terms of a. 
Note that, as discussed in the text, you cannot 
simply find f by squaring the amplitude of the 
transmitted wave. 

(b) Suppose we wish to transmit a pulse from 
one medium to another, maximizing the fraction 
of the wave energy transmitted. To do so, we 
sandwich another layer in between them, so that 
the wave moves from the initial medium, where 
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its velocity is vı, through the intermediate layer, 
where it is v2, and on into the final layer, where 
it becomes v3. What is the optimal value of v2? 
(Assume that the middle layer is thicker than 
the length of the pulse, so there are no interfer- 
ence effects. Also, although there will be later 
echoes that are transmitted after multiple reflec- 
tions back and forth across the middle layer, you 
are only to optimize the strength of the trans- 
mitted pulse that is first to emerge. In other 
words, it’s simply a matter of applying your an- 
swer from part a twice to find the amount that 
finally gets through.) 


13-d8 The expressions for the amplitudes of 
reflected and transmitted waves depend on the 
unitless ratio v2/vı (or, more generally, on the 
ratio of the impedances). Call this ratio a. (a) 
Show that changing a to 1/a (e.g., by inter- 
changing the roles of the two media) has an effect 
on the reflected amplitude that can be expressed 
in a simple way, and discuss what this means in 
terms of inversion and energy. (b) Find the two 
values of a for which |R| = 1/2. 
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14 Electrical interactions 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


14.1 Charge and Coulomb’s 
law 


It appears superficially that nature has many dif- 
ferent types of forces, such as frictional forces, 
normal forces, sticky forces, the force that lets 
bugs walk on water, the force that makes gun- 
powder explode, and the force that causes honey 
to flow so slowly. Actually, all of the forces on 
this list are manifestations of electrical interac- 
tions at the atomic scale. Like gravity, electric- 
ity is a 1/r? force. The electrical counterpart of 
Newton's law of gravity is Coulomb's law, 


_ kialla] 
=e 


F i (14.1) 
where F is the magnitude of the force, k is a 
universal constant, r is the distance between the 
two interacting objects, and qı and q2 are prop- 
erties of the objects called their electric charges. 
This equation is often written using the alternate 
form of the constant €9 = 1/(4rk). 

Electric charge is measured in units of 
Coulombs, C. Charge is to electricity as mass is 
to gravity. There are two types of charge, which 
are conventionally labeled positive and negative. 
Charges of the same type repel one another, and 
opposite charges attract. Charge is conserved. 

Charge is quantized, meaning that all charges 
are integer multiples of a certain fundamental 
charge e. (The quarks that compose neutrons 
and protons have charges that come in thirds of 


this unit, but quarks are never observed individ- 
ually, only in clusters that have integer multiples 
of e.) The electron has charge —e, the proton +e. 


14.2 The electric field 


Newton conceived of forces as acting instanta- 
neously at a distance. We now know that if 
masses or charges in a certain location are moved 
around, the change in the force felt by a distant 
mass or charge is delayed. The effect travels at 
the speed of light, which according to Einstein’s 
theory of relativity represents a maximum speed 
at which cause and effect can propagate, built in 
to the very structure of space and time. Because 
time doesn’t appear as a variable in Coulomb’s 
law, Coulomb’s law cannot fundamentally be a 
correct description of electrical interactions. It 
is only an approximation, which is valid when 
charges are not moving (the science of electro- 
statics) or when the time lags in the propagation 
of electrical interactions are negligible. These 
considerations imply logically that while an elec- 
trical effect is traveling through space, it has its 
own independent physical reality. We think of 
space as being permeated with an electric field, 
which varies dynamically according to its own 
rules, even if there are no charges nearby. Phe- 
nomena such as visible light and radio waves are 
ripples in the electric (and magnetic) fields. For 
now we will study only static electric fields (ones 
that don’t change with time), but fields come 
into their own when their own dynamics are im- 
portant. 

The electric field E at a given point in space 
can be defined in terms of the electric force F 
that would be exerted on a hypothetical test 
charge q inserted at that point: 


E=—. 
dt 


(14.2) 


By a test charge, we mean one that is small 
enough so that its presence doesn’t disturb the 
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situation that we're trying to measure. From the 
definition, we see that the electric field is a vec- 
tor with units of newtons per coulumb, N/C. Its 
gravitational counterpart is the familiar g, whose 
magnitude on earth is about 9.8 m/s?. Because 
forces combine according to the rules of vector 
addition, it follows that the electric field of a 
combination of charges is the vector sum of the 
fields that would have been produced individu- 
ally by those charges. 

The electric field contains energy. The electri- 
cal energy contained in an infinitesimal volume 


dv is given by dU. = (1/87k) E? dv. 


14.3 Conductors and insula- 
tors 


Some materials, such as metals, are good elec- 
trical conductors, meaning that they contain 
charges that are free to move. A material like 
dry wood is an insulator, because it contains few 
such free charges. When a perfect conductor is in 
static equilibrium, any net charge is on the sur- 
face, and the electric field is zero on its interior. 
The electric field at the surface is perpendicular 
to the surface. 


14.4 The electric dipole 


When an unbalanced distribution of charges is 
subject to an external electric field E, it experi- 
ences a torque T. We define the electric dipole 
moment d to be the vector such that 


T=dxE. (14.3) 


When the total charge is zero, this relation 
uniquely defines d, regardless of the point chosen 
as the axis. In the simplest case, of charges +q 
and —q at opposite ends of a stick of length £, 
the dipole moment has magnitude q£ and points 
from the negative charge to the positive one. The 
potential energy of a dipole in an external field 
is 


U =-d-E. (14.4) 
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14.5 The field of a continu- 
ous charge distribution 


The field of a continuous charge distribution can 
be found by integrating the contribution to the 
field from each infinitesimal part of the distribu- 
tion. 


14.6 Gauss's law 


When we look at the “sea of arrows” represen- 
tation of a field, 14.1/1, there is a natural visual 
tendency to imagine connecting the arrows as in 
14.1/2. The curves formed in this way are called 
field lines, and they have a direction, shown by 
the arrowheads. 


Figure 14.1: Two different representations of an 
electric field. 


Electric field lines originate from positive 
charges and terminate on negative ones. We can 
choose a constant of proportionality that fixes 
how coarse or fine the “grain of the wood” is, 
but once this choice is made the strength of each 
charge is shown by the number of lines that be- 
gin or end on it. For example, figure 14.1/2 
shows eight lines at each charge, so we know that 
q1/q2 = (—8)/8 = —1. Because lines never begin 
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or end except on a charge, we can always find 
the total charge inside any given region by sub- 
tracting the number of lines that go in from the 
number that come out and multiplying by the 
appropriate constant of proportionality. Ignor- 
ing the constant, we can apply this technique to 
figure 14.2 to find q4 = —8, qg = 2 — 2 = 0, and 
qc =5-5=0. 


Figure 14.2: The number of field lines coming 
in and out of each region depends on the total 
charge it encloses. 


Let us now make this description more math- 
ematically precise. Given a smooth, closed sur- 
face such as the ones in figure 14.2, we have an 
inside and an outside, so that at any point on 
the surface we can define a unit normal ñ (i.e., 
a vector with magnitude 1, perpendicular to the 
surface) that points outward. Given an infinitesi- 
mally small piece of the surface, with area dA, we 
define an area vector dA = ndA. The infinites- 
imal flux d9 through this infinitesimal patch of 
the surface is defined as dd = E- dA, and in- 
tegrating over the entire surface gives the total 
flux 6 = fd = [E-dA. Intuitively, the flux 
measures how many field lines pierce the surface. 
Gauss’s law states that 


® 


din = Gp (14.5) 
where qin is the total charge inside a closed sur- 
face, and 9 is the flux through the surface. (In 
terms of the constant ey = 1/(47k), we have 
din = €0®.) 

Unlike Coulomb’s law, Gauss’s law holds in 
all circumstances, even when there are charges 


moving in complicated ways and electromagnetic 
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waves flying around. Gauss’s law can be thought 
of as a definition of electric charge. 


14.7 Gauss’s law in differen- 
tial form 


Gauss’ law is a bit spooky. It relates the field on 
the Gaussian surface to the charges inside the 
surface. What if the charges have been moving 
around, and the field at the surface right now 
is the one that was created by the charges in 
their previous locations? Gauss’ law — unlike 
Coulomb’s law — still works in cases like these, 
but it’s far from obvious how the flux and the 
charges can still stay in agreement if the charges 
have been moving around. 

For this reason, it would be more physically at- 
tractive to restate Gauss’ law in a different form, 
so that it related the behavior of the field at one 
point to the charges that were actually present 
at that point. We define the divergence of the 
electric field, 

OE 


div E = — y 
1V Ap 


OE, 
Oz 


DE, 
Oy 


+ 


Gauss's law in differential form is 


div E = 4rkp. 
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Problems 
14-al The figure shows a neuron, which is 


the type of cell your nerves are made of. Neu- 
rons serve to transmit sensory information to the 
brain, and commands from the brain to the mus- 
cles. All this data is transmitted electrically, but 
even when the cell is resting and not transmit- 
ting any information, there is a layer of negative 
electrical charge on the inside of the cell mem- 
brane, and a layer of positive charge just out- 
side it. This charge is in the form of various 
ions dissolved in the interior and exterior fluids. 
Why would the negative charge remain plastered 
against the inside surface of the membrane, and 
likewise why doesn't the positive charge wander 
away from the outside surface? 


FF++44+4+4+4 


Problem 14-al. 


14-a2 A helium atom finds itself momentar- 
ily in this arrangement. Find the direction and 
magnitude of the force acting on the right-hand 
electron. The two protons in the nucleus are so 
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close together (~ 1 fm) that you can consider 
them as being right on top of each other. 


| 0.1 nm | 0.1 nm | 
O O O 


nucleus electron 
Problem 14-a2. 


v 


electron 


14-a3 The helium atom of problem 14-a2 has 
some new experiences, goes through some life 
changes, and later on finds itself in the config- 
uration shown here. What are the direction and 
magnitude of the force acting on the bottom elec- 
tron? (Draw a sketch to make clear the definition 
you are using for the angle that gives direction.) 


| 0.1 nm | 
O O 


electron nucleus 


0.1 nm 


electron 
Problem 14-a3. 


14-a4 Suppose you are holding your hands in 
front of you, 10 cm apart. 

(a) Estimate the total number of electrons in 
each hand. v 
(b) Estimate the total repulsive force of all the 
electrons in one hand on all the electrons in the 
other. v 
(c) Why don’t you feel your hands repelling each 
other? 

(d) Estimate how much the charge of a proton 
could differ in magnitude from the charge of an 
electron without creating a noticeable force be- 
tween your hands. 
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14-a5 Suppose that a proton in a lead nucleus 
wanders out to the surface of the nucleus, and 
experiences a strong nuclear force of about 8 kN 
from the nearby neutrons and protons pulling it 
back in. Compare this numerically to the repul- 
sive electrical force from the other protons, and 
verify that the net force is attractive. A lead 
nucleus is very nearly spherical, is about 6.5 fm 
in radius, and contains 82 protons, each with a 
charge of +e, where e = 1.60 x 10719 C. 
Vv 


14-a6 The subatomic particles called muons 
behave exactly like electrons, except that a 
muon’s mass is greater by a factor of 206.77. 
Muons are continually bombarding the Earth as 
part of the stream of particles from space known 
as cosmic rays. When a muon strikes an atom, 
it can displace one of its electrons. If the atom 
happens to be a hydrogen atom, then the muon 
takes up an orbit that is on the average 206.77 
times closer to the proton than the orbit of the 
ejected electron. How many times greater is the 
electric force experienced by the muon than that 


previously felt by the electron? 
v 


14-a7 The Earth and Moon are bound to- 
gether by gravity. If, instead, the force of attrac- 
tion were the result of each having a charge of the 
same magnitude but opposite in sign, find the 
quantity of charge that would have to be placed 


on each to produce the required force. 
v 


14-a8 The figure shows one layer of the three- 
dimensional structure of a salt crystal. The 
atoms extend much farther off in all directions, 
but only a six-by-six square is shown here. The 
larger circles are the chlorine ions, which have 
charges of —e, where e = 1.60 x 10-19 C. The 
smaller circles are sodium ions, with charges 
of +e. The center-to-center distance between 
neighboring ions is about 0.3 nm. Real crystals 
are never perfect, and the crystal shown here has 
two defects: a missing atom at one location, and 
an extra lithium atom, shown as a grey circle, 
inserted in one of the small gaps. If the lithium 
atom has a charge of +e, what is the direction 
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and magnitude of the total force on it? Assume 
there are no other defects nearby in the crystal 


besides the two shown here. 
v 
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Problem 14-a8. 


14-a9 In the semifinals of an electrostatic 
croquet tournament, Jessica hits her positively 
charged ball, sending it across the playing field, 
rolling to the left along the x axis. It is repelled 
by two other positive charges. These two equal 
charges are fixed on the y axis at the locations 
shown in the figure. (a) Express the force on 
the ball in terms of the ball's position, x. (b) 
At what value of x does the ball experience the 
greatest deceleration? Express you answer in 
terms of b. [Based on a problem by Halliday 
and Resnick.] 
v 
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Problem 14-a9. 
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14-a10 As shown in the figure, a particle 
of mass m and charge q hangs from a string of 
length £, forming a pendulum fixed at a central 
point. Another charge q is fixed at the same 
distance £, directly below the center. Find the 
equilibrium values of 0 and determine whether 
they are stable or unstable. 

* 


Problem 14-a10. 


14-d1 (a) At time t = 0, a positively charged 
particle is placed, at rest, in a vacuum, in which 
there is a uniform electric field of magnitude E. 
Write an equation giving the particle’s speed, v, 
in terms of t, E, and its mass and charge m and 
q. M 
(b) If this is done with two different objects 
and they are observed to have the same motion, 
what can you conclude about their masses and 
charges? (For instance, when radioactivity was 
discovered, it was found that one form of it had 
the same motion as an electron in this type of 
experiment.) 


14-d2 Three charges are arranged on a square 
as shown. All three charges are positive. What 
value of q2/q1 will produce zero electric field at 
the center of the square? 

Vv 
14-d3 In an electrical storm, the cloud and 
the ground act like a parallel-plate capacitor, 
which typically charges up due to frictional elec- 
tricity in collisions of ice particles in the cold 
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Problem 14-d2. 


upper atmosphere. Lightning occurs when the 
magnitude of the electric field reaches a critical 
value Ee, at which air is ionized. 
(a) Treat the cloud as a flat square with sides of 
length L. If it is at a height h above the ground, 
find the amount of energy released in the light- 
ning strike. v 
(b) Based on your answer from part a, which is 
more dangerous, a lightning strike from a high- 
altitude cloud or a low-altitude one? 
(c) Make an order-of-magnitude estimate of the 
energy released by a typical lightning bolt, as- 
suming reasonable values for its size and altitude. 
E. is about 10% N/C. 

See problem ?? for a note on how recent re- 
search affects this estimate. 


Problem 14-d3. 


14-d4 The figure shows cross-sectional views 
of two cubical capacitors, and a cross-sectional 
view of the same two capacitors put together so 
that their interiors coincide. A capacitor with 
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the plates close together has a nearly uniform 
electric field between the plates, and almost zero 
field outside; these capacitors don't have their 
plates very close together compared to the di- 
mensions of the plates, but for the purposes of 
this problem, assume that they still have approx- 
imately the kind of idealized field pattern shown 
in the figure. Each capacitor has an interior vol- 
ume of 1.00 m, and is charged up to the point 
where its internal field is 1.00 V/m. 
(a) Calculate the energy stored in the electric 
field of each capacitor when they are separate. 
v 
(b) Calculate the magnitude of the interior field 
when the two capacitors are put together in the 
manner shown. Ignore effects arising from the 
redistribution of each capacitor’s charge under 
the influence of the other capacitor. v 
(c) Calculate the energy of the put-together con- 
figuration. Does assembling them like this re- 


lease energy, consume energy, or neither? 
v 


14-g1 The definition of the dipole moment, 
D = >) qur;, involves the vector r; stretching 
from the origin of our coordinate system out to 
the charge qi. There are clearly cases where this 
causes the dipole moment to be dependent on 
the choice of coordinate system. For instance, if 
there is only one charge, then we could make the 
dipole moment equal zero if we chose the origin 
to be right on top of the charge, or nonzero if we 
put the origin somewhere else. 

(a) Make up a numerical example with two 
charges of equal magnitude and opposite sign. 
Compute the dipole moment using two different 
coordinate systems that are oriented the same 
way, but differ in the choice of origin. Comment 
on the result. 

(b) Generalize the result of part a to any pair of 
charges with equal magnitude and opposite sign. 
This is supposed to be a proof for any arrange- 
ment of the two charges, so don’t assume any 
numbers. 

(c) Generalize further, to n charges. 


14-g2 Compare the two dipole moments. 
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Problem 14-g2. 


14-g3 Find an arrangement of charges that 
has zero total charge and zero dipole moment, 
but that will make nonvanishing electric fields. 


14-g4 This is a one-dimensional problem, 
with everything confined to the x axis. Dipole 
A consists of a —1.000 C charge at x = 0.000 m 
and a 1.000 C charge at x = 1.000 m. Dipole 
B has a —2.000 C charge at x = 0.000 m and a 
2.000 C charge at x = 0.500 m. 

(a) Compare the two dipole moments. 

(b) Calculate the field created by dipole A at 
x = 10.000 m, and compare with the field dipole 
B would make. Comment on the result. 

v 
14-g5 A dipole has a midplane, i.e., the plane 
that cuts through the dipole’s center, and is per- 
pendicular to the dipole’s axis. Consider a two- 
charge dipole made of point charges +q located 
at z = +4/2. Use approximations to find the 
field at a distant point in the midplane, and show 
that its magnitude comes out to be kD/R? (half 
what it would be at a point on the axis lying an 
equal distance from the dipole). 


14-j1 Astronomers believe that the mass dis- 
tribution (mass per unit volume) of some galax- 
ies may be approximated, in spherical coordi- 
nates, by p = ae~°", for 0 < r < oo, where p is 
the density. Find the total mass. 
v 

14-j2 A hydrogen atom in a particular state 
has the charge density (charge per unit volume) 
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of the electron cloud given by p = ae" z?, where 


r is the distance from the proton, and z is the co- 
ordinate measured along the z axis. Given that 
the total charge of the electron cloud must be 
—e, find a in terms of the other variables. 

Vv 
14-j3 (a) A rod of length L is uniformly 
charged with charge Q. It can be shown by 
integration that the field at a point lying in 
the midplane of the rod at a distance R is 


E = hAL/[R*./1+12/4R2], where A is the 
charge per unit length. Starting from this 
result, take the limit as the length of the rod 
approaches infinity. Note that A is not changing, 
so as L gets bigger, the total charge Q increases. 


(b) It can be shown that the field of an infinite, 
uniformly charged plane is 2rko0. Now you're 
going to rederive the same result by a different 
method. Suppose that it is the x — y plane that 
is charged, and we want to find the field at the 
point (0,0, z). (Since the plane is infinite, there 
is no loss of generality in assuming x = 0 and 
y = 0.) Imagine that we slice the plane into an 
infinite number of straight strips parallel to the y 
axis. Each strip has infinitesimal width dz, and 
extends from x to x+dx. The contribution any 
one of these strips to the field at our point has a 
magnitude which can be found from part a. By 
vector addition, prove the desired result for the 
field of the plane of charge. 


14-j4 Consider the electric field created by 
a uniformly charged cylindrical surface that ex- 
tends to infinity in one direction. 

(a) Show that the field at the center of the cylin- 
der’s mouth is 27ko, which happens to be the 
same as the field of an infinite flat sheet of 
charge! 

(b) This expression is independent of the radius 
of the cylinder. Explain why this should be so. 
For example, what would happen if you doubled 
the cylinder’s radius? 


14-j5 
field of a point charge is infinite! 


(a) Show that the energy in the electric 
Does the 
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Problem 14-j4. 


integral diverge at small distances, at large 
distances, or both? 

(b) Now calculate the energy in the electric 
field of a uniformly charged sphere with radius 
b. Based on the shell theorem, it can be shown 
that the field for r > b is the same as for a point 
charge, while the field for r < b is kqr/b’. (Ex- 
ample ?? shows this using a different technique.) 


Remark: The calculation in part a seems to show that 
infinite energy would be required in order to create a 
charged, pointlike particle. However, there are processes 
that, for example, create electron-positron pairs, and 
these processes don’t require infinite energy. According 
to Einstein’s famous equation E = mc?, the energy re- 
quired to create such a pair should only be 2mc?, which 
is finite. 
vV 


14-j6 (a) A rod of length L is uniformly 
charged with charge Q. It can be shown by in- 
tegration that the field at a point lying in the 
midplane of the rod at a distance R is E = 


RAL/ |R? TF 1/4R?], where A is the charge 
per unit length. Show that this field reduces to 
E = 2kX/R in the limit of L > oo. 

(b) An infinite strip of width b has a surface 
charge density o. Find the field at a point at 
a distance z from the strip, lying in the plane 
perpendicularly bisecting the strip. v 
(c) Show that this expression has the correct be- 
havior in the limit where z approaches zero, and 
also in the limit of z > b. For the latter, you'll 
need the result of problem 14-j3a, which is given 
on page ??. 


14-j7 A solid cylinder of radius b and length £ 
is uniformly charged with a total charge Q. Find 
the electric field at a point at the center of one 
of the flat ends. 
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Problem 14-36. 


14-m1 A sphere of radius b contains a uni- 
form charge density p. Use Gauss's law to find 
the electric field at radius r < b, and verify that 
the result is the same as the one obtained using 
Newton's shell theorem for gravity. Problem by 
P. Widmann. 

v 


14-m2 A spherical shell of uniform charge 
density p extends from r = a to r = b. Find the 
field in the regions r <a, a < r < b, and r > b. 
Problem by P. Widmann. 

Vv 


14-m3 A piece of metal contains a hollow 
spherical cavity of radius a, and at the center of 
this cavity is a point charge q. Find the charge 
density on the inner surface of the cavity. Prob- 
lem by P. Widmann. 

v 


14-m4 An infinite, uniform slab of charge 
with density p extends from x = 0 to x = h. 
The distant field on the left is zero. Find the 
field in the three regions x < 0,0 < x < h, and 
h < x. Problem by P. Widmann. 

V 


14-m5 Assume the earth is an infinite flat 
sheet, as some persons claim. Flat-earth cos- 
mologies often omit any description of what's on 
the flip side, so let's assume that the gravita- 
tional field is zero there. If the density of the 
earth is 4 g/cm’, find the thickness that the earth 
must have in order to give g = 9.8 m/s? on our 
side. Problem by P. Widmann. 
Vv 


14-m6 (a) Use Gauss’ law to find the field 
inside an infinite cylinder with radius b and uni- 
form charge density p. (The external field has 
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the same form as the one in problem ??.) v 
(b) Check that your answer makes sense on the 
axis. 

(c) Check that the units of your answer make 
sense. 


14-m7 In a certain region of space, the elec- 
tric field is constant (i.e., the vector always has 
the same magnitude and direction). For simplic- 
ity, assume that the field points in the positive 
x direction. (a) Use Gauss’s law to prove that 
there is no charge in this region of space. This is 
most easily done by considering a Gaussian sur- 
face consisting of a rectangular box, whose edges 
are parallel to the z, y, and z axes. 

(b) If there are no charges in this region of space, 
what could be making this electric field? 


14-m8 (a) In a certain region of space, the 
electric field is given by E = brg, where b is a 
constant. Find the amount of charge contained 
within a cubical volume extending from x = 0 to 
x = a, from y = 0 to y = a, and from z = 0 to 
z=a. 

(b) Repeat for E = baz. 

(c) Repeat for E = 13bz2 — 7czy. 

(d) Repeat for E = bx2Z. 


14-m9 Light is a wave made of electric and 
magnetic fields, and the fields are perpendicular 
to the direction of the wave’s motion, i.e., they're 
transverse. An example would be the electric 
field given by E = bxsincz, where b and c are 
constants. (There would also be an associated 
magnetic field.) We observe that light can travel 
through a vacuum, so we expect that this wave 
pattern is consistent with the nonexistence of any 
charge in the space it's currently occupying. Use 
Gauss's law to prove that this is true. 


14-m10 An electric field is given in cylindrical 
coordinates (R, $, 2) by Er = ce "ll R! cos? ¢, 
where the notation Ep indicates the component 
of the field pointing directly away from the axis, 
and the components in the other directions are 
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zero. (This isn't a completely impossible ex- 
pression for the field near a radio transmitting 
antenna.) (a) Find the total charge enclosed 
within the infinitely long cylinder extending from 
the axis out to R = b. (b) Interpret the R- 
dependence of your answer to part a. 


14-m11 An electron in an atom acts like a 
probability cloud surrounding the nucleus. For 
a hydrogen atom in its lowest-energy state, the 
probability falls off exponentially, so we can 
mock this up with a charge density p = pye””/%, 
where r is the distance from the nucleus, and 
po and a are constants. Find the electric field. 


Problem by P. Widmann. 
Vv 


15 The electric potential 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


15.1 The electric potential 


When a test charge q is at a particular posi- 
tion in a static electric field, it has an electri- 
cal potential energy U. The electrical poten- 
tial energy per unit charge, U/q, is called the 
electric potential, notated V, p, or ®, and mea- 
sured in units of volts, V. Because it is defined 
in terms of a potential energy, the electric poten- 
tial is only defined up to an additive constant. 
In the context of an electric circuit, we often use 
the synonym “voltage” for the electric potential. 
Voltage differences are measured by a voltmeter, 
which reads the difference in potential between 
its two probes. A voltmeter is wired in parallel 
with a circuit, and an ideal voltmeter acts like 
a perfect insulator, so that no charge ever flows 
through it. 

In one dimension, the electric field and electric 
potential are related by 


or equivalently, via the fundamental theorem of 
calculus, 


Ves -VWia)= a Bis 


Generalizing to three dimensions, 


E=-VV 


(involving the gradient operator V) and 
AV =- j E. dx 


(in terms of a path integral). In electrostatics, 
the path integral in the latter equation is inde- 
pendent of the path taken. 

Since the field of a charge distribution depends 
additively upon the charges, the same is true of 
the potential. Given a continuous charge distri- 
bution, it is sometimes easier to find the poten- 
tial by integration than the field, since the po- 
tential is a scalar. Having found the potential, 
one can always take the gradient to find the field. 


15.2 Capacitance 


A capacitor is a device that stores energy in 
an electric field. The simplest example con- 
sists of two parallel conducting plates. The en- 
ergy is proportional to the square of the field 
strength, which is proportional to the charges on 
the plates. If we assume the plates carry charges 
that are the same in magnitude, +q and —q, then 
the energy stored in the capacitor must be pro- 
portional to q?. For historical reasons, we write 
the constant of proportionality as 1/2C, 


The constant C is a geometrical property of 
the capacitor, called its capacitance. Based on 
this definition, the units of capacitance must 
be coulombs squared per joule, and this com- 
bination is more conveniently abbreviated as the 
farad, 1 F = 1 C?/J. 

Voltage is electrical potential energy per unit 
charge, so the voltage difference across a capaci- 
tor is related to the amount by which its energy 
would increase if we increased the absolute val- 
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ues of the charges on the plates from q to q + Aq: 


V= (Eq+Aq = E¿)/Aq 


-Afl 
= Ag (201 


Many books use this as the definition of capac- 
itance. It follows from this relation that capac- 
itances in parallel add, Cequivalent = C1 + Co, 
whereas when they are wired in series, it is their 
inverses that add, CG. =O EOS 


equivalent 


15.3 Dielectrics 


Many electrically insulating materials fall into a 
category known as dielectrics. Such materials 
can be modeled as containing many microscopic 
dipoles (molecules) that are randomly oriented 
but can become aligned when subjected to an 
external field. When we apply Gauss's law to a 
region of space in which a dielectric is present, 
the charge can have contributions both from free 
charges (such as the ones that flow in a circuit) 
measurable with measuring devices such as am- 
meters, but also from the bound, microscopic 
charges inside the dipoles. It can therefore be 
useful to rewrite Gauss’s law as 


Op = Gree, 


where 
D = E. 


When the field is constant over time and not 
too strong, € is approximately constant, and is 
a property of the material called its permittiv- 
ity. In a vacuum, e = 1/4rk, referred to as €p, 
while a dielectric has e > €. With time-varying 
fields, most materials have permittivities that 
are highly frequency-dependent. For materials 
such as crystals, which have special directions 
defined by the regular atomic lattice, € cannot 
be modeled as a scalar, and the relation between 
D and E becomes more complicated. 
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When a capacitor has the space between its 
electrodes filled with a dielectric, its capacitance 
is increased by the factor €/€o. 

At a boundary between two different materi- 
als, if there is no free charge at the boundary, 
the components of the fields D, and E; are con- 
tinuous. 


15.4 Poisson's equation and 
Laplace's equation 


Gauss’s law, div E = 47 kp, can also be stated in 
terms of the potential. Since E = VV, we have 
div VV = 4rkp. If we work out the combination 
of operators div V in a Cartesian coordinate sys- 
tem, we get 02/01? + 0?/0y? + 07/027, which 
is called the Laplacian and notated V?. The 
version of Gauss’s law written in terms of the 
potential, 
V?V = 4rkp, 


is called Poisson’s equation, while in the special 
case of a vacuum, with p = 0, we have 


V?V = 0, 


known as Laplace’s equation. Many problems 
in electrostatics can be stated in terms of find- 
ing potential that satisfies Laplace’s equation, 
usually with some set of boundary conditions. 
For example, if an infinite parallel-plate capac- 
itor has plates parallel to the x-y plane at cer- 
tain given potentials, then these plates form a 
boundary for the region between the plates, and 
Laplace’s equation has a solution in this region 
of the form V = az +b. It’s easy to verify that 
this is a solution of Laplace’s equation, since all 
three of the partial derivatives vanish. 


15.5 The method of images 


A car’s radio antenna is usually in the form of 
a whip sticking up above its metal roof. This 
is an example involving radio waves, which are 
time-varying electric and magnetic fields, but a 
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similar, simpler electrostatic example is the fol- 
lowing. Suppose that we position a charge q > 0 
at a distance £ from a conducting plane. What 
is the resulting electric field? The conductor has 
charges that are free to move, and due to the field 
of the charge q, we will end up with a net concen- 
tration of negative charge in the part of the plane 
near q. The field in the vacuum surrounding q 
will be a sum of fields due to q and fields due 
to these charges in the conducting plane. The 
problem can be stated as that of finding a so- 
lution to Poisson's equation with the boundary 
condition that V = 0 at the conducting plane. 
Figure 15.1/1 shows the kind of field lines we 
expect. 


{4 


Figure 15.1: The method of images. 


This looks like a very complicated problem, 
but there is trick that allows us to find a sim- 
ple solution. We can convert the problem into 
an equivalent one in which the conductor isn’t 
present, but a fictitious image charge —q is 
placed at an equal distance behind the plane, 
like a reflection in a mirror, as in figure 15.1/2. 
The field is then simply the sum of the fields of 
the charges q and —q, so we can either add the 
field vectors or add the potentials. By symmetry, 
the field lines are perpendicular to the plane, so 
the plane is an surface of constant potential, as 
required. 
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Problems 
15-al The gap between the electrodes in an 


automobile engine’s spark plug is 0.060 cm. To 
produce an electric spark in a gasoline-air mix- 
ture, an electric field of 3.0 x 10° V/m must be 
achieved. On starting a car, what minimum volt- 
age must be supplied by the ignition circuit? As- 
sume the field is uniform. v 
(b) The small size of the gap between the elec- 
trodes is inconvenient because it can get blocked 
easily, and special tools are needed to measure it. 
Why don’t they design spark plugs with a wider 
gap? 


15-a2 In our by-now-familiar neuron, the 
voltage difference between the inner and outer 
surfaces of the cell membrane is about Vout — 
Vin = —70 mV in the resting state, and the thick- 
ness of the membrane is about 6.0 nm (i.e., only 
about a hundred atoms thick). What is the elec- 


tric field inside the membrane? 
v 


FFFFFFFFF 


Problem 15-a2. 
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15-a3 The neuron in the figure has been 
drawn fairly short, but some neurons in your 
spinal cord have tails (axons) up to a meter long. 
The inner and outer surfaces of the membrane 
act as the “plates” of a capacitor. (The fact that 
it has been rolled up into a cylinder has very 
little effect.) In order to function, the neuron 
must create a voltage difference V between the 
inner and outer surfaces of the membrane. Let 
the membrane’s thickness, radius, and length be 
t, r, and L. (a) Calculate the energy that must 
be stored in the electric field for the neuron to do 
its job. (In real life, the membrane is made out 
of a substance called a dielectric, whose electri- 
cal properties increase the amount of energy that 
must be stored. For the sake of this analysis, ig- 
nore this fact.) vV 
(b) An organism's evolutionary fitness should be 
better if it needs less energy to operate its ner- 
vous system. Based on your answer to part a, 
what would you expect evolution to do to the di- 
mensions t and r? What other constraints would 
keep these evolutionary trends from going too 
far? 


15-a4 The figure shows a simplified diagram 
of an electron gun such as the one that creates 
the electron beam in a TV tube. Electrons that 
spontaneously emerge from the negative elec- 
trode (cathode) are then accelerated to the posi- 
tive electrode, which has a hole in it. (Once they 
emerge through the hole, they will slow down. 
However, if the two electrodes are fairly close 
together, this slowing down is a small effect, be- 
cause the attractive and repulsive forces experi- 
enced by the electron tend to cancel.) 
(a) If the voltage difference between the elec- 
trodes is AV, what is the velocity of an electron 
as it emerges at B? Assume that its initial ve- 
locity, at A, is negligible, and that the velocity 
is nonrelativistic. (If you haven’t read ch. 7 yet, 
don’t worry about the remark about relativity.) 
Vv 
(b) Evaluate your expression numerically for the 
case where AV=10 kV, and compare to the 


PROBLEMS 


speed of light. If you've read ch. 7 already, com- 
ment on whether the assumption of nonrelativis- 
tic motion was justified. 

Vp Solution, p. 354 


15-a5 The figure shows a simplified diagram 
of a device called a tandem accelerator, used for 
accelerating beams of ions up to speeds on the 
order of 1-10% of the speed of light. (Since these 
velocities are not too big compared to c, you can 
use nonrelativistic physics throughout this prob- 
lem.) The nuclei of these ions collide with the 
nuclei of atoms in a target, producing nuclear 
reactions for experiments studying the structure 
of nuclei. The outer shell of the accelerator is 
a conductor at zero voltage (i.e., the same volt- 
age as the Earth). The electrode at the cen- 
ter, known as the “terminal,” is at a high posi- 
tive voltage, perhaps millions of volts. Negative 
ions with a charge of —1 unit (i.e., atoms with 
one extra electron) are produced offstage on the 
right, typically by chemical reactions with ce- 
sium, which is a chemical element that has a 
strong tendency to give away electrons. Rela- 
tively weak electric and magnetic forces are used 
to transport these —1 ions into the accelerator, 
where they are attracted to the terminal. Al- 
though the center of the terminal has a hole in it 
to let the ions pass through, there is a very thin 
carbon foil there that they must physically pen- 
etrate. Passing through the foil strips off some 
number of electrons, changing the atom into a 
positive ion, with a charge of +n times the funda- 
mental charge. Now that the atom is positive, it 
is repelled by the terminal, and accelerates some 
more on its way out of the accelerator. 

(a) Find the velocity, v, of the emerging beam 
of positive ions, in terms of n, their mass m, the 
terminal voltage V, and fundamental constants. 
Neglect the small change in mass caused by the 
loss of electrons in the stripper foil. v 


(b) To fuse protons with protons, a minimum 
beam velocity of about 11% of the speed of light 
is required. What terminal voltage would be 
needed in this case? v 
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(c) In the setup described in part b, we need a 
target containing atoms whose nuclei are single 
protons, i.e., a target made of hydrogen. Since 
hydrogen is a gas, and we want a foil for our 
target, we have to use a hydrogen compound, 
such as a plastic. Discuss what effect this would 
have on the experiment. 


positive negative 


E 


ions ions 


Problem 15-a5. 


15-d1 A hydrogen atom is electrically neu- 
tral, so at large distances, we expect that it will 
create essentially zero electric field. This is not 
true, however, near the atom or inside it. Very 
close to the proton, for example, the field is very 
strong. To see this, think of the electron as a 
spherically symmetric cloud that surrounds the 
proton, getting thinner and thinner as we get 
farther away from the proton. (Quantum me- 
chanics tells us that this is a more correct pic- 
ture than trying to imagine the electron orbiting 
the proton.) Near the center of the atom, the 
electron cloud’s field cancels out by symmetry, 
but the proton’s field is strong, so the total field 
is very strong. The potential in and around the 
hydrogen atom can be approximated using an 
expression of the form V = r~te~". (The units 
come out wrong, because I’ve left out some con- 
stants.) Find the electric field corresponding to 
this potential, and comment on its behavior at 
very large and very small r. 
> Solution, p. 354 


15-d2 (a) Given that the on-axis field of a 
dipole at large distances is proportional to D/r?, 
show that its potential varies as D/r?. (Ignore 
positive and negative signs and numerical con- 
stants of proportionality.) 

(b) Write down an exact expression for the po- 
tential of a two-charge dipole at an on-axis point, 
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without assuming that the distance is large com- 
pared to the size of the dipole. Your expression 
will have to contain the actual charges and size of 
the dipole, not just its dipole moment. Now use 
approximations to show that, at large distances, 
this is consistent with your answer to part a. 


15-d3 A carbon dioxide molecule is struc- 
tured like O-C-O, with all three atoms along a 
line. The oxygen atoms grab a little bit of ex- 
tra negative charge, leaving the carbon positive. 
The molecule’s symmetry, however, means that 
it has no overall dipole moment, unlike a V- 
shaped water molecule, for instance. Whereas 
the potential of a dipole of magnitude D is 
proportional to D/r?, (see problem 15-d2), it 
turns out that the potential of a carbon dioxide 
molecule at a distant point along the molecule’s 
axis equals b/r?, where r is the distance from the 
molecule and b is a constant (cf. problem 14-g3). 
What would be the electric field of a carbon diox- 
ide molecule at a point on the molecule’s axis, at 


a distance r from the molecule? 
v 


15-d4 A proton is in a region in which the 
electric field is given by E = a+ bz?. If the 
proton starts at rest at x; = 0, find its speed, v, 
when it reaches position x2. Give your answer in 
terms of a, b, x2, and e and m, the charge and 
mass of the proton. 

Vv 
15-g1 The figure shows a vacuum chamber 
surrounded by four metal electrodes shaped like 
hyperbolas. (Yes, physicists do sometimes ask 
their university machine shops for things ma- 
chined in mathematical shapes like this. They 
have to be made on computer-controlled mills.) 
We assume that the electrodes extend far into 
and out of the page along the unseen z axis, 
so that by symmetry, the electric fields are the 
same for all z. The problem is therefore effec- 
tively two-dimensional. Two of the electrodes 
are at voltage +V,, and the other two at —Vo, as 
shown. The equations of the hyperbolic surfaces 
are |xy| = b?, where b is a constant. (We can in- 
terpret b as giving the locations z = +b, y = +b 
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of the four points on the surfaces that are closest 
to the central axis.) There is no obvious, pedes- 
trian way to determine the field or potential in 
the central vacuum region, but there’s a trick 
that works: with a little mathematical insight, 
we see that the potential V = V¿b7*xy is consis- 
tent with all the given information. (Mathemati- 
cians could prove that this solution was unique, 
but a physicist knows it on physical grounds: if 
there were two different solutions, there would be 
no physical way for the system to decide which 
one to do!) 

(a) Find the field in the vacuum region. 

(b) Sketch the field as a “sea of arrows.” 


v 
a E 
Problem 15-g1. 


15-82 (a) A certain region of three- 
dimensional space has a potential that varies as 
V = br?, where r is the distance from the origin. 
Find the field. v 
(b) Write down another potential that gives ex- 
actly the same field. 


15-j1 Find the capacitance of the surface of 
the earth, assuming there is an outer spherical 
“plate” at infinity. (In reality, this outer plate 
would just represent some distant part of the 
universe to which we carried away some of the 
earth’s charge in order to charge up the earth.) 
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15-32 Find the energy stored in a capacitor 
in terms of its capacitance and the voltage dif- 
ference across it. 

Vv 
15-j3 A capacitor has parallel plates of area 
A, separated by a distance h. If there is a vac- 
uum between the plates, then Gauss’s law gives 
E = 4rko = 4rkq/A for the field between the 
plates, and combining this with E = V/h, we 
find C = q/V = (1/47k)A/h. (a) Generalize 
this derivation to the case where there is a di- 
electric between the plates. (b) Suppose we have 
a list of possible materials we could choose as 
dielectrics, and we wish to construct a capacitor 
that will have the highest possible energy den- 
sity, U./v, where v is the volume. For each di- 
electric, we know its permittivity e, and also the 
maximum electric field E it can sustain without 
breaking down and allowing sparks to cross be- 
tween the plates. Write the maximum energy 
density in terms of these two variables, and de- 
termine a figure of merit that could be used to 
decide which material would be the best choice. 


15-m1 A charged particle of mass m and 
charge q is below a horizontal conducting plane. 
We wish to find the distance £ between the par- 
ticle and the plane so that the particle will be in 
equilibrium, with its weight supported by elec- 
trostatic forces. 

(a) Determine as much as possible about the 
form of the answer based on units. 

(b) Find the full result for £. 

(c) Show that the equilibrium is unstable. 


15-m2 A point charge q is situated in the 
empty space inside a corner formed by two per- 
pendicular half-planes made of sheets of metal. 
Let the sheets lie in the y-z and z-z planes, so 
that the charge's distances from the planes are 
x and y. Both x and y are positive. The charge 
will accelerate due to the electrostatic forces 
exerted by the sheets. We wish to find the 
direction 6 in which it will accelerate, expressed 
as an angle counterclockwise from the negative 
x axis, so that 0 < 0 < 7/2. 
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(a) Determine as much as possible about the 
form of the answer based on units. 
(b) Find the full result for 0. 


°q 


Problem 15-m2. 


174 CHAPTER 15. THE ELECTRIC POTENTIAL 


16 Circuits 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


16.1 Current 


Electric current is defined as the rate of flow of 
charge through a boundary, I = dq/ dt. Its units 
of coulombs/second are more conveniently ab- 
breviated as amperes, 1 A=1 C/s. Current is 
measured by an ammeter, which allows current 
to flow through itself. An ammeter is wired in 
series with a circuit, which requires breaking the 
circuit in order to insert the meter. An ideal 
ammeter acts like a perfect conductor. 

The power dissipated, transformed, or released 
in an electric circuit element is given by P = 
IAV. 


16.2 Resistance 


Current will not flow at all through a perfect in- 
sulator. When a material is neither a perfect 
insulator nor a perfect insulator, then current 
can flow through it, and the result in terms of 
energy is that electrical energy is transformed 
into heat. For many materials, under some fairly 
large range of electric fields, the density of cur- 
rent is proportional to the electric field. When a 
two-terminal device is formed from such a mate- 
rial, and a voltage difference is applied across it, 
then the current flowing through it is given by 
Ohm's law, J = AV/R, where R, called the resis- 
tance, depends on both the geometry of the de- 
vice and the material of which it is constructed. 


Despite the name, Ohm’s law is not a law of na- 
ture, and it is often violated. Some substances, 
such as gases, never obey Ohm’s law; we say that 
they are not “ohmic.” The units of resistance are 
abbreviated as ohms, 1 Q = 1 V/A. 

Resistances in series add, Reguivalent = Ri + 
Ro, while in parallel R71 Son + R3.. 


equivalent 


16.3 The loop and junction 
rules 


Kirchoff’s junction rule is a statement of conser- 
vation of charge. It says that the sum of the 
currents flowing into any junction in a circuit 
must be zero (if the junction has no way to store 
charge). 

Kirchoff’s loop rule is a statement of conser- 
vation of energy. For any loop in a circuit, the 
sum of the voltage drops must be zero. 
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Problems 
16-al In a wire carrying a current of 1.0 pA, 


how long do you have to wait, on the average, for 
the next electron to pass a given point? Express 
your answer in units of microseconds. 

> Solution, p. 357 


16-a2 Referring back to our old friend the 
neuron from problem 14-al on page 158, let’s 
now consider what happens when the nerve is 
stimulated to transmit information. When the 
blob at the top (the cell body) is stimulated, 
it causes Nat ions to rush into the top of the 
tail (axon). This electrical pulse will then travel 
down the axon, like a flame burning down from 
the end of a fuse, with the Nat ions at each 
point first going out and then coming back in. 
If 10!° Nat ions cross the cell membrane in 0.5 


ms, what amount of current is created? 
V 


Problem 16-a2. 


16-a3 Lightning discharges a cloud during an 
electrical storm. Suppose that the current in the 
lightning bolt varies with time as / = bt, where 
b is a constant. Find the cloud's charge as a 


function of time. 
v 


16-a4 (a) You take an LP record out of its 
sleeve, and it acquires a static charge of 1 nC. 
You play it at the normal speed of 333 r.p.m., 
and the charge moving in a circle creates an elec- 
tric current. What is the current, in amperes? 

Vv 
(b) Although the planetary model of the atom 
can be made to work with any value for the ra- 
dius of the electrons’ orbits, more advanced mod- 
els that we will study later in this course predict 
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definite radii. If the electron is imagined as cir- 
cling around the proton at a speed of 2.2 x 10® 
m/s, in an orbit with a radius of 0.05 nm, what 


electric current is created? 
Vv 


Problem 16-a4. 


16-a5 A silk thread is uniformly charged 
by rubbing it with llama fur. The thread is 
then dangled vertically above a metal plate and 
released. As each part of the thread makes 
contact with the conducting plate, its charge is 
deposited onto the plate. Since the thread is 
accelerating due to gravity, the rate of charge 
deposition increases with time, and by time t 
the cumulative amount of charge is q = ct?, 
where c is a constant. (a) Find the current 
flowing onto the plate. v 
(b) Suppose that the charge is immediately 
carried away through a resistance R. Find the 
power dissipated as heat. v 


16-a6 In AM (amplitude-modulated) radio, 
an audio signal f(t) is multiplied by a sine wave 
sinwt in the megahertz frequency range. For 
simplicity, let's imagine that the transmitting 
antenna is a whip, and that charge goes back 
and forth between the top and bottom. Suppose 
that, during a certain time interval, the audio 
signal varies linearly with time, giving a charge 
q = (a + bt) sin wt at the top of the whip and —q 
at the bottom. Find the current as a function of 
time. 


v 


16-d1 If a typical light bulb draws about 900 
mA from a 110 V household circuit, what is its 
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resistance? (Don’t worry about the fact that it’s 
alternating current.) 

v 
16-d2 (a) Express the power dissipated by a 
resistor in terms of R and AV only, eliminating 
I. v 
(b) Electrical receptacles in your home are 
mostly 110 V, but circuits for electric stoves, air 
conditioners, and washers and driers are usually 
220 V. The two types of circuits have differently 
shaped receptacles. Suppose you rewire the plug 
of a drier so that it can be plugged in to a 110 V 
receptacle. The resistor that forms the heating 
element of the drier would normally draw 200 W. 
How much power does it actually draw now? 

v 

16-d3 A resistor has a voltage difference AV 
across it, causing a current I to flow. 
(a) Find an equation for the power it dissipates 
as heat in terms of the variables J and R only, 
eliminating AV. Vv 
(b) If an electrical line coming to your house 
is to carry a given amount of current, interpret 
your equation from part a to explain whether the 
wire’s resistance should be small, or large. 


16-d4 We have referred to resistors dissipat- 
ing heat, i.e., we have assumed that P = [AV 
is always greater than zero. Could [AV come 
out to be negative for a resistor? If so, could 
one make a refrigerator by hooking up a resistor 
in such a way that it absorbed heat instead of 
dissipating it? 


16-d5 What resistance values can be created 
by combining a 1 kQ resistor and a 10 kQ resis- 
tor? 
> Solution, p. 357 

16-d6 Wire is sold in a series of standard 
diameters, called “gauges.” The difference in di- 
ameter between one gauge and the next in the 
series is about 20%. How would the resistance 
of a given length of wire compare with the re- 
sistance of the same length of wire in the next 


gauge in the series? 
vV 


177 


16-g1 You are given a battery, a flashlight 
bulb, and a single piece of wire. Draw at least 
two configurations of these items that would re- 
sult in lighting up the bulb, and at least two 
that would not light it. (Don’t draw schemat- 
ics.) Note that the bulb has two electrical con- 
tacts: one is the threaded metal jacket, and the 
other is the tip (at the bottom in the figure). 

If you're not sure what's going on, there are 
a couple of ways to check. The best is to try 
it in real life by either borrowing the materi- 
als from your instructor or scrounging the ma- 
terials from around the house. (If you have a 
flashlight with this type of bulb, you can remove 
the bulb.) Another method is to use the simu- 
lation at phet.colorado.edu/en/simulation/ 
circuit-construction-kit-dc. 


[Problem by Arnold Arons.] 


Sum 


Problem 16-g1. 


16-g2 You have to do different things with 
a circuit to measure current than to measure a 
voltage difference. Which would be more practi- 
cal for a printed circuit board, in which the wires 
are actually strips of metal embedded inside the 
board? 

> Solution, p. 358 


Problem 16-g2. 
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16-83 The figure shows a circuit containing 
five lightbulbs connected to a battery. Suppose 
you're going to connect one probe of a voltmeter 
to the circuit at the point marked with a dot. 
How many unique, nonzero voltage differences 
could you measure by connecting the other probe 
to other wires in the circuit? 


ORO 
og 


Problems 16-g3 and 16-g4. 


16-g4 The lightbulbs in the figure are all iden- 
tical. If you were inserting an ammeter at various 
places in the circuit, how many unique currents 
could you measure? If you know that the current 
measurement will give the same number in more 
than one place, only count that as one unique 
current. 


16-g5 In the figure, the battery is 9 V. 

(a) What are the voltage differences across each 
light bulb? v 
(b) What current flows through each of the three 
components of the circuit? v 
(c) If a new wire is added to connect points A and 
B, how will the appearances of the bulbs change? 
What will be the new voltages and currents? 
(d) Suppose no wire is connected from A to B, 
but the two bulbs are switched. How will the 
results compare with the results from the original 
setup as drawn? 
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B 
Problem 16-g5. 


16-g6 A student in a biology lab is given 
the following instructions: “Connect the cerebral 
eraser (C.E.) and the neural depolarizer (N.D.) 
in parallel with the power supply (P.S.). (Un- 
der no circumstances should you ever allow the 
cerebral eraser to come within 20 cm of your 
head.) Connect a voltmeter to measure the volt- 
age across the cerebral eraser, and also insert 
an ammeter in the circuit so that you can make 
sure you don’t put more than 100 mA through 
the neural depolarizer.” The diagrams show two 
lab groups’ attempts to follow the instructions. 
(a) Translate diagram a into a standard-style 
schematic. What is correct and incorrect about 
this group’s setup? (b) Do the same for diagram 
b. 


16-g7 A 1.0 Q toaster and a 2.0 Q lamp are 
connected in parallel with the 110-V supply of 
your house. (Ignore the fact that the voltage is 
AC rather than DC.) 
(a) Draw a schematic of the circuit. 
(b) For each of the three components in the cir- 
cuit, find the current passing through it and the 
voltage drop across it. v 
(c) Suppose they were instead hooked up in se- 
ries. Draw a schematic and calculate the same 
things. 

v 


16-g8 The heating element of an electric stove 
is connected in series with a switch that opens 
and closes many times per second. When you 
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Problem 16-86. 


turn the knob up for more power, the fraction 
of the time that the switch is closed increases. 
Suppose someone suggests a simpler alternative 
for controlling the power by putting the heat- 
ing element in series with a variable resistor con- 
trolled by the knob. (With the knob turned all 
the way clockwise, the variable resistor's resis- 
tance is nearly zero, and when it's all the way 
counterclockwise, its resistance is essentially in- 
finite.) (a) Draw schematics. (b) Why would the 
simpler design be undesirable? 


16-g9 You have a circuit consisting of two 
unknown resistors in series, and a second circuit 
consisting of two unknown resistors in parallel. 
(a) What, if anything, would you learn about the 
resistors in the series circuit by finding that the 
currents through them were equal? 

(b) What if you found out the voltage differ- 
ences across the resistors in the series circuit were 
equal? 

(c) What would you learn about the resistors in 


179 


the parallel circuit from knowing that the cur- 
rents were equal? 

(d) What if the voltages in the parallel circuit 
were equal? 


16-g10 How many different resistance values 
can be created by combining three unequal resis- 
tors? (Don’t count possibilities in which not all 
the resistors are used, i.e., ones in which there is 
zero current in one or more of them.) 


16-g11 Suppose six identical resistors, each 
with resistance R, are connected so that they 
form the edges of a tetrahedron (a pyramid with 
three sides in addition to the base, i.e., one less 
side than an Egyptian pyramid). What resis- 
tance value or values can be obtained by making 
connections onto any two points on this arrange- 
ment? 
> Solution, p. 360 


16-g12 A person in a rural area who has no 
electricity runs an extremely long extension cord 
to a friend’s house down the road so she can run 
an electric light. The cord is so long that its 
resistance, x, is not negligible. Show that the 
lamp’s brightness is greatest if its resistance, y, 
is equal to x. Explain physically why the lamp 
is dim for values of y that are too small or too 
large. 


16-813 All three resistors have the same re- 
sistance, R. Find the three unknown currents in 
terms of Vj, Va, and R. 

Vv 


Problem 16-g13. 
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16-g14 The figure shows two possible ways of 
wiring a flashlight with a switch. Both will serve 
to turn the bulb on and off, although the switch 
functions in the opposite sense. Why is method 
1 preferable? 


nie 


Problem 16-g14. 


16-g15 The bulbs are all identical. Which 


one doesn’t light up? 


Problem 16-g15. 


16-816 Each bulb has a resistance of one 
ohm. How much power is drawn from the one- 
volt battery? 


v 
16-g17 The bulbs all have unequal resis- 
tances. Given the three currents shown in the 


figure, find the currents through bulbs A, B, C, 
and D. 
vV 


16-g18 It’s fairly common in electrical cir- 
cuits for additional, undesirable resistances to 
occur because of factors such as dirty, corroded, 
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Problem 16-g16. 


Problem 16-g17. 


or loose connections. Suppose that a device with 
resistance R normally dissipates power P, but 
due to an additional series resistance r the total 
power is reduced to P’. We might, for example, 
detect this change because the battery powering 
our device ran down more slowly than normal. 
(a) Find the unknown resistance r. v 
(b) Check that the units of your result make 
sense. 

(c) Check that your result makes sense in the 
special cases P’ = P and P’ = 0. 

(d) Suppose we redefine P’ as the useful power 
dissipated in R. For example, this would be the 
change we would notice because a flashlight was 
dimmer. Find r. 

vV 
16-j1 Suppose a parallel-plate capacitor is 
built so that a slab of dielectric material can 
be slid in or out. (This is similar to the way a 
stud finder works.) We insert the dielectric, hook 
the capacitor up to a battery to charge it, and 
then use an ammeter and a voltmeter to observe 
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what happens when the dielectric is withdrawn. 
Predict the changes observed on the meters, and 
correlate them with the expected change in ca- 
pacitance. Discuss the energy transformations 
involved, and determine whether positive or neg- 
ative work is done in removing the dielectric. 


Problem 16-j1. 


16-32 Repeat problem 16-31, but with one 
change in the procedure: after we charge the ca- 
pacitor, we open the circuit, and then continue 
with the observations. 
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17 Basics of relativity 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


17.1 The Lorentz transfor- 
mation 


There is a saying among biologists that with- 
out evolution, nothing in biology makes sense. 
Similarly, it is impossible to make sense out of 
electricity and magnetism, beyond simple elec- 
trostatics and DC circuits, without understand- 
ing a few basic ideas about Einstein’s theory of 
special relativity. 

According to Galileo and Newton, motion is 
relative but time is absolute. This theory of time 
and space is called Galilean relativity. Accord- 
ing to Galilean relativity, observers in different 
states of motion will have position and time coor- 
dinates that relate to one another in the manner 
shown in figure 17.1. 

Experiments show that this absoluteness of 
time is only an approximation, valid at low 
speeds. At high speeds, or with sufficiently pre- 
cise experiments, we find that time is relative. 
Although this idea dates back to a 1905 paper 
by Einstein, and certain types of indirect exper- 
imental evidence go back as far as the 19th cen- 
tury, modern technology has made it easier to 
demonstrate this in more direct and conceptually 
simple experiments. In 2010, for example, Chou 
et al. succeeded in building an atomic clock ac- 
curate enough to detect an effect at speeds as 
low as 10 m/s. The correct relationship between 
time and space in different frames of reference, 
proposed mathematically by Lorentz and inter- 
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Figure 17.1: The relationship between time and 
space coordinates in two different frames of ref- 
erence, according to Galilean relativity. 


preted correctly by Einstein, is called the Lorentz 
transformation, figure 17.2. 


Figure 17.2: The Lorentz transformation. 


The Lorentz transformation shown in the fig- 
ure has a simple symmetry with respect to a flip 
across the diagonal. This symmetry is present 
only when we use units specially adapted to rel- 
ativity. In such units, the slope of the 45-degree 
diagonal is a special speed having the value 1, 
and time and space are measured in the same 
units. In SI units, this special speed is notated 
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c, and it has a defined value, equal to approx- 
imately 3.0 x 108 m/s. One of the predictions 
of relativity is that anything without mass must 
move at this speed. 

Since light was historically the first example 
encountered, c is often referred to as the speed 
of light, but relativity tells us that it is better to 
think of c as a kind of conversion factor between 
space and time. 

The speed c has the following fundamentally 
important properties. It is the only speed that 
observers in different states of motion agree on. 
It is the speed at which massless objects always 
travel, and it is an ultimate speed limit for mas- 
sive objects. It is the maximum speed of propa- 
gations for signals or for any mechanism of cause 
and effect. 

The Lorentz transformation can be expressed 
algebraically, although it would be a distraction 
to do so here. Its form is determined entirely by 
the facts that (1) the slope of the t’ axis is the 
velocity of one observer relative to the other, (2) 
the main diagonal keeps the same slope, and (3) 
the area of the boxes is preserved in the trans- 
formation. 


17.2 Length contraction and 
time dilation 


From these facts about the Lorentz transforma- 
tion, it can be shown that different observers dis- 
agree about lengths and times in the following 
way. Let y =1/y1-— v?, where v is the velocity 
of one observer relative to another. (In SI units, 
substitute v/c for v.) 

A clock appears to run fastest to an observer 
at rest relative to the clock. According to other 
observers, the clock’s rate is lower by a factor of 
y. 

A meter stick appears longest to an observer at 
rest relative to the stick. An observer in motion 
parallel to the stick measures the stick to have 
been shortened by a factor of y. 
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Problems 


17-al The figure illustrates a Lorentz trans- 
formation using the conventions described in 
sec. 17.1, p. 181. For simplicity, the transforma- 
tion chosen is one that lengthens one diagonal 
by a factor of 2. Since Lorentz transformations 
preserve area, the other diagonal is shortened by 
a factor of 2. Let the original frame of refer- 
ence, depicted with the square, be A, and the 
new one B. (a) By measuring with a ruler on the 
figure, show that the velocity of frame B rela- 
tive to frame A is 0.6c. (b) Print out a copy of 
the page. With a ruler, draw a third parallelo- 
gram that represents a second successive Lorentz 
transformation, one that lengthens the long di- 
agonal by another factor of 2. Call this third 
frame C. Use measurements with a ruler to de- 
termine frame C's velocity relative to frame A. 
Does it equal double the velocity found in part 
a? Explain why it should be expected to turn 
out the way it does. 

v 
17-a2 Astronauts in three different space- 
ships are communicating with each other. Those 
aboard ships A and B agree on the rate at which 
time is passing, but they disagree with the ones 
on ship C. 

(a) Alice is aboard ship A. How does she describe 
the motion of her own ship, in its frame of refer- 
ence? 

(b) Describe the motion of the other two ships 
according to Alice. 

(c) Give the description according to Betty, 
whose frame of reference is ship B. 

(d) Do the same for Cathy, aboard ship C. 


17-a3 What happens in the equation for y 
when you put in a negative number for v? Ex- 
plain what this means physically, and why it 
makes sense. 


17-a4 The Voyager 1 space probe, launched in 
1977, is moving faster relative to the earth than 
any other human-made object, at 17,000 meters 
per second. 
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(a) Calculate the probe’s y. 

(b) Over the course of one year on earth, slightly 
less than one year passes on the probe. How 
much less? (There are 31 million seconds in a 


year.) 
v 


17-a5 The earth is orbiting the sun, and 
therefore is contracted relativistically in the 
direction of its motion. Compute the amount by 
which its diameter shrinks in this direction. v 


17-a6 (a) Show that for v = (3/5)c, y comes 
out to be a simple fraction. 

(b) Find another value of v for which y is a simple 
fraction. 
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18 Electromagnetism 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


18.1 Electromagnetism 


The top panel of figure 18.1 shows a charged par- 
ticle moving to the right, parallel to a current 
formed by two countermoving lines of opposite 
charge, moving at velocities +u. The two lines of 
charge are drawn offset from each other to make 
them easy to distinguish, but we think of them 
as coinciding, so that the line is electrically neu- 
tral over all, much like a current-carrying cop- 
per wire. Based on our knowledge of electro- 
statics, we would expect the lone charge to feel 
zero force, since the neutral “wire” has no elec- 
tric field. 

The bottom panel of the figure shows the 
same situation in the rest frame of the lone 
charge. Although velocities do not exactly add 
and subtract in special relativity as they would 
in Galilean relativity (problem 17-al, p. 183), 
they approximately do if the velocities are not 
too big, so that the velocities of the two lines 
of charge are approximately u — v and —u — v. 
Since the magnitudes of these velocities are un- 
equal, the length contractions are unequal, and 
the “wire” is charged, according to an observer 
in this frame. Therefore the lone charge feels an 
attractive (downward) electrical force. 

The descriptions in the two frames of refer- 
ence is inconsistent, so we introduce a force in 
the original frame. A moving charge always in- 
teracts with other moving charges through such 
a force, called a magnetic force. Thus if we had 
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Figure 18.1: A charged particle and a current, 
seen in two different frames of reference. The 
second frame is moving at velocity v with respect 
to the first frame, so all the velocities have v 
subtracted from them (approximately). 


only known about electrical interactions, relativ- 
ity would have compelled us to introduce mag- 
netic interactions as well. Relativity unifies the 
electrical and magnetic interactions as two sides 
of the same coin. The unified theory of electric- 
ity and magnetism is called electromagnetism. 


18.2 The magnetic field 


The magnetic force acting on a charged particle 
is gv x B, where B is the magnetic field. This is 
partly a definition of B and partly a prediction 
about how the force depends on v. The units 
of the electric field are N-s/C-m, which can be 
abbreviated as tesla, 1 T = 1 N-s/C-m. 
Empirically, we find that the magnetic field 
has no sources or sinks. Gauss’ law for mag- 


netism is 

g =0. 
In other words, there are no magnetic 
monopoles. There are, however, magnetic 
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dipoles. Subatomic particles such as electrons 
and neutrons have magnetic dipole moments, as 
do some molecules. As a standard of compar- 
ison, the magnetic dipole moment m of a loop 
of current has magnitude m = JA, and is in 
the (right-handed) direction perpendicular to the 
loop. The energy of a magnetic dipole in an ex- 
ternal magnetic field is —m - B, and the torque 
acting on it is m x B. 
The energy of the magnetic field is 


e? 
dUm = — B? dv. 


When a static magnetic field is caused by a 
current loop, the Biot-Savart law, 


kI dl x r 
dB = 2s 
gives the field when we integrate over the loop. 
Ampére’s law is another way of relating static 
magnetic fields to the static currents that created 
them, and it is more easily extended to nonstatic 
fields than is the Biot-Savart law. Ampere's law 
states that the circulation of the magnetic field, 


Pa = [ Beds, 


around the edge of a surface is related to the 
current Iinrough passing through the surface, 


Ark 
r= Pom Ithrough- 
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Problems 


18-a1 A particle with a charge of 1.0 C and 
a mass of 1.0 kg is observed moving past point 
P with a velocity (1.0 m/s)x. The electric field 
at point P is (1.0 V/m)y, and the magnetic field 
is (2.0 T)y. Find the force experienced by the 
particle. 

Vv 
18-a2 For a positively charged particle mov- 
ing through a magnetic field, the directions of the 
v, B, and F vectors are related by a right-hand 
rule: 


v along the fingers, with the hand flat 
B along the fingers, with the knuckles bent 
F along the thumb 


Make a three-dimensional model of the three vec- 
tors using pencils or rolled-up pieces of paper to 
represent the vectors assembled with their tails 
together. Make all three vectors perpendicular 
to each other. Now write down every possi- 
ble way in which the rule could be rewritten by 
scrambling up the three symbols v, B, and F. 
Referring to your model, which are correct and 
which are incorrect? 


18-a3 A charged particle is released from rest. 
We see it start to move, and as it gets going, we 
notice that its path starts to curve. Can we tell 
whether this region of space has E 4 0, or B 4 0, 
or both? Assume that no other forces are present 
besides the possible electrical and magnetic ones, 
and that the fields, if they are present, are uni- 
form. 


18-a4 A charged particle is in a region of 
space in which there is a uniform magnetic field 
B = Bz. There is no electric field, and no other 
forces act on the particle. In each case, describe 
the future motion of the particle, given its initial 
velocity. 

(a) Vo =0 

(b) vo = (1 m/s)z 

(c) vo = (1 m/s)¥ 
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18-a5 (a) A line charge, with charge per 
unit length A, moves at velocity v along its own 
length. How much charge passes a given point 
in time dt? What is the resulting current? 

(b) Show that the units of your answer in part a 


work out correctly. 

Remark: This constitutes a physical model of an electric 
current, and it would be a physically realistic model of 
a beam of particles moving in a vacuum, such as the 
electron beam in a television tube. It is not a physically 
realistic model of the motion of the electrons in a current- 
carrying wire, or of the ions in your nervous system; the 
motion of the charge carriers in these systems is much 
more complicated and chaotic, and there are charges of 
both signs, so that the total charge is zero. But even when 
the model is physically unrealistic, it still gives the right 
answers when you use it to compute magnetic effects. 
This is a remarkable fact, which we will not prove. The 
interested reader is referred to E.M. Purcell, Electricity 
and Magnetism, McGraw Hill, 1963. 


18-a6 Two parallel wires of length L carry 
currents J; and Ij. They are separated by a dis- 
tance R, and we assume R is much less than L, 
so that our results for long, straight wires are ac- 
curate. The goal of this problem is to compute 
the magnetic forces acting between the wires. 
(a) Neither wire can make a force on itself. 
Therefore, our first step in computing wire 1’s 
force on wire 2 is to find the magnetic field 
made only by wire 1, in the space occupied by 
wire 2. Express this field in terms of the given 
quantities. V 
(b) Let’s model the current in wire 2 by pretend- 
ing that there is a line charge inside it, possessing 
density per unit length A2 and moving at veloc- 
ity va. Relate A2 and va to the current f>, using 
the result of problem 18-a5a. Now find the mag- 
netic force wire 1 makes on wire 2, in terms of 
h, Lo, L, and R. 

(c) Show that the units of the answer to part b 
work out to be newtons. 


18-a7 Suppose a charged particle is moving 
through a region of space in which there is an 
electric field perpendicular to its velocity vec- 
tor, and also a magnetic field perpendicular to 
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both the particle’s velocity vector and the elec- 
tric field. Show that there will be one particu- 
lar velocity at which the particle can be moving 
that results in a total force of zero on it; this 
requires that you analyze both the magnitudes 
and the directions of the forces compared to one 
another. Relate this velocity to the magnitudes 
of the electric and magnetic fields. (Such an ar- 
rangement, called a velocity filter, is one way of 
determining the speed of an unknown particle.) 


18-a8 The following data give the results of 
two experiments in which charged particles were 
released from the same point in space, and the 
forces on them were measured: 

q=146, q =—2 uC, 

vı = (1 m/s), v2 =(-1 m/s)x, 

F, = (-1mN)y Fə = (—2 mN)ý 
The data are insufficient to determine the mag- 
netic field vector; demonstrate this by giving two 
different magnetic field vectors, both of which 
are consistent with the data. 


18-a9 The following data give the results of 
two experiments in which charged particles were 
released from the same point in space, and the 
forces on them were measured: 


q =1nC, qa=1nC, 

vı = (1 m/s)Ż, v2=(3m/s)2, 

Fı =(5 pN)& F= (10 pN)x 
+(2 pN)y +(4 pN)y 


Is there a nonzero electric field at this point? A 
nonzero magnetic field? 


18-al0 This problem is a continuation of 
problem 18-a6. Note that the answer to prob- 
lem 18-a6b is given on page ??. 

(a) Interchanging the 1’s and 2’s in the answer 
to problem 18-a6b, what is the magnitude of the 
magnetic force from wire 2 acting on wire 1? Is 
this consistent with Newton's third law? 

(b) Suppose the currents are in the same direc- 
tion. Make a sketch, and use the right-hand rule 
to determine whether wire 1 pulls wire 2 towards 
it, or pushes it away. 

(c) Apply the right-hand rule again to find the 
direction of wire 2’s force on wire 1. Does this 
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agree with Newton’s third law? 
(d) What would happen if wire 1’s current was 
in the opposite direction compared to wire 2’s? 


18-al1 (a) In the photo, magnetic forces 
cause a beam of electrons to move in a circle. 
The beam is created in a vacuum tube, in which 
a small amount of hydrogen gas has been left. A 
few of the electrons strike hydrogen molecules, 
creating light and letting us see the beam. A 
magnetic field is produced by passing a current 
(meter) through the circular coils of wire in front 
of and behind the tube. In the bottom figure, 
with the magnetic field turned on, the force per- 
pendicular to the electrons’ direction of motion 
causes them to move in a circle. infer the di- 
rection of the magnetic field from the motion of 
the electron beam. (The answer is given in the 
answer to the self-check on that page.) 

(b) Based on your answer to part a, find the di- 
rection of the currents in the coils. 

(c) What direction are the electrons in the coils 
going? 

(d) Are the currents in the coils repelling the 
currents consisting of the beam inside the tube, 
or attracting them? Check your answer by com- 
paring with the result of problem 18-a10. 


18-a12 A charged particle of mass m and 
charge q moves in a circle due to a uniform 
magnetic field of magnitude B, which points 
perpendicular to the plane of the circle. 

(a) Assume the particle is positively charged. 
Make a sketch showing the direction of motion 
and the direction of the field, and show that 
the resulting force is in the right direction to 
produce circular motion. 

(b) Find the radius, r, of the circle, in terms of 
m, q, v, and B. v 
(c) Show that your result from part b has the 
right units. 

(d) Discuss all four variables occurring on the 
right-hand side of your answer from part b. Do 
they make sense? For instance, what should 
happen to the radius when the magnetic field is 
made stronger? Does your equation behave this 
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Problem 18-a13. 


Problem 18-a11. 


way? 

(e) Restate your result so that it gives the 
particle’s angular frequency, w, in terms of the 
other variables, and show that v drops out. Y 


Remark: A charged particle can be accelerated in a circu- 
lar device called a cyclotron, in which a magnetic field is 
what keeps them from going off straight. This frequency 
is therefore known as the cyclotron frequency. The parti- 
cles are accelerated by other forces (electric forces), which 
are AC. As long as the electric field is operated at the 
correct cyclotron frequency for the type of particles be- 
ing manipulated, it will stay in sync with the particles, 
giving them a shove in the right direction each time they 


pass by. The particles are speeding up, so this only works 
because the cyclotron frequency is independent of veloc- 


ity. 


18-a13 Each figure represents the motion of 
a positively charged particle. The dots give the 
particles? positions at equal time intervals. In 
each case, determine whether the motion was 
caused by an electric force, a magnetic force, or 
a frictional force, and explain your reasoning. If 
possible, determine the direction of the magnetic 
or electric field. All fields are uniform. In (a), the 
particle stops for an instant at the upper right, 
but then comes back down and to the left, re- 
tracing the same dots. In (b), it stops on the 
upper right and stays there. 


18-a14 One model of the hydrogen atom has 
the electron circling around the proton at a speed 
of 2.2 x 10° m/s, in an orbit with a radius of 0.05 
nm. (Although the electron and proton really 
orbit around their common center of mass, the 
center of mass is very close to the proton, since 
it is 2000 times more massive. For this problem, 
assume the proton is stationary.) In homework 
problem 16-a4, p. 174, you calculated the elec- 
tric current created. 

(a) Now estimate the magnetic field created at 
the center of the atom by the electron. We are 
treating the circling electron as a current loop, 
even though it’s only a single particle. v 
(b) Does the proton experience a nonzero force 


192 


from the electron's magnetic field? Explain. 

(c) Does the electron experience a magnetic field 
from the proton? Explain. 

(d) Does the electron experience a magnetic field 
created by its own current? Explain. 

(e) Is there an electric force acting between the 
proton and electron? If so, calculate it. v 
(£) Is there a gravitational force acting between 
the proton and electron? If so, calculate it. 

(g) An inward force is required to keep the elec- 
tron in its orbit — otherwise it would obey New- 
ton’s first law and go straight, leaving the atom. 
Based on your answers to the previous parts, 
which force or forces (electric, magnetic and 
gravitational) contributes significantly to this in- 
ward force? 

[Based on a problem by Arnold Arons.] 


18-a15 The following data give the results 
of three experiments in which charged particles 
were released from the same point in space, and 
the forces on them were measured: 


qa=1C, vi=0, F, = (1N)Y 
g@=1C, ve=(1m/s)k, F2=(1N)ŷ 
q3=1C, v3=(1m/s)z, F3=0 


Determine the electric and magnetic fields. 
v 


18-a16 If you put four times more current 
through a solenoid, how many times more energy 


is stored in its magnetic field? 
vV 


18-a17 A Helmholtz coil is defined as a pair 
of identical circular coils lying in parallel planes 
and separated by a distance, h, equal to their ra- 
dius, b. (Each coil may have more than one turn 
of wire.) Current circulates in the same direc- 
tion in each coil, so the fields tend to reinforce 
each other in the interior region. This configu- 
ration has the advantage of being fairly open, so 
that other apparatus can be easily placed inside 
and subjected to the field while remaining visi- 
ble from the outside. The choice of h = b results 
in the most uniform possible field near the cen- 
ter. A photograph of a Helmholtz coil is shown 
in example ?? on page ??. 

(a) Find the percentage drop in the field at the 
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center of one coil, compared to the full strength 
at the center of the whole apparatus. v 
(b) What value of h (not equal to b) would make 


this difference equal to zero? 
v 


18-a18 The figure shows a nested pair of cir- 
cular wire loops used to create magnetic fields. 
(The twisting of the leads is a practical trick for 
reducing the magnetic fields they contribute, so 
the fields are very nearly what we would expect 
for an ideal circular current loop.) The coordi- 
nate system below is to make it easier to discuss 
directions in space. One loop is in the y—z plane, 
the other in the x — y plane. Each of the loops 
has a radius of 1.0 cm, and carries 1.0 A in the 
direction indicated by the arrow. 

(a) Calculate the magnetic field that would be 
produced by one such loop, at its center. v 
(b) Describe the direction of the magnetic field 
that would be produced, at its center, by the 
loop in the x — y plane alone. 

(c) Do the same for the other loop. 

(d) Calculate the magnitude of the magnetic field 
produced by the two loops in combination, at 


their common center. Describe its direction. 

v 
18-a19 Four long wires are arranged, as 
shown, so that their cross-section forms a square, 
with connections at the ends so that current 
flows through all four before exiting. Note that 
the current is to the right in the two back wires, 
but to the left in the front wires. If the di- 
mensions of the cross-sectional square (height 
and front-to-back) are b, find the magnetic field 
(magnitude and direction) along the long central 
axis. 

v 
18-a20 In problem 18-a15, the three exper- 
iments gave enough information to determine 
both fields. Is it possible to design a procedure 
so that, using only two such experiments, we can 
always find E and B? If so, design it. If not, why 
not? 


18-a21 Consider two solenoids, one of which 
is smaller so that it can be put inside the other. 
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Problem 18-a19. 


Assume they are long enough so that each one 
only contributes significantly to the field inside 
itself, and the interior fields are nearly uniform. 
Consider the configuration where the small one is 
inside the big one with their currents circulating 
in the same direction, and a second configura- 
tion in which the currents circulate in opposite 
directions. Compare the energies of these config- 
urations with the energy when the solenoids are 
far apart. Based on this reasoning, which config- 
uration is stable, and in which configuration will 
the little solenoid tend to get twisted around or 
spit out? 


18-a22 Consider two solenoids, one of which 
is smaller so that it can be put inside the other. 
Assume they are long enough to act like ideal 
solenoids, so that each one only contributes sig- 
nificantly to the field inside itself, and the inte- 
rior fields are nearly uniform. Consider the con- 
figuration where the small one is partly inside 
and partly hanging out of the big one, with their 
currents circulating in the same direction. Their 
axes are constrained to coincide. 

(a) Find the difference in the magnetic energy 
between the configuration where the solenoids 
are separate and the configuration where the 
small one is inserted into the big one. Your 
equation will include the length x of the part 
of the small solenoid that is inside the big one, 
as well as other relevant variables describing the 
two solenoids. v 
(b) Based on your answer to part a, find the force 
acting 


18-a23 Two long, parallel strips of thin metal 
foil form a configuration like a long, narrow sand- 
wich. The air gap between them has height h, 


the width of each strip is w, and their length is £. 
Each strip carries current J, and we assume for 
concreteness that the currents are in opposite di- 
rections, so that the magnetic force, F, between 
the strips is repulsive. 

(a) Find the force in the limit of w > h. v 
(b) Find the force in the limit of w < h, which 
is like two ordinary wires. 

(c) Discuss the relationship between the two re- 
sults. 


18-a24 Suppose we are given a permanent 
magnet with a complicated, asymmetric shape. 
Describe how a series of measurements with a 
magnetic compass could be used to determine 
the strength and direction of its magnetic field at 
some point of interest. Assume that you are only 
able to see the direction to which the compass 
needle settles; you cannot measure the torque 
acting on it. 


18-d1 This problem will lead you through the 
steps of applying the Biot-Savart law to prove 
that the magnetic field of a long, straight wire 
has magnitude 


p- 
eR 


Almost everything in this equation has to be the 
way it is because of units, the only exception 
being the unitless factor of 2, so this problem 
amounts to proving that it really does come out 
to be 2[.] (a) Set up the integral prescribed by 
the Biot-Savart law, and simplify it so that it in- 
volves only scalar variables rather than a vector 
cross product, but do not evaluate it yet. 

(b) Your integral will contain several different 
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variables, each of which is changing as we inte- 
grate along the wire. These will probably in- 
clude a position on the wire, a distance from the 
point on the wire to the point at which the field 
is to be found, and an angle between the wire 
and this point-to-point line. In order to eval- 
uate the integral, it is necessary to express the 
integral in terms of only one of these variables. 
It's not obvious, but the integral turns out to be 
easiest to evaluate if you express it in terms of 
the angle and eliminate the other variables. Do 
so. Note that the d... part of the integral has 
to be reexpressed in the same way we would do 
any time we attacked an integral by substitution 
(“u-substitution”). 

(c) Pulling out all constant factors now gives a 
definite integral. Evaluate this integral, which 
you should find is a trivial one, and show that it 
equals 2. 


18-42 A regular polygon with n sides can be 
inscribed within a circle of radius R and can have 
a circle inscribed inside it with radius h. Let 
p = VhR be the geometric mean of these two 
radii. A current loop is constructed in the shape 
of a regular n-gon. Show that the magnetic field 
at the center can be calculated in a simple way 
from the perimeter and p, and make sense of the 
result in the extreme cases n = 2 (a degenerate 
polygon enclosing no area) and n > oo. 


18-d3 Magnet coils are often wrapped in 
multiple layers. The figure shows the special 
case where the layers are all confined to a sin- 
gle plane, forming a spiral. Since the thickness 
of the wires (plus their insulation) is fixed, the 
spiral that results is a mathematical type known 
as an Archimedean spiral, in which the turns 
are evenly spaced. The equation of the spiral is 
r = w0, where w is a constant. For a spiral that 
starts from r = a and ends at r = b, show that 
the field at the center is given by (kI/c?w) Inb/a. 
> Solution, p. 370 
18-d4 Perform a calculation similar to the one 
in problem 18-d3, but for a logarithmic spiral, 
defined by r = we"?, and show that the field is 


CHAPTER 18. ELECTROMAGNETISM 


Problem 18-d3. 


B = (kI/c?u)(1/a—1/b). Note that the solution 
to problem 18-d3 is given in the back of the book. 


18-g1 A certain region of space has a mag- 
netic field given by B = bay. Find the electric 
current flowing through the square defined by 
z=0,0<a<a,and0<y<a. 

v 


18-g2 Verify Ampere's law in the case shown 
in the figure, assuming the known equation for 
the field of a wire. A wire carrying current / 
passes perpendicularly through the center of the 
rectangular Amperian surface. The length of the 
rectangle is infinite, so it's not necessary to com- 
pute the contributions of the ends. 


J 2h 


Problem 18-g2. 


19 Maxwell’s equations and electromag- 


netic waves 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


19.1 Maxwell's equations 


The fundamental laws of physics governing elec- 
tric and magnetic fields are Maxwell's equations, 
which state that for any closed surface, the fluxes 
through the surface are 


Pp = Arkin and 


Pg = 0. 


For any surface that is not closed, the circula- 
tions around the edges of the surface are given 
by 


_ 08, 
at 


O® 
cTg = ae ae AtkI through: 


Tp = and 


19.2 Electromagnetic waves 


The most important result of Maxwell's equa- 
tions is the existence of electromagnetic waves 
which propagate at the velocity of light — that's 
what light is. The waves are transverse, and 
the electric and magnetic fields are perpendic- 
ular to each other. There are no purely electric 
or purely magnetic waves; their amplitudes are 
always related to one another by B = E/c. They 
propagate in the right-handed direction given by 


the cross product E x B, and carry momentum 
p=U/c. 


19.3 Maxwell’s equations in 
matter 
A complete statement of Maxwell's equations in 


the presence of electric and magnetic materials 
is as follows: 


Pp = Gree 
Dp = 

dg 
Pease S 
€ dt 

d®p 
Pg = —=7 trees 
H di + L¢ 


where the auxiliary fields D and H are defined 
as 


D=cE and 
B 
H=—, 
p 


and e and y are the permittivity and permeabil- 
ity of the substance. 
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Problems 
19-al A U-shaped wire makes electrical con- 


tact with a second, straight wire, which rolls 
along it to the right, as shown in the figure. The 
whole thing is immersed in a uniform magnetic 
field, which is perpendicular to the plane of the 
circuit. The resistance of the rolling wire is much 
greater than that of the U. 

(a) Find the direction of the force on the wire 
based on conservation of energy. 

(b) Verify the direction of the force using right- 
hand rules. 

(c) Find the magnitude of the force acting on the 
wire. There is more than one way to do this, but 
please do it using Faraday's law (which works 
even though it's the Amperian surface itself that 
is changing, rather than the field). v 
(d) Consider how the answer to part a would 
have changed if the direction of the field had 
been reversed, and also do the case where the 
direction of the rolling wire’s motion is reversed. 
Verify that this is in agreement with your answer 
to part c. 


Problem 19-a1. 


19-a2 A wire loop of resistance R and area A, 
lying in the y — z plane, falls through a nonuni- 
form magnetic field B = kzx, where k is a con- 
stant. The z axis is vertical. 

(a) Find the direction of the force on the wire 
based on conservation of energy. 

(b) Verify the direction of the force using right- 
hand rules. 

(c) Find the magnetic force on the wire. 
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Problem 19-a2. 


v 


19-a3 (a) For each term appearing on the 
right side of Maxwell ’s equations, give an exam- 
ple of an everyday situation it describes. 

(b) Most people doing calculations in the SI sys- 
tem of units don't use k and k/c?. Instead, they 
express everything in terms of the constants 


1 
SÓ d 
€ T an 
4rk 
JE 


Rewrite Maxwell's equations in terms of these 
constants, eliminating k and c everywhere. 


19-a4 The circular parallel-plate capacitor 
shown in the figure is being charged up over time, 
with the voltage difference across the plates vary- 
ing as V = st, where s is a constant. The plates 
have radius b, and the distance between them is 
d. We assume d < b, so that the electric field 
between the plates is uniform, and parallel to 
the axis. Find the induced magnetic field at a 
point between the plates, at a distance R from 
the axis. 

v 
19-d1 A charged particle is in motion at 
speed v, in a region of vacuum through which 
an electromagnetic wave is passing. In what di- 
rection should the particle be moving in order 
to minimize the total force acting on it? Con- 
sider both possibilities for the sign of the charge. 
(Based on a problem by David J. Raymond.) 
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19-d2 (a) Prove that in an electromagnetic 
plane wave, half the energy is in the electric field 
and half in the magnetic field. 

(b) Based on your result from part a, find the 
proportionality constant in the relation dp « 
E x B dv, where dp is the momentum of the part 
of a plane light wave contained in the volume dv. 
The vector E x B, multiplied by the appropriate 
constant, is known as the Poynting vector, and 
even outside the context of an electromagnetic 
plane wave, it can be interpreted as a momen- 
tum density or rate of energy flow. (To do this 
problem, you need to know the relativistic rela- 
tionship between the energy and momentum of 
a beam of light from problem ?? on p. ??.) 


19-d3 (a) A beam of light has cross-sectional 
area A and power P, i.e., P is the number of 
joules per second that enter a window through 
which the beam passes. Find the energy density 
U/v in terms of P, A, and universal constants. 

(b) Find E and B, the amplitudes of the elec- 
tric and magnetic fields, in terms of P, A, and 
universal constants (i.e., your answer should not 
include U or v). You will need the result of prob- 
lem 19-d2a. A real beam of light usually consists 
of many short wavetrains, not one big sine wave, 
but don't worry about that. v 
(c) A beam of sunlight has an intensity of P/A = 
1.35 x 10% W/m?, assuming no clouds or atmo- 
spheric absorption. This is known as the solar 
constant. Compute E and B, and compare with 
the strengths of static fields you experience in 
everyday life: E ~ 10° V/m in a thunderstorm, 
and B ~ 107% T for the Earth’s magnetic field. 
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v 


19-d4 Electromagnetic waves are supposed to 
have their electric and magnetic fields perpen- 
dicular to each other. (Throughout this prob- 
lem, assume we're talking about waves travel- 
ing through a vacuum, and that there is only 
a single sine wave traveling in a single direction, 
not a superposition of sine waves passing through 
each other.) Suppose someone claims they can 
make an electromagnetic wave in which the elec- 
tric and magnetic fields lie in the same plane. 
Prove that this is impossible based on Maxwell's 
equations. 


19-d5 A positively charged particle is released 
from rest at the origin at t = 0, in a region of 
vacuum through which an electromagnetic wave 
is passing. The particle accelerates in response 
to the wave. In this region of space, the wave 
varies as E = ŝĒsinwt, B = yBsinwt, and we 
assume that the particle has a relatively large 
value of m/q, so that its response to the wave 
is sluggish, and it never ends up moving at any 
speed comparable to the speed of light. There- 
fore we don’t have to worry about the spatial 
variation of the wave; we can just imagine that 
these are uniform fields imposed by some exter- 
nal mechanism on this region of space. 

(a) Find the particle’s coordinates as functions 
of time. v 
(b) Show that the motion is confined to —Zmaz < 


Z < Zmax, Where Zmaz = 1.101 (2EB/m2u3). 


19-d6 Ifyou watch a movie played backwards, 
some vectors reverse their direction. For in- 
stance, people walk backwards, with their veloc- 
ity vectors flipped around. Other vectors, such 
as forces, keep the same direction, e.g., grav- 
ity still pulls down. An electric field is another 
example of a vector that doesn't turn around: 
positive charges are still positive in the time- 
reversed universe, so they still make diverging 
electric fields, and likewise for the converging 
fields around negative charges. 

(a) How does the momentum of a material ob- 
ject behave under time-reversal? 
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(b) The laws of physics are still valid in the time- 
reversed universe. For example, show that if two 
material objects are interacting, and momentum 
is conserved, then momentum is still conserved 
in the time-reversed universe. 
(c) Discuss how currents and magnetic fields 
would behave under time reversal. 
(d) Similarly, show that the equation dp x ExB 
is still valid under time reversal. 

> Solution, p. 375 


19-d7 This problem is a more advanced ex- 
ploration of the time-reversal ideas introduced in 
problem 19-d6. 

(a) In that problem, we assumed that charge did 
not flip its sign under time reversal. Suppose 
we make the opposite assumption, that charge 
does change its sign. This is an idea introduced 
by Richard Feynman: that antimatter is really 
matter traveling backward in time! Determine 
the time-reversal properties of E and B under 
this new assumption, and show that dp x x B 
is still valid under time-reversal. 

(b) Show that Maxwell's equations are time- 
reversal symmetric, i.e., that if the fields 
E(x,y,2,t) and B(x,y,z,t) satisfy Maxwell’s 
equations, then so do E(x,y,z,-t) and 
B(x,y, z, —t). Demonstrate this under both pos- 
sible assumptions about charge, q — q and 
q> q. 


19-g1 (a) Figure ?? on page ?? shows a 
hollow sphere with u/Ho = x, inner radius a, 
and outer radius b, which has been subjected 
to an external field Bo. Finding the fields on 
the exterior, in the shell, and on the interior re- 
quires finding a set of fields that satisfies five 
boundary conditions: (1) far from the sphere, 
the field must approach the constant Bo; (2) at 
the outer surface of the sphere, the field must 
have Hj; = H¡ 2, as discussed on page ??; (3) 
the same constraint applies at the inner surface 
of the sphere; (4) and (5) there is an additional 
constraint on the fields at the inner and outer 
surfaces, as found in problem ??. The goal of 
this problem is to find the solution for the fields, 
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and from it, to prove that the interior field is 
uniform, and given by 


9x 


Bo. 


2% (a — 1)? 

This is a very difficult problem to solve from first 
principles, because it’s not obvious what form 
the fields should have, and if you hadn’t been 
told, you probably wouldn’t have guessed that 
the interior field would be uniform. We could, 
however, guess that once the sphere becomes po- 
larized by the external field, it would become a 
dipole, and at r > b, the field would be a uni- 
form field superimposed on the field of a dipole. 
It turns out that even close to the sphere, the 
solution has exactly this form. In order to com- 
plete the solution, we need to find the field in 
the shell (a < r < 6), but the only way this field 
could match up with the detailed angular varia- 
tion of the interior and exterior fields would be 
if it was also a superposition of a uniform field 
with a dipole field. The final result is that we 
have four unknowns: the strength of the dipole 
component of the external field, the strength of 
the uniform and dipole components of the field 
within the shell, and the strength of the uniform 
interior field. These four unknowns are to be 
determined by imposing constraints (2) through 
(5) above. 

(b) Show that the expression from part a has 
physically reasonable behavior in its dependence 
on x and a/b. 

xk 


20 LRC circuits 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


20.1 Complex numbers 


For a more detailed treatment of complex num- 
bers, see ch. 3 of James Nearing’s free book at 
physics.miami.edu/nearing/mathmethods/. 
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Figure 20.1: Visualizing complex numbers as 
points in a plane. 


We assume there is a number, i, such that 
i? = —1. The square roots of —1 are then i 
and —i. (In electrical engineering work, where i 
stands for current, j is sometimes used instead.) 
This gives rise to a number system, called the 
complex numbers, containing the real numbers 
as a subset. Any complex number z can be writ- 
ten in the form z = a+bi, where a and b are real, 
and a and b are then referred to as the real and 
imaginary parts of z. A number with a zero real 


part is called an imaginary number. The com- 
plex numbers can be visualized as a plane, with 
the real number line placed horizontally like the 
x axis of the familiar x — y plane, and the imag- 
inary numbers running along the y axis. The 
complex numbers are complete in a way that 
the real numbers aren’t: every nonzero complex 
number has two square roots. For example, 1 is 
a real number, so it is also a member of the com- 
plex numbers, and its square roots are —1 and 
1. Likewise, —1 has square roots ¿ and —i, and 
the number i has square roots 1/v2 +i//2 and 
—1/V2 — i/ v2. 


Figure 20.2: Addition of complex numbers is 
just like addition of vectors, although the real 
and imaginary axes don’t actually represent di- 
rections in space. 


Complex numbers can be added and sub- 
tracted by adding or subtracting their real and 
imaginary parts. Geometrically, this is the same 
as vector addition. 

The complex numbers a + bi and a — bi, lying 
at equal distances above and below the real axis, 
are called complex conjugates. The results of 
the quadratic formula are either both real, or 
complex conjugates of each other. The complex 
conjugate of a number z is notated as Z or z*. 
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Figure 20.3: A complex number and its conju- 
gate. 


The complex numbers obey all the same rules 
of arithmetic as the reals, except that they can’t 
be ordered along a single line. That is, it’s not 
possible to say whether one complex number is 
greater than another. We can compare them in 
terms of their magnitudes (their distances from 
the origin), but two distinct complex numbers 
may have the same magnitude, so, for example, 
we can’t say whether 1 is greater than 7 or i is 
greater than 1. 


Ly 


arg z 


Figure 20.4: A complex number can be described 
in terms of its magnitude and argument. 
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There is a nice interpretation of complex mul- 
tiplication. We define the argument of a com- 
plex number as its angle in the complex plane, 
measured counterclockwise from the positive real 
axis. Multiplying two complex numbers then 
corresponds to multiplying their magnitudes, 
and adding their arguments. 


. UV 


Figure 20.5: The argument of uv is the sum of 
the arguments of u and v. 


Having expanded our horizons to include the 
complex numbers, it's natural to want to ex- 
tend functions we knew and loved from the world 
of real numbers so that they can also operate 
on complex numbers. The only really natural 
way to do this in general is to use Taylor series. 
A particularly beautiful thing happens with the 
functions e”, sin z, and cos z: 


1 1 
é=1+lat+la 4+... 


2! 3! 
cosg = 1 — >z? + e 
E 2! 4! f 
: 1 3 1 5 
A EET rege 


If x = iġ is an imaginary number, we have 
ip = gole 
e’? = cos ġ + isin ġ, 


a result known as Euler’s formula. The geometri- 
cal interpretation in the complex plane is shown 
in figure 20.6. 
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Although the result may seem like something 
out of a freak show at first, applying the defini- 
tion of the exponential function makes it clear 
how natural it is: 


e” = lim (1 + =)" 
n—>00 n 
When x = i¢ is imaginary, the quantity (1 + 
i@/n) represents a number lying just above 1 in 
the complex plane. For large n, (1 + i¢/n) be- 
comes very close to the unit circle, and its argu- 
ment is the small angle ¢/n. Raising this number 
to the nth power multiplies its argument by n, 
giving a number with an argument of @. 


Figure 20.6: The complex number e’® lies on the 
unit circle. 


Sinusoidal functions have a remarkable prop- 
erty, which is that if you add two different si- 
nusoidal functions having the same frequency, 
the result is also a sinusoid with that frequency. 
For example, cos wt + sinwt = V2sin(wt + 7/4), 
which can be proved using trig identities. The 
trig identities can get very cumbersome, how- 
ever, and there is a much easier technique in- 
volving complex numbers. 

Figure 20.7 shows a useful way to visualize 
what’s going on. When a circuit is oscillating at 
a frequency w, we use points in the plane to rep- 
resent sinusoidal functions with various phases 
and amplitudes. 

The simplest examples of how to visualize 
this in polar coordinates are ones like coswt + 
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cos ote 
esin (wt+ 1/4) 


+ + . . 
-sin ot 0 sinot 2sin ot 


—2cos (wte 


Figure 20.7: Representing functions with points 
in polar coordinates. 


cos ot e esin wt+cos wt 


. ° 
sin wt 


Figure 20.8: Adding two sinusoidal functions. 


cos wt = 2coswt, where everything has the same 
phase, so all the points lie along a single line in 
the polar plot, and addition is just like adding 
numbers on the number line. The less trivial ex- 
ample coswt + sinwt = V2 sin(wt + 7/4), can be 
visualized as in figure 20.8. 


Figure 20.8 suggests that all of this can be 
tied together nicely if we identify our plane with 
the plane of complex numbers. For example, the 
complex numbers 1 and 2 represent the functions 
sin wt and cos wt. 
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20.2 LRC circuits 


As discussed previously, capacitance, C, is de- 
fined as 


la 


Similarly, inductance, L, is defined as 


L 
Us =P, 
RES 
and measured in units of henries. The magni- 
tude of the voltage difference across a capacitor 
or inductor is given by 


or 


In the equation for the inductor, the direction of 
the voltage drop (plus or minus sign) is such that 
the inductor resists the change in current. 

A series LRC circuit exhibits oscillation, and, 
if driven by an external voltage, resonates. The 
Q of the circuit relates to the resistance value. 
For large Q, the resonant frequency is 


1 
wor —. 
VIC 


A series RC or RL circuit exhibits exponential 
decay, 


or 


I =I, exp (-F#) , 


and the quantity RC or L/R is known as the 
time constant. 
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When driven by a sinusoidal AC voltage with 
amplitude V, a capacitor, resistor, or inductor 
responds with a current having amplitude 


[= 


NI =< 


? 


where the impedance, Z, is a frequency- 
dependent quantity having units of ohms. In a 
capacitor, the current has a phase that is 90° 
ahead of the voltage, while in an inductor the 
current is 90° behind. We can represent these 
phase relationships by defining the impedances 
as complex numbers: 


Zo = -— 
E wC 
ZR=R 
Zr =wL 


The arguments of the complex impedances are 
to be interpreted as phase relationships between 
the oscillating voltages and currents. The com- 
plex impedances defined in this way combine in 
series and parallel according to the same rules as 
resistances. 

When a voltage source is driving a load 
through a transmission line, the maximum power 
is delivered to the load when the impedances of 
the line and the load are matched. 
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Problems b represent real numbers, and all angles are to 
be expressed in radians. As often happens with 
20-al Find arg i, arg(—i), and arg 37, where fractional exponents, the cube root of a complex 


arg z denotes the argument of the complex num- number will typically have more than one possi- 
ber z. ble value. (Cf. 41/2, which can be 2 or —2.) In 


> Solution, p. 375 parts c and d, this ambiguity is resolved explic- 
itly in the instructions, in a way that is meant 


20-a2 Visualize the following multiplications 
to make the calculation as easy as possible. 


in the complex plane using the interpretation P 
of multiplication in terms of multiplying mag- (a) Calculate ate [(e*)’]. i v 
nitudes and adding arguments: (i)(i) = —1, (b) Of the points u, v, w, and x shown in the 
(i)(—4) = 1, (-#)(-4) = -1. figure, which could be a cube root of z? 

> Solution, p. 375 (c) Calculate arg [Va +bi]. For simplicity, as- 
sume that a + bi is in the first quadrant of the 
complex plane, and compute the answer for a 
root that also lies in the first quadrant. v 
(d) Compute 


20-a3 If we visualize z as a point in the com- 
plex plane, how should we visualize —z? What 
does this mean in terms of arguments? Give sim- 
ilar interpretations for z? and yz. 


> Solution, p. 375 1+i 
20-a4 Find four different complex numbers z (ea ee 
such that z+ = 1. 
> Solution, p. 375 Because there is more than one possible root 


20-a5 Compute the following. For the final to use in the denominator, multiple answers are 


two, use the magnitude and argument, not the possible in this problem. Use the root that re- 
real and imaginary parts. sults in the final answer that lies closest to the 


real line. (This is also the easiest one to find by 
n 1 using the magnitude-argument techniques intro- 
i 8 1141) duced in the text.) 


l+i] , arg(1+i) , | 


l1+i 
vV 
From these, find the real and imaginary parts of 


1/(1+1). u 
> Solution, p. 375 
20-d1 (a) Use complex number techniques to 


rewrite the function f(t) = 4sinwt + 3coswt in eV 
the form Asin(wt + 6). v 
(b) Verify the result using the trigonometric e Ww 


identity sin(a + 8) = sin a cos 8 + sin £ cosa. 


20-d2 This problem deals with the cubes and 
cube roots of complex numbers, but the prin- 
ciples involved apply more generally to other 
exponents besides 3 and 1/3. These examples 
are designed to be much easier to do using the 
magnitude-argument representation of complex Problem 20-d2. 

numbers than with the cartesian representation. 

If done by the easiest technique, none of these 

requires more than two or three lines of simple 20-d3 Calculate the quantity 7’ (i.e., find its 
math. In the following, the symbols 6, a, and real and imaginary parts). 
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v 
20-g1 (a) Show that the equation Vg = 
LdI/dt has the right units. 

(b) Verify that RC has units of time. 
(c) Verify that L/R has units of time. 


20-82 Find the inductance of two identical 
inductors in parallel. 


20-83 The wires themselves in a circuit can 
have resistance, inductance, and capacitance. 
Would “stray” inductance and capacitance be 
most important for low-frequency or for high- 
frequency circuits? For simplicity, assume that 
the wires act like they’re in series with an induc- 
tor or capacitor. 


20-g4 Starting from the relation V = LdI/dt 
for the voltage difference across an inductor, 
show that an inductor has an impedance equal 
to Lw. 


20-85 Suppose that an FM radio tuner for the 
US commercial broadcast band (88-108 MHz) 
consists of a series LRC circuit. If the induc- 
tor is 1.0 uH, what range of capacitances should 
the variable capacitor be able to provide? 

Vv 
20-26 (a) Find the parallel impedance of a 
37 KQ resistor and a 1.0 nF capacitor at f = 
1.0 x 10* Hz. v 
(b) A voltage with an amplitude of 1.0 mV drives 
this impedance at this frequency. What is the 
amplitude of the current drawn from the voltage 
source, what is the current’s phase angle with re- 
spect to the voltage, and does it lead the voltage, 
or lag behind it? 

v 
20-g7 A series LRC circuit consists of a 1.000 
Q resistor, a 1.000 F capacitor, and a 1.000 H in- 
ductor. (These are not particularly easy values 
to find on the shelf!) 
(a) Plot its impedance as a point in the com- 
plex plane for each of the following frequencies: 
w=0.250, 0.500, 1.000, 2.000, and 4.000 Hz. 
(b) What is the resonant angular frequency, wres, 
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and how does this relate to your plot? v 
(c) What is the resonant frequency fres corre- 


sponding to your answer in part b? 
V 


20-g8 At a frequency of 53.1 kHz, a certain 
series LR circuit has an impedance of 1.6 kQ + 
(1.2 kQ)i. Suppose that instead we want to 
achieve the same impedance using two circuit el- 
ements in parallel. What must the elements be? 
As a check on your answer, you should find that 
both values are round numbers when rounded off 
to the correct number of significant figures. 


20-g9 (a) In a series LC circuit driven by a 
DC voltage (w = 0), compare the energy stored 
in the inductor to the energy stored in the 
capacitor. 

(b) Carry out the same comparison for an LC 
circuit that is oscillating freely (without any 
driving voltage). 

(c) Now consider the general case of a series LC 
circuit driven by an oscillating voltage at an 
arbitrary frequency. Let Uz, and be the average 
energy stored in the inductor, and similarly for 
Uc. Define a quantity u = Uc/(Ur + Uc), 
which can be interpreted as the capacitor’s 
average share of the energy, while 1 — u is the 
inductor’s average share. Find u in terms of L, 
C, and w, and sketch a graph of u and 1 — u 
versus w. What happens at resonance? Make 
sure your result is consistent with your answer 
to part a. V 


21 Thermodynamics 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


21.1 Pressure, temperature, 
and heat 
References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 5.1 


e OpenStax University Physics, openstax.org, 
v. 2, ch. 1 


21.2 Kinetic theory 


References: 


e Crowell, Simple Nature,  lightandmat- 
ter.com, sec. 5.2 


e OpenStax University Physics, openstax.org, 
v. 2, ch. 2-3 


21.3 Entropy 


References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 5.3-4 


e OpenStax University Physics, openstax.org, 
v. 2, ch. 4 
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Problems 
21-a1 (a) Show that under conditions of stan- 


dard pressure and temperature, the volume of a 
sample of an ideal gas depends only on the num- 
ber of molecules in it. 

(b) One mole is defined as 6.0x 102% atoms. Find 
the volume of one mole of an ideal gas, in units 
of liters, at standard temperature and pressure 
(0°C and 101 kPa). 

v 


2l-a2 A gas in a cylinder expands its volume 
by an amount dV, pushing out a piston. Show 
that the work done by the gas on the piston is 
given by dW = PdV. 


21-a3 (a) Atmospheric pressure at sea level 
is 101 kPa. The deepest spot in the world's 
oceans is a valley called the Challenger Deep, in 
the Marianas Trench, with a depth of 11.0 km. 
Find the pressure at this depth, in units of at- 
mospheres. Although water under this amount 
of pressure does compress by a few percent, as- 
sume for the purposes of this problem that it is 
incompressible. 
(b) Suppose that an air bubble is formed at this 
depth and then rises to the surface. Estimate 
the change in its volume and radius. 

> Solution, p. 379 
21-a4 The ideal gas law is PV = nkT, and 
if everything is expressed in SI units, then the 
Boltzmann constant k has the numerical value 
k = 1.38 x 1072 J/K. You may also have 
seen a version of the equation in which n is ex- 
pressed in units of moles rather than molecules, 
and the constant of proportionality then has a 
different value. The following are three other 
ways in which we could imagine making a dif- 
ferent version of the equation. In each case, ex- 
plain whether this makes sense, and if so, find 
the value of the constant of proportionality that 
would replace the SI value of k. 
(a) Temperature is measured in degrees Celsius. 
(b) The amount of gas is measured in kilograms. 
(c) The pressure and volume are measured in the 
centimeter-gram-second (cgs) system, where, for 
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example, the unit of force is 1 g-cm/s?, and all 
other units are based on the centimeter, gram, 
and second, rather than the SI base units of me- 
ters, kilograms, and seconds. 


21-d1 (a) A helium atom contains 2 protons, 
2 electrons, and 2 neutrons. Find the mass of a 
helium atom. v 
(b) Find the number of atoms in 1.0 kg of helium. 

vV 
(c) Helium gas is monoatomic. Find the amount 
of heat needed to raise the temperature of 1.0 
kg of helium by 1.0 degree C. (This is known as 
helium’s heat capacity at constant volume.) 

v 


21-d2 A sample of gas is enclosed in a sealed 
chamber. The gas consists of molecules, which 
are then split in half through some process such 
as exposure to ultraviolet light, or passing an 
electric spark through the gas. The gas re- 
turns to the same temperature as the surround- 
ing room, but the molecules remain split apart, 
at least for some amount of time. (To achieve 
these conditions, we would need an extremely 
dilute gas. Otherwise the recombination of the 
molecules would be faster than the cooling down 
to the same temperature as the room.) How does 
its pressure now compare with its pressure before 
the molecules were split? 


21-d3 Most of the atoms in the universe are 
in the form of gas that is not part of any star 
or galaxy: the intergalactic medium (IGM). The 
IGM consists of about 107? atoms per cubic cen- 
timeter, with a typical temperature of about 10° 
K. These are, in some sense, the density and 
temperature of the universe (not counting light, 
or the exotic particles known as “dark matter”). 
Calculate the pressure of the universe (or, speak- 
ing more carefully, the typical pressure due to the 
IGM). 


v 


21-d4 (a) Determine the ratio between the 
escape velocities from the surfaces of the earth 
and the moon. vV 
(b) The temperature during the lunar daytime 
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gets up to about 130°C. In the extremely thin 
(almost nonexistent) lunar atmosphere, estimate 
how the typical velocity of a molecule would com- 
pare with that of the same type of molecule in 
the earth’s atmosphere. Assume that the earth’s 
atmosphere has a temperature of 0°C. v 
(c) Suppose you were to go to the moon and 
release some fluorocarbon gas, with molecular 
formula CnhFən+2. Estimate what is the small- 
est fluorocarbon molecule (lowest n) whose typ- 
ical velocity would be lower than that of an Na 
molecule on earth in proportion to the moon’s 
lower escape velocity. The moon would be able 


to retain an atmosphere made of these molecules. 
v 


21-d5 Our sun is powered by nuclear fu- 
sion reactions, and as a first step in these reac- 
tions, one proton must approach another proton 
to within a short enough range r. This is diffi- 
cult to achieve, because the protons have electric 
charge +e and therefore repel one another elec- 
trically. (It’s a good thing that it’s so difficult, 
because otherwise the sun would use up all of 
its fuel very rapidly and explode.) To make fu- 
sion possible, the protons must be moving fast 
enough to come within the required range. Even 
at the high temperatures present in the core of 
our sun, almost none of the protons are moving 
fast enough. 
(a) For comparison, the early universe, soon af- 
ter the Big Bang, had extremely high tempera- 
tures. Estimate the temperature T that would 
have been required so that protons with average 
energies could fuse. State your result in terms of 
r, the mass m of the proton, and universal con- 
stants. 
(b) Show that the units of your answer to part a 
make sense. 
(c) Evaluate your result from part a numerically, 
using r = 10715 m and m = 1.7 x 1077 kg. As 
a check, you should find that this is much hotter 
than the sun's core temperature of ~ 10” K. 

> Solution, p. 380 


21-d6 The sun is mainly a mixture of hydro- 


gen and helium, some of which is ionized. As 
a simplified model, let’s pretend that it’s made 
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purely out of neutral, monatomic hydrogen, and 
that the whole mass of the sun is in thermal equi- 
librium. Given its mass, it would then contain 
1.2 x 10%” atoms. It generates energy from nu- 
clear reactions at a rate of 3.8 x 102° W, and it 
is in a state of equilibrium in which this amount 
of energy is radiated off into space as light. Sup- 
pose that its ability to radiate light were some- 
how blocked. Find the rate at which its temper- 


ature would increase. 
v 


21-d7 In metals, some electrons, called con- 
duction electrons, are free to move around, 
rather than being bound to one atom. Classical 
physics gives an adequate description of many of 
their properties. Consider a metal at tempera- 
ture T, and let m be the mass of the electron. 
Find expressions for (a) the average kinetic en- 
ergy of a conduction electron, and (b) the aver- 
age square of its velocity, v2. (It would not be 
of much interest to find v, which is just zero.) 


Numerically, Vv, called the root-mean-square 
velocity, comes out to be surprisingly large — 
about two orders of magnitude greater than the 
normal thermal velocities we find for atoms in a 
gas. Why? 


Remark: From this analysis, one would think that the 
conduction electrons would contribute greatly to the heat 
capacities of metals. In fact they do not contribute very 
much in most cases; if they did, Dulong and Petit’s obser- 
vations would not have come out as described in the text. 
The resolution of this contradiction was only eventually 
worked out by Sommerfeld in 1933, and involves the fact 
that electrons obey the Pauli exclusion principle. 


21-d8 Most of the mass of an atom comes 
from its protons and neutrons. The mass of a 
proton is approximately the same as the mass of 
a neutron. The planet Jupiter is made mostly 
of hydrogen molecules. A normal hydrogen 
molecule (H2) contains two protons (one in each 
atom), and no neutrons. A small percentage of 
the hydrogen in the universe is in a form in which 
the nucleus contains both a proton and a neu- 
tron; this is called deuterium, often notated D. 
Since deuterium isn’t very abundant, the most 
common thing to happen to a deuterium atom 
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in Jupiter's atmosphere is that it would find it- 
self in a molecule whose other atom was a normal 
hydrogen atom. The resulting molecule could be 
described as a DH. A DH molecule contains a to- 
tal of two protons and one neutron. Compare the 
typical speed of a DH molecule in Jupiter's at- 
mosphere with the typical speed of an Hz. Give 
a quantitative comparison, and notate it so that 
it's clear which is the higher speed. 


21-g1 Object A is a brick. Object B is half 
of a similar brick. If A is heated, we have AS = 
Q/T. Show that if this equation is valid for A, 
then it is also valid for B. 

> Solution, p. 380 


21-82 You use a spoon at room temperature, 
22°C, to mix your coffee, which is at 80°C. Dur- 
ing this brief period of thermal contact, 1.3 J of 
heat is transferred from the coffee to the spoon. 
Find the total change in the entropy of the uni- 


verse. 
v 


21-g3 Refrigerators, air conditioners, and 
heat pumps are heat engines that work in re- 
verse. You put in mechanical work, and the ef- 
fect is to take heat out of a cooler reservoir and 
deposit heat in a warmer one: Qr +W = Quy. 
As with the heat engines discussed previously, 
the efficiency is defined as the energy transfer 
you want (Qz for a refrigerator or air condi- 
tioner, Q y for a heat pump) divided by the en- 
ergy transfer you pay for (W). 

Efficiencies are supposed to be unitless, but 
the efficiency of an air conditioner is normally 
given in terms of an EER rating (or a more com- 
plex version called an SEER). The EER is de- 
fined as Q,/W, but expressed in the barbaric 
units of of Btu/watt-hour. A typical EER rat- 
ing for a residential air conditioner is about 10 
Btu/watt-hour, corresponding to an efficiency of 
about 3. The standard temperatures used for 
testing an air conditioner’s efficiency are 80°F 
(27°C) inside and 95°F (35°C) outside. 

(a) What would be the EER rating of a reversed 
Carnot engine used as an air conditioner? v 
(b) If you ran a 3-kW residential air conditioner, 
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with an efficiency of 3, for one hour, what would 
be the effect on the total entropy of the universe? 
Is your answer consistent with the second law of 


thermodynamics? 
vV 


21-84 Even when resting, the human body 
needs to do a certain amount of mechanical work 
to keep the heart beating. This quantity is dif- 
ficult to define and measure with high precision, 
and also depends on the individual and her level 
of activity, but it’s estimated to be about 1 to 5 
watts. Suppose we consider the human body as 
nothing more than a pump. A person who is just 
lying in bed all day needs about 1000 kcal/day 
worth of food to stay alive. (a) Estimate the 
person's thermodynamic efficiency as a pump, 
and (b) compare with the maximum possible ef- 
ficiency imposed by the laws of thermodynamics 
for a heat engine operating across the difference 
between a body temperature of 37°C and an am- 
bient temperature of 22°C. (c) Interpret your 
answer. 


21-85 (a) Consider a one-dimensional ideal 
gas consisting of n material particles, at temper- 
ature T. Trace back through the logic of the 
equipartition theorem on p. ?? to determine the 
total energy. 

(b) Explain why it should matter how many di- 
mensions there are. 

(c) Gases that we encounter in everyday life are 
made of atoms, but there are gases made out 
of other things. For example, soon after the 
big bang, there was a period when the universe 
was very hot and dominated by light rather than 
matter. A particle of light is called a photon, so 
the early universe was a “photon gas.” For sim- 
plicity, consider a photon gas in one dimension. 
Photons are massless, and we will see in ch. ?? 
on relativity that for a massless particle, the en- 
ergy is related to the momentum by E = pc, 
where c is the speed of light. (Note that p = mv 
does not hold for a photon.) Again, trace back 
through the logic of equipartition on p. ??. Does 
the photon gas have the same heat capacity as 
the one you found in part a? 
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21-86 Example ?? on page ?? suggests ana- 
lyzing the resonance of a violin at 300 Hz as a 
Helmholtz resonance. However, we might expect 
the equation for the frequency of a Helmholtz 
resonator to be a rather crude approximation 
here, since the f-holes are not long tubes, but slits 
cut through the face of the instrument, which is 
only about 2.5 mm thick. (a) Estimate the fre- 
quency that way anyway, for a violin with a vol- 
ume of about 1.6 liters, and f-holes with a total 
area of 10 cm?. (b) A common rule of thumb is 
that at an open end of an air column, such as 
the neck of a real Helmholtz resonator, some air 
beyond the mouth also vibrates as if it was inside 
the tube, and that this effect can be taken into 
account by adding 0.4 times the diameter of the 
tube for each open end (i.e., 0.8 times the diam- 
eter when both ends are open). Applying this to 
the violin's f-holes results in a huge change in L, 
since the ~ 7 mm width of the f-hole is consider- 
ably greater than the thickness of the wood. Try 
it, and see if the result is a better approximation 
to the observed frequency of the resonance. 
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22 Optics 


This is not a textbook. It’s a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


22.1 Geometric optics 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 12.1-4 


e OpenStax University Physics, openstax.org, 
v. 3, ch. 1-2 


22.2 Wave optics 


References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 12.5 


e OpenStax University Physics, openstax.org, 
v. 3, ch. 3-4 
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Problems 
22-al Draw a ray diagram showing why 


a small light source (a candle, say) produces 
sharper shadows than a large one (e.g., a long 
fluorescent bulb). 


22-42 A Global Positioning System (GPS) re- 
ceiver is a device that lets you figure out where 
you are by receiving timed radio signals from 
satellites. It works by measuring the travel time 
for the signals, which is related to the distance 
between you and the satellite. By finding the 
ranges to several different satellites in this way, 
it can pin down your location in three dimen- 
sions to within a few meters. How accurate does 
the measurement of the time delay have to be to 
determine your position to this accuracy? 


22-a3 Estimate the frequency of an electro- 
magnetic wave whose wavelength is similar in 
size to an atom (about a nm). In what part of 
the electromagnetic spectrum would such a wave 
lie (infrared, gamma-rays, ...)? 


22-a4 The Stealth Bomber is designed with 
flat, smooth surfaces. Why would this make it 
difficult to detect using radar? 
> Solution, p. 381 
22-a5 The natives of planet Wumpus play 
pool using light rays on an eleven-sided table 
with mirrors for bumpers, shown in the figure on 
the next page. Trace this shot accurately with a 
ruler to reveal the hidden message. To get good 
enough accuracy, you'll need to photocopy the 
page (or download the book and print the page) 
and construct each reflection using a protractor. 
> Solution, p. 382 

22-a6 The figure on the next page shows 
a curved (parabolic) mirror, with three parallel 
light rays coming toward it. One ray is approach- 
ing along the mirror’s center line. (a) Continue 
the light rays until they are about to undergo 
their second reflection. To get good enough accu- 
racy, you'll need to photocopy the page (or down- 
load the book and print the page) and draw in 
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Problem 22-a5. 


the normal at each place where a ray is reflected. 
What do you notice? (b) Make up an example 
of a practical use for this device. (c) How could 
you use this mirror with a small lightbulb to pro- 
duce a parallel beam of light rays going off to the 
right? 

> Solution, p. 382 


Problem 22-a6. 


22-a7 Suppose we have a polygonal room 
whose walls are mirrors, and there a pointlike 
light source in the room. In most such exam- 
ples, every point in the room ends up being il- 
luminated by the light source after some finite 
number of reflections. A difficult mathematical 
question, first posed in the middle of the last 
century, is whether it is ever possible to have an 
example in which the whole room is not illumi- 
nated. (Rays are assumed to be absorbed if they 
strike exactly at a vertex of the polygon, or if 
they pass exactly through the plane of a mirror.) 

The problem was finally solved in 1995 by 
G.W. Tokarsky, who found an example of a room 
that was not illuminable from a certain point. 
Figure 22-a7 shows a slightly simpler example 
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found two years later by D. Castro. If a light 
source is placed at either of the locations shown 
with dots, the other dot remains unilluminated, 
although every other point is lit up. It is not 
straightforward to prove rigorously that Castro's 
solution has this property. However, the plau- 
sibility of the solution can be demonstrated as 
follows. 

Suppose the light source is placed at the right- 
hand dot. Locate all the images formed by sin- 
gle reflections. Note that they form a regular 
pattern. Convince yourself that none of these 
images illuminates the left-hand dot. Because 
of the regular pattern, it becomes plausible that 
even if we form images of images, images of im- 
ages of images, etc., none of them will ever illu- 
minate the other dot. 

There are various other versions of the prob- 
lem, some of which remain unsolved. The book 
by Klee and Wagon gives a good introduction 
to the topic, although it predates Tokarsky and 
Castro’s work. 

References: 
G.W. Tokarsky, 
minable from Every Point.” 
Monthly 102, 867-879, 1995. 
D. Castro, “Corrections.” Quantum 7, 42, Jan. 
1997. 

V. Klee and S. Wagon, Old and New Unsolved 
Problems in Plane Geometry and Number The- 


“Polygonal Rooms Not Illu- 
Amer. Math. 


ory. Mathematical Association of America, 
1991. 
22-d1 A man is walking at 1.0 m/s directly 


towards a flat mirror. At what speed is his sep- 


aration from his image decreasing? 
v 


22-d2 Ifa mirror on a wall is only big enough 
for you to see yourself from your head down to 
your waist, can you see your entire body by back- 
ing up? Test this experimentally and come up 
with an explanation for your observations, in- 
cluding a ray diagram. 

Note that when you do the experiment, it’s 
easy to confuse yourself if the mirror is even a 
tiny bit off of vertical. One way to check yourself 
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Problem 22-a7. 


is to artificially lower the top of the mirror by 
putting a piece of tape or a post-it note where 
it blocks your view of the top of your head. You 
can then check whether you are able to see more 
of yourself both above and below by backing up. 


22-g1 Draw a ray diagram for the formation 
of an image by a convex mirror. (a) How does 
the image’s distance from the mirror compare 
with the actual object’s distance from the mir- 
ror? From this comparison, determine whether 
the magnification is greater than or less than one. 
(b) Is the image real, or virtual? Could this mir- 
ror ever make the other type of image? 


22-g2 As discussed in question 22-g1, there 
are two types of curved mirrors, concave and con- 
vex. Make a list of all the possible combinations 
of types of images (virtual or real) with types 
of mirrors (concave and convex). (Not all of 
the four combinations are physically possible.) 
Now for each one, use ray diagrams to deter- 
mine whether increasing the distance of the ob- 
ject from the mirror leads to an increase or a 
decrease in the distance of the image from the 
mirror. 

Draw BIG ray diagrams! Each diagram should 
use up about half a page of paper. 

Some tips: To draw a ray diagram, you need 
two rays. For one of these, pick the ray that 
comes straight along the mirror’s axis, since its 
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reflection is easy to draw. After you draw the two 
rays and locate the image for the original object 
position, pick a new object position that results 
in the same type of image, and start a new ray di- 
agram, in a different color of pen, right on top of 
the first one. For the two new rays, pick the ones 
that just happen to hit the mirror at the same 
two places; this makes it much easier to get the 
result right without depending on extreme accu- 
racy in your ability to draw the reflected rays. 


22-83 Ifthe user of an astronomical telescope 
moves her head closer to or farther away from 
the image she is looking at, does the magnifi- 
cation change? Does the angular magnification 
change? Explain. (For simplicity, assume that 
no eyepiece is being used.) 

> Solution, p. 384 


22-84 In the figure, only the image of my 
forehead was located by drawing rays. Either 
photocopy the figure or download the book and 
print out the relevant page. On this copy of the 
figure, make a new set of rays coming from my 
chin, and locate its image. To make it easier to 
judge the angles accurately, draw rays from the 
chin that happen to hit the mirror at the same 
points where the two rays from the forehead were 
shown hitting it. By comparing the locations of 
the chin’s image and the forehead’s image, verify 
that the image is actually upside-down, as shown 
in the original figure. 


Problem 22-g4. 
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22-g5 The figure shows four points where rays 
cross. Of these, which are image points? Ex- 
plain. 
SY 
Problem 22-g5. 
22-g6 Here’s a game my kids like to play. I 


sit next to a sunny window, and the sun reflects 
from the glass on my watch, making a disk of 
light on the wall or floor, which they pretend to 
chase as I move it around. Is the spot a disk be- 
cause that’s the shape of the sun, or because it’s 
the shape of my watch? In other words, would a 
square watch make a square spot, or do we just 
have a circular image of the circular sun, which 
will be circular no matter what? 


22-87 Apply the equation M = d;/d, to the 
case of a flat mirror. 
> Solution, p. 384 


22-g8 Find the focal length of the mirror in 


problem 22-a6 . 
Vv 


22-g9 Rank the focal lengths of the mirrors 
in the figure, from shortest to longest. Explain. 


22-g10 (a) A converging mirror with a focal 
length of 20 cm is used to create an image, using 
an object at a distance of 10 cm. Is the image 
real, or is it virtual? (b) How about f = 20 cm 
and do = 30 cm? (c) What if it was a diverging 
mirror with f = 20 cm and do = 10 cm? (d) A 
diverging mirror with f = 20 cm and d, = 30 
cm? 
> Solution, p. 384 
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O 


Problem 22-g9. 


22-g11 (a) Make up a numerical example of 
a virtual image formed by a converging mirror 
with a certain focal length, and determine the 
magnification. (You will need the result of prob- 
lem ??.) Make sure to choose values of dọ and 
f that would actually produce a virtual image, 
not a real one. Now change the location of the 
object a little bit and redetermine the magnifi- 
cation, showing that it changes. At my local de- 
partment store, the cosmetics department sells 
hand mirrors advertised as giving a magnifica- 
tion of 5 times. How would you interpret this? 
(b) Suppose a Newtonian telescope is being 
used for astronomical observing. Assume for 
simplicity that no eyepiece is used, and assume 
a value for the focal length of the mirror that 
would be reasonable for an amateur instrument 
that is to fit in a closet. Is the angular magnifi- 
cation different for objects at different distances? 
For example, you could consider two planets, one 
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of which is twice as far as the other. 

> Solution, p. 384 
22-g12 (a) Find a case where the magnifica- 
tion of a curved mirror is infinite. Is the angular 
magnification infinite from any realistic viewing 
position? (b) Explain why an arbitrarily large 
magnification can’t be achieved by having a suf- 
ficiently small value of do. 

> Solution, p. 385 
22-g13 A concave surface that reflects sound 
waves can act just like a converging mirror. Sup- 
pose that, standing near such a surface, you are 
able to find a point where you can place your 
head so that your own whispers are focused back 
on your head, so that they sound loud to you. 
Given your distance to the surface, what is the 
surface’s focal length? 

v 
22-g14 The figure shows a device for con- 
structing a realistic optical illusion. Two mir- 
rors of equal focal length are put against each 
other with their silvered surfaces facing inward. 
A small object placed in the bottom of the cav- 
ity will have its image projected in the air above. 
The way it works is that the top mirror produces 
a virtual image, and the bottom mirror then cre- 
ates a real image of the virtual image. (a) Show 
that if the image is to be positioned as shown, at 
the mouth of the cavity, then the focal length of 
the mirrors is related to the dimension h via the 
equation 


(b) Restate the equation in terms of a single vari- 
able x = h/f, and show that there are two solu- 
tions for x. Which solution is physically consis- 
tent with the assumptions of the calculation? 


22-g15 (a) A converging mirror is being used 
to create a virtual image. What is the range 
of possible magnifications? (b) Do the same for 
the other types of images that can be formed by 
curved mirrors (both converging and diverging). 
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Problem 22-814. 
22-816 A diverging mirror of focal length f is 


fixed, and faces down. An object is dropped from 
the surface of the mirror, and falls away from it 
with acceleration g. The goal of the problem is 
to find the maximum velocity of the image. 

(a) Describe the motion of the image verbally, 
and explain why we should expect there to be a 
maximum velocity. 

(b) Use arguments based on units to determine 
the form of the solution, up to an unknown unit- 
less multiplicative constant. 

(c) Complete the solution by determining the 
unitless constant. 

Vv 
22-g17 A converging mirror has focal length 
f. An object is located at a distance (1 + €)f 
from the mirror, where e is small. Find the dis- 
tance of the image from the mirror, simplifying 
your result as much as possible by using the as- 
sumption that e is small. 


22-818 A mechanical linkage is a device that 
changes one type of motion into another. The 
most familiar example occurs in a gasoline car's 
engine, where a connecting rod changes the lin- 
ear motion of the piston into circular motion 
of the crankshaft. The top panel of the figure 
shows a mechanical linkage invented by Peaucel- 
lier in 1864, and independently by Lipkin around 
the same time. It consists of six rods joined by 
hinges, the four short ones forming a rhombus. 
Point O is fixed in space, but the apparatus is 
free to rotate about O. Motion at P is trans- 
formed into a different motion at P’ (or vice 
versa). 
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Geometrically, the linkage is a mechanical im- 
plementation of the ancient problem of inversion 
in a circle. Considering the case in which the 
rhombus is folded flat, let the k be the distance 
from O to the point where P and P’ coincide. 
Form the circle of radius k with its center at O. 
As P and P’ move in and out, points on the inside 
of the circle are always mapped to points on its 
outside, such that rr' = k?. That is, the linkage 
is a type of analog computer that exactly solves 
the problem of finding the inverse of a number 
r. Inversion in a circle has many remarkable geo- 
metrical properties, discussed in H.S.M. Coxeter, 
Introduction to Geometry, Wiley, 1961. If a pen 
is inserted through a hole at P, and P’ is traced 
over a geometrical figure, the Peaucellier linkage 
can be used to draw a kind of image of the figure. 

A related problem is the construction of pic- 
tures, like the one in the bottom panel of the 
figure, called anamorphs. The drawing of the 
column on the paper is highly distorted, but 
when the reflecting cylinder is placed in the cor- 
rect spot on top of the page, an undistorted 
image is produced inside the cylinder. (Wide- 
format movie technologies such as Cinemascope 
are based on similar principles.) 

Show that the Peaucellier linkage does not 
convert correctly between an image and its 
anamorph, and design a modified version of the 
linkage that does. Some knowledge of analytic 
geometry will be helpful. 


22-j1 Diamond has an index of refraction of 
2.42, and part of the reason diamonds sparkle 
is that this encourages a light ray to undergo 
many total internal reflections before it emerges. 
(a) Calculate the critical angle at which total in- 
ternal reflection occurs in diamond. (b) Explain 
the interpretation of your result: Is it measured 
from the normal, or from the surface? Is it a 
minimum angle for total internal reflection, or 
is it a maximum? How would the critical angle 
have been different for a substance such as glass 


or plastic, with a lower index of refraction? 
Vv 
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Problem 22-818. 


22-j2 Under ordinary conditions, gases have 
indices of refraction only a little greater than 
that of vacuum, i.e., n = 1 + €, where e is some 
small number. Suppose that a ray crosses a 
boundary between a region of vacuum and a re- 
gion in which the index of refraction is 1 + e. 
Find the maximum angle by which such a ray 


can ever be deflected, in the limit of small e. 
vV 


22-j3 In an experiment to measure the un- 
known index of refraction n of a liquid, you send 
a laser beam from air into a tank filled with the 
liquid. Let ¢ be the angle of the beam relative to 
the normal while in the air, and let 6 be the an- 
gle in the liquid. You can set ¢ to any value you 
like by aiming the laser from an appropriate di- 
rection, and you measure Ó as a result. We wish 
to plan such an experiment so as to minimize 
the error dn in the result of the experiment, for 
a fixed error d0 in the measurement of the angle 
in the liquid. We assume that there is no signif- 
icant contribution to the error from uncertainty 
in the index of refraction of air (which is very 
close to 1) or from the angle ¢. Find dn in terms 
of d0, and determine the optimal conditions. 
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> Solution, p. 387 

22-j4 The intensity of a beam of light is de- 
fined as the power per unit area incident on a 
perpendicular surface. Suppose that a beam of 
light in a medium with index of refraction n 
reaches the surface of the medium, with air on 
the outside. Its incident angle with respect to the 
normal is 9. (All angles are in radians.) Only a 
fraction f of the energy is transmitted, the rest 
being reflected. Because of this, we might ex- 
pect that the transmitted ray would always be 
less intense than the incident one. But because 
the transmitted ray is refracted, it becomes nar- 
rower, causing an additional change in intensity 
by a factor g > 1. The product of these factors 
I = fg can be greater than one. The purpose of 
this problem is to estimate the maximum amount 
of intensification. 
We will use the small-angle approximation 0 << 1 
freely, in order to make the math tractable. In 
our previous studies of waves, we have only stud- 
ied the factor f in the one-dimensional case 
where 6 = 0. The generalization to 0 4% 0 is 
rather complicated and depends on the polar- 
ization, but for unpolarized light, we can use 
Schlick’s approximation, 


f(0) = f(0)(1 — cos 0)”, 


where the value of f at 0 = 0 is found as in prob- 
lem 13-d7 on p. 152. 

(a) Using small-angle approximations, obtain an 
expression for g of the form g ~ 1 + P6?, and 
find the constant P. 

(b) Find an expression for I that includes the two 
leading-order terms in 6. We will call this expres- 
sion I>. Obtain a simple expression for the angle 
at which Jz is maximized. As a check on your 
work, you should find that for n = 1.3, 0 = 638°. 
(Trial-and-error maximization of I gives 60°.) 
(c) Find an expression for the maximum value of 
Iz. You should find that for n = 1.3, the maxi- 
mum intensification is 31%. 


22-j5 Prove that the principle of least time 
leads to Snell’s law. 
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22-m1 When you take pictures with a cam- 
era, the distance between the lens and the film 
or chip has to be adjusted, depending on the dis- 
tance at which you want to focus. This is done 
by moving the lens. If you want to change your 
focus so that you can take a picture of something 
farther away, which way do you have to move the 
lens? Explain using ray diagrams. [Based on a 
problem by Eric Mazur.] 


22-m2 A diverging lens with f = 30 cm is 
forming an image of an object. The object is 
60 cm from the lens. (a) Draw a ray diagram, 
and label the image on the diagram. (b) Is the 
image real, or virtual? Explain. (c) Calculate 
the position of the image. 


22-m3  —Nearsighted people wear glasses whose 
lenses are diverging. (a) Draw a ray diagram. 
For simplicity pretend that there is no eye behind 
the glasses. (b) If the focal length of the lens is 
50.0 cm, and the person is looking at an object 
at a distance of 80.0 cm, locate the image. 

v 
22-m4 Suppose a converging lens is con- 
structed of a type of plastic whose index of re- 
fraction is less than that of water. How will the 
lens’s behavior be different if it is placed under- 
water? 

> Solution, p. 388 
22-m5 There are two main types of tele- 
scopes, refracting (using a lens) and reflecting 
(using a mirror). (Some telescopes use a mix- 
ture of the two types of elements: the light first 
encounters a large curved mirror, and then goes 
through an eyepiece that is a lens. To keep things 
simple, assume no eyepiece is used.) What im- 
plications would the color-dependence of focal 
length have for the relative merits of the two 
types of telescopes? Describe the case where an 
image is formed of a white star. You may find it 
helpful to draw a ray diagram. 


22-m6 Based on Snell’s law, explain why rays 
of light passing through the edges of a converging 
lens are bent more than rays passing through 
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parts closer to the center. It might seem like it 
should be the other way around, since the rays 
at the edge pass through less glass — shouldn't 
they be affected less? In your answer: 


e Include a ray diagram showing a huge, full- 
page, close-up view of the relevant part of 
the lens. 


e Make use of the fact that the front and 
back surfaces aren't always parallel; a lens 
in which the front and back surfaces are al- 
ways parallel doesn’t focus light at all, so if 
your explanation doesn’t make use of this 
fact, your argument must be incorrect. 


e Make sure your argument still works even if 
the rays don’t come in parallel to the axis 
or from a point on the axis. 


> Solution, p. 388 


Problem 22-m6. 


22-m7 When swimming underwater, why is 
your vision made much clearer by wearing gog- 
gles with flat pieces of glass that trap air behind 
them? [Hint: You can simplify your reasoning by 
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considering the special case where you are look- 
ing at an object far away, and along the optic 
axis of the eye.] 

> Solution, p. 389 


air 


ES 
S 


Problem 22-m7. 


22-m8 — The figure shows four lenses. Lens 1 
has two spherical surfaces. Lens 2 is the same 
as lens 1 but turned around. Lens 3 is made by 
cutting through lens 1 and turning the bottom 
around. Lens 4 is made by cutting a central circle 
out of lens 1 and recessing it. 

(a) A parallel beam of light enters lens 1 from 
the left, parallel to its axis. Reasoning based 
on Snell's law, will the beam emerging from the 
lens be bent inward, or outward, or will it remain 
parallel to the axis? Explain your reasoning. As 
part of your answer, make a huge drawing of one 
small part of the lens, and apply Snell's law at 
both interfaces. Recall that rays are bent more if 
they come to the interface at a larger angle with 
respect to the normal. 
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(b) What will happen with lenses 2, 3, and 4? 
Explain. Drawings are not necessary. 
> Solution, p. 389 


Problem 22-m8. 


22-m9 The drawing shows the anatomy of the 
human eye, at twice life size. Find the radius of 
curvature of the outer surface of the cornea by 
measurements on the figure, and then derive the 
focal length of the air-cornea interface, where al- 
most all the focusing of light occurs. You will 
need to use physical reasoning to modify the lens- 
maker’s equation for the case where there is only 
a single refracting surface. Assume that the in- 
dex of refraction of the cornea is essentially that 


of water. 
Jv 


22-m10 (a) Light is being reflected diffusely 
from an object 1.000 m underwater. The light 
that comes up to the surface is refracted at the 
water-air interface. If the refracted rays all ap- 
pear to come from the same point, then there 
will be a virtual image of the object in the wa- 
ter, above the object’s actual position, which will 
be visible to an observer above the water. Con- 
sider three rays, A, B and C, whose angles in the 
water with respect to the normal are 0; = 0.000°, 
1.000 and 20.000° respectively. Find the depth 
of the point at which the refracted parts of A and 
B appear to have intersected, and do the same 
for A and C. Show that the intersections are at 
nearly the same depth, but not quite. [Check: 
The difference in depth should be about 4 cm.] 
(b) Since all the refracted rays do not quite 
appear to have come from the same point, this 
is technically not a virtual image. In practical 
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terms, what effect would this have on what you 
see? 

(c) In the case where the angles are all small, 
use algebra and trig to show that the refracted 
rays do appear to come from the same point, and 
find an equation for the depth of the virtual im- 
age. Do not put in any numerical values for the 
angles or for the indices of refraction — just keep 
them as symbols. You will need the approxima- 
tion sin = tan@ ~ 0, which is valid for small 
angles measured in radians. 


22-m11 Two standard focal lengths for cam- 
era lenses are 50 mm (standard) and 28 mm 
(wide-angle). To see how the focal lengths re- 
late to the angular size of the field of view, it 
is helpful to visualize things as represented in 
the figure. Instead of showing many rays com- 
ing from the same point on the same object, as 
we normally do, the figure shows two rays from 
two different objects. Although the lens will in- 
tercept infinitely many rays from each of these 
points, we have shown only the ones that pass 
through the center of the lens, so that they suffer 
no angular deflection. (Any angular deflection at 
the front surface of the lens is canceled by an op- 
posite deflection at the back, since the front and 
back surfaces are parallel at the lens’s center.) 
What is special about these two rays is that they 
are aimed at the edges of one 35-mm-wide frame 
of film; that is, they show the limits of the field 
of view. Throughout this problem, we assume 
that do is much greater than d;. (a) Compute 
the angular width of the camera’s field of view 
when these two lenses are used. (b) Use small- 
angle approximations to find a simplified equa- 
tion for the angular width of the field of view, 
0, in terms of the focal length, f, and the width 
of the film, w. Your equation should not have 
any trig functions in it. Compare the results of 
this approximation with your answers from part 
a. (c) Suppose that we are holding constant the 
aperture (amount of surface area of the lens be- 
ing used to collect light). When switching from 
a 50-mm lens to a 28-mm lens, how many times 
longer or shorter must the exposure be in order 


CHAPTER 22. OPTICS 


to make a properly developed picture, i.e., one 
that is not under- or overexposed? [Based on a 
problem by Arnold Arons.] 

> Solution, p. 390 


Problem 22-m11. 


22-m12 A nearsighted person is one whose 
eyes focus light too strongly, and who is therefore 
unable to relax the lens inside her eye sufficiently 
to form an image on her retina of an object that 
is too far away. 

(a) Draw a ray diagram showing what happens 
when the person tries, with uncorrected vision, 
to focus at infinity. 

(b) What type of lenses do her glasses have? 
Explain. 

(c) Draw a ray diagram showing what happens 
when she wears glasses. Locate both the image 
formed by the glasses and the final image. 

(d) Suppose she sometimes uses contact lenses 
instead of her glasses. Does the focal length of 
her contacts have to be less than, equal to, or 
greater than that of her glasses? Explain. 


22-m13 Fred’s eyes are able to focus on 
things as close as 5.0 cm. Fred holds a mag- 
nifying glass with a focal length of 3.0 cm at a 
height of 2.0 cm above a flatworm. (a) Locate the 
image, and find the magnification. (b) Without 
the magnifying glass, from what distance would 
Fred want to view the flatworm to see its details 
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as well as possible? With the magnifying glass? 
(c) Compute the angular magnification. 


22-m14 The figure shows a lens with surfaces 
that are curved, but whose thickness is constant 
along any horizontal line. Use the lensmaker’s 
equation to prove that this “lens” is not really a 
lens at all. 

> Solution, p. 391 


22-m15 Zahra likes to play practical jokes on 
the friends she goes hiking with. One night, by 
a blazing camp fire, she stealthily uses a lens of 
focal length f to gather light from the fire and 
make a hot spot on Becky’s neck. (a) Draw a 
ray diagram and set up the equation for the im- 
age location, inferring the correct plus and minus 
signs from the diagram. (b) Let A be the dis- 
tance from the lens to the campfire, and B the 
distance from the lens to Becky’s neck. Consider 
the following nine possibilities: 
B 

=f 


<f >f 


<T 

A =f 

>f 

By reasoning about your equation from part a, 

determine which of these are possible and which 
are not. 


> Solution, p. 391 


22-m16 It would be annoying if your eye- 
glasses produced a magnified or reduced image. 
Prove that when the eye is very close to a lens, 
and the lens produces a virtual image, the angu- 
lar magnification is always approximately equal 
to 1 (regardless of whether the lens is diverging 
or converging). 


22-q1 The figure shows a diffraction pattern 
made by a double slit, along with an image of 
a meter stick to show the scale. Sketch the 
diffraction pattern from the figure on your paper. 
Now consider the four variables in the equation 
A/d = sin@/m. Which of these are the same for 
all five fringes, and which are different for each 
fringe? Which variable would you naturally use 
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in order to label which fringe was which? La- 
bel the fringes on your sketch using the values of 
that variable. 


22-q2 Match gratings A-C with the diffrac- 
tion patterns 1-3 that they produce. Explain. 


22-q3 The figure below shows two diffraction 
patterns. The top one was made with yellow 
light, and the bottom one with red. Could the 
slits used to make the two patterns have been 
the same? 


22-q4 The figure on p. ?? shows a diffrac- 
tion pattern made by a double slit, along with 
an image of a meter stick to show the scale. The 
slits were 146 cm away from the screen on which 
the diffraction pattern was projected. The spac- 
ing of the slits was 0.050 mm. What was the 
wavelength of the light? 

Vv 
22-q5 Why would blue or violet light be the 
best for microscopy? 

> Solution, p. 392 
22-q6 The figure below shows two diffraction 
patterns, both made with the same wavelength 
of red light. (a) What type of slits made the pat- 
terns? Is it a single slit, double slits, or some- 
thing else? Explain. (b) Compare the dimen- 
sions of the slits used to make the top and bot- 
tom pattern. Give a numerical ratio, and state 
which way the ratio is, i.e., which slit pattern 
was the larger one. Explain. 

> Solution, p. 392 
22-q7 When white light passes through a 
diffraction grating, what is the smallest value of 
m for which the visible spectrum of order m over- 
laps the next one, of order m + 1? (The visible 
spectrum runs from about 400 nm to about 700 
nm.) 


22-q8 For star images such as the ones in fig- 
ure ??, estimate the angular width of the diffrac- 
tion spot due to diffraction at the mouth of the 
telescope. Assume a telescope with a diameter 
of 10 meters (the largest currently in existence), 
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Problem 22-q9. 


Problem 22-m14. 


Problem 22-m15. 


and light with a wavelength in the middle of the 
visible range. Compare with the actual angu- 
lar size of a star of diameter 10% m seen from a 
distance of 107 m. What does this tell you? 

> Solution, p. 392 


22-q9 The figure below shows three diffrac- 
tion patterns. All were made under identical 
conditions, except that a different set of double 
slits was used for each one. The slits used to 
make the top pattern had a center-to-center sep- 
aration d = 0.50 mm, and each slit was w = 0.04 
mm wide. (a) Determine d and w for the slits 
used to make the pattern in the middle. (b) Do 
the same for the slits used to make the bottom 
pattern. 
> Solution, p. 392 


22-q10 The beam of a laser passes through 
a diffraction grating, fans out, and illuminates a 
wall that is perpendicular to the original beam, 
lying at a distance of 2.0 m from the grating. 
The beam is produced by a helium-neon laser, 
and has a wavelength of 694.3 nm. The grat- 
ing has 2000 lines per centimeter. (a) What 
is the distance on the wall between the central 
maximum and the maxima immediately to its 
right and left? (b) How much does your answer 
change when you use the small-angle approxima- 
tions 0 ~ sin = tan 0? 
Vv 


22-q11 Ultrasound, i.e., sound waves with 
frequencies too high to be audible, can be used 
for imaging fetuses in the womb or for breaking 
up kidney stones so that they can be eliminated 
by the body. Consider the latter application. 
Lenses can be built to focus sound waves, but be- 
cause the wavelength of the sound is not all that 
small compared to the diameter of the lens, the 
sound will not be concentrated exactly at the ge- 
ometrical focal point. Instead, a diffraction pat- 
tern will be created with an intense central spot 
surrounded by fainter rings. About 85% of the 
power is concentrated within the central spot. 
The angle of the first minimum (surrounding the 
central spot) is given by sin9 = A/b, where b is 
the diameter of the lens. This is similar to the 
corresponding equation for a single slit, but with 
a factor of 1.22 in front which arises from the 
circular shape of the aperture. Let the distance 
from the lens to the patient's kidney stone be 
L = 20 cm. You will want f > 20 kHz, so that 
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the sound is inaudible. Find values of b and f 
that would result in a usable design, where the 
central spot is small enough to lie within a kid- 
ney stone 1 cm in diameter. 


22-q12 Under what circumstances could one 
get a mathematically undefined result by solving 
the double-slit diffraction equation for 0? Give 
a physical interpretation of what would actually 
be observed. 

> Solution, p. 393 


22-q13 When ultrasound is used for medi- 
cal imaging, the frequency may be as high as 
5-20 MHz. Another medical application of ul- 
trasound is for therapeutic heating of tissues in- 
side the body; here, the frequency is typically 1-3 
MHz. What fundamental physical reasons could 
you suggest for the use of higher frequencies for 
imaging? 
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23 More about relativity 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


23.1 More about relativity 


References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 7.3 


e OpenStax University Physics, openstax.org, 
v. 3, sec. 5.8-9 
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Problems 
23-al (a) A free neutron (as opposed to a 


neutron bound into an atomic nucleus) is unsta- 
ble, and undergoes beta decay (which you may 
want to review). The masses of the particles in- 
volved are as follows: 


neutron 1.67495 x 107 kg 
proton 1.67265 x 1072” kg 
electron 0.00091 x 1072” kg 
antineutrino < 107% kg 
Find the energy released in the decay of a free 
neutron. Vv 


(b) Neutrons and protons make up essentially 
all of the mass of the ordinary matter around us. 
We observe that the universe around us has no 
free neutrons, but lots of free protons (the nu- 
clei of hydrogen, which is the element that 90% 
of the universe is made of). We find neutrons 
only inside nuclei along with other neutrons and 
protons, not on their own. 

If there are processes that can convert neu- 
trons into protons, we might imagine that there 
could also be proton-to-neutron conversions, and 
indeed such a process does occur sometimes in 
nuclei that contain both neutrons and protons: 
a proton can decay into a neutron, a positron, 
and a neutrino. A positron is a particle with the 
same properties as an electron, except that its 
electrical charge is positive. A neutrino, like an 
antineutrino, has negligible mass. 

Although such a process can occur within a 
nucleus, explain why it cannot happen to a free 
proton. (If it could, hydrogen would be radioac- 
tive, and you wouldn’t exist!) 


23-42 (a) Find a relativistic equation for the 
velocity of an object in terms of its mass and 
momentum (eliminating y). Use natural units 
(i.e., discard factors of c) throughout. v 
(b) Show that your result is approximately the 
same as the nonrelativistic value, p/m, at low 
velocities. 

(c) Show that very large momenta result in 
speeds close to the speed of light. 

(d) Insert factors of c to make your result from 
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part a usable in SI units. v 


23-a3 (a) A charged particle is surrounded by 
a uniform electric field. Starting from rest, it is 
accelerated by the field to speed v after traveling 
a distance d. Now it is allowed to continue for 
a further distance 3d, for a total displacement 
from the start of 4d. What speed will it reach, 
assuming newtonian physics? 

(b) Find the relativistic result for the case of v = 
c/2. 


23-a4 Expand the equation K = m(y—1) ina 
Taylor series, and find the first two nonvanishing 
terms. Explain why the vanishing terms are the 
ones that should vanish physically. Show that 
the first term is the nonrelativistic expression for 
kinetic energy. 


23-a5 Consider the relativistic relation for 
momentum as a function of velocity (for a parti- 
cle with nonzero mass). Expand this in a Taylor 
series, and find the first two nonvanishing terms. 
Explain why the vanishing terms are the ones 
that should vanish physically. Show that the first 
term is the newtonian expression. 


23-a6 Expand the relativistic equation for 
the longitudinal Doppler shift of light D(v) in 
a Taylor series, and find the first two nonvan- 
ishing terms. Show that these two terms agree 
with the nonrelativistic expression, so that any 
relativistic effect is of higher order in v. 


23-a7 (a) Let L be the diameter of our galaxy. 
Suppose that a person in a spaceship of mass 
m wants to travel across the galaxy at constant 
speed, taking proper time 7. Find the kinetic 
energy of the spaceship. (b) Your friend is impa- 
tient, and wants to make the voyage in an hour. 
For L = 10* light years, estimate the energy in 
units of megatons of TNT (1 megaton=4x 10° J). 


24 Quantum physics 


This is not a textbook. It's a book of problems 
meant to be used along with a textbook. Although 
each chapter of this book starts with a brief sum- 
mary of the relevant physics, that summary is 
not meant to be enough to allow the reader to 
actually learn the subject from scratch. The pur- 
pose of the summary is to show what material is 
needed in order to do the problems, and to show 
what terminology and notation are being used. 


24.1 The nucleus, half-life, 
and probability 


References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 8.2, 13.1 


e OpenStax University Physics, openstax.org, 
v. 3, ch. 10 


24.2 Wave-particle duality 


References: 


e Crowell, Simple Nature, lightandmat- 
ter.com, sec. 13.2-3 


e OpenStax University Physics, openstax.org, 
v. 3, ch. 6 
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Problems 
24-a1 Pu decays either by electron decay 


or by alpha decay. (A given Pu nucleus may 
do either one; it’s random.) What are the iso- 
topes created as products of these two modes of 
decay? 


24-a2 The nuclear process of beta decay by 
electron capture is p + e” —> n +v. One of the 
protons in the nucleus absorbs a proton. 

(a) Show that charge is conserved in this reac- 
tion. 

(b) Explain why electron capture doesn't occur 
in hydrogen atoms. (If it did, matter wouldn't 
exist!) 


24-d1 If a radioactive substance has a half 
life of one year, does this mean that it will be 
completely decayed after two years? Explain. 


24-d2 (a) A nuclear physicist is studying a 
nuclear reaction caused in an accelerator exper- 
iment, with a beam of ions from the accelerator 
striking a thin metal foil and causing nuclear re- 
actions when a nucleus from one of the beam ions 
happens to hit one of the nuclei in the target. 
After the experiment has been running for a few 
hours, a few billion radioactive atoms have been 
produced, embedded in the target. She does not 
know what nuclei are being produced, but she 
suspects they are an isotope of some heavy el- 
ement such as Pb, Bi, Fr or U. Following one 
such experiment, she takes the target foil out of 
the accelerator, sticks it in front of a detector, 
measures the activity every 5 min, and makes a 
graph (figure). The isotopes she thinks may have 
been produced are: 


isotope half-life (minutes) 
APh 36.1 
214 Ph 26.8 
214Bi 19.7 
223 Fr 21.8 
220) 23.5 
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Which one is it? 

(b) Having decided that the original experimen- 
tal conditions produced one specific isotope, she 
now tries using beams of ions traveling at sev- 
eral different speeds, which may cause different 
reactions. The following table gives the activity 
of the target 10, 20 and 30 minutes after the end 
of the experiment, for three different ion speeds. 


activity (millions of decays/s) after... 


10 min 20min 30 min 
first ion speed 1.933 0.832 0.382 
second ion speed 1.200 0.545 0.248 
third ion speed 7.211 1.296 0.248 


Since such a large number of decays is being 
counted, assume that the data are only inaccu- 
rate due to rounding off when writing down the 
table. Which are consistent with the production 
of a single isotope, and which imply that more 
than one isotope was being created? 


24-d3 All helium on earth is from the de- 
cay of naturally occurring heavy radioactive ele- 
ments such as uranium. Each alpha particle that 
is emitted ends up claiming two electrons, which 
makes it a helium atom. If the original 72°U 
atom is in solid rock (as opposed to the earth’s 
molten regions), the He atoms are unable to dif- 
fuse out of the rock. This problem involves dat- 
ing a rock using the known decay properties of 
uranium 238. Suppose a geologist finds a sam- 
ple of hardened lava, melts it in a furnace, and 
finds that it contains 1230 mg of uranium and 2.3 
mg of helium. 28U decays by alpha emission, 
with a half-life of 4.5 x 10° years. The subse- 
quent chain of alpha and electron (beta) decays 
involves much shorter half-lives, and terminates 
in the stable nucleus “Pb. Almost all natural 
uranium is ?38U, and the chemical composition 
of this rock indicates that there were no decay 
chains involved other than that of ?38U. 

(a) How many alphas are emitted per decay 
chain? [Hint: Use conservation of mass.] 

(b) How many electrons are emitted per decay 
chain? [Hint: Use conservation of charge.] 

(c) How long has it been since the lava originally 
hardened? 
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1.3 


1.2 


activity 
(millions 
of de- 
cays per 
second) 


0 10 20 30 40 
time (minutes) 


Problem 24-d2. 


Vv 
24-g1 What is the probability of rolling a pair 
of dice and getting “snake eyes,” i.e., both dice 
come up with ones? 


24-g2 Devise a method for testing experimen- 
tally the hypothesis that a gambler’s chance of 
winning at craps is independent of her previous 
record of wins and losses. If you don’t invoke the 
mathematical definition of statistical indepen- 
dence, then you haven’t proposed a test. This 
has nothing to do with the details of the rules of 
craps, or with the fact that it’s a game played 
using dice. 
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24-¢3 A blindfolded person fires a gun at a 
circular target of radius b, and is allowed to con- 
tinue firing until a shot actually hits it. Any 
part of the target is equally likely to get hit. We 
measure the random distance r from the center 
of the circle to where the bullet went in. 

(a) Show that the probability distribution of r 
must be of the form D(r) = kr, where k is 
some constant. (Of course we have D(r) = 0 


for r > b.) 

(b) Determine k by requiring D to be properly 
normalized. v 
(c) Find the average value of r. v 


(d) Interpreting your result from part c, how 
does it compare with b/2? Does this make sense? 
Explain. 


24-g4 We are given some atoms of a certain 
radioactive isotope, with half-life t1/2. We pick 
one atom at random, and observe it for one half- 
life, starting at time zero. If it decays during 
that one-half-life period, we record the time t at 
which the decay occurred. If it doesn’t, we reset 
our clock to zero and keep trying until we get an 
atom that cooperates. The final result is a time 
0< t< tipo, with a distribution that looks like 
the usual exponential decay curve, but with its 
tail chopped off. 

(a) Find the distribution D(t), with the proper 
normalization. v 
(b) Find the average value of t. v 
(c) Interpreting your result from part b, how 
does it compare with tı/2/2? Does this make 
sense? Explain. 


24-g5 The speed, v, of an atom in an ideal 
gas has a probability distribution of the form 
D(v) = bue", where 0 < v < oo, c relates 
to the temperature, and b is determined by nor- 
malization. 

(a) Sketch the distribution. 

(b) Find b in terms of c. v 
(c) Find the average speed in terms of c, elimi- 
nating b. (Don’t try to do the indefinite integral, 
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because it can't be done in closed form. The rel- 
evant definite integral can be found in tables or 
done with computer software.) 

v 
24-j1 Suppose we want to build an electronic 
light sensor using an apparatus in which the light 
strikes a metal plate and generates a current 
through the photoelectric effect. How would its 
ability to detect different parts of the spectrum 
depend on the type of metal used in the capaci- 
tor plates? 


24-j2 The photoelectric effect can occur 
not just for metal cathodes but for any sub- 
stance, including living tissue. Ionization of 
DNA molecules can cause cancer or birth defects. 
If the energy required to ionize DNA is on the 
same order of magnitude as the energy required 
to produce the photoelectric effect in a metal, 
which of the following types of electromagnetic 
waves might pose such a hazard? Explain. 

60 Hz waves from power lines 

100 MHz FM radio 

microwaves from a microwave oven 

visible light 

ultraviolet light 

x-rays 


24-j3 When light is reflected from a mirror, 
perhaps only 80% of the energy comes back. One 
could try to explain this in two different ways: 
(1) 80% of the photons are reflected, or (2) all 
the photons are reflected, but each loses 20% of 
its energy. Based on your everyday knowledge 
about mirrors, how can you tell which interpreta- 
tion is correct? [Based on a problem from PSSC 
Physics.] 


24-j4 Give a numerical comparison of the 
number of photons per second emitted by 
a hundred-watt FM radio transmitter and a 
hundred-watt lightbulb. 

v 
24-j5 The beam of a 100 W overhead projec- 
tor covers an area of 1 m x 1 m when it hits the 
screen 3 m away. Estimate the number of pho- 
tons that are in flight at any given time. (Since 
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this is only an estimate, we can ignore the fact 


that the beam is not parallel.) 
v 


24-j6 In the photoelectric effect, electrons are 
observed with virtually no time delay (~ 10 ns), 
even when the light source is very weak. (A weak 
light source does however only produce a small 
number of ejected electrons.) The purpose of this 
problem is to show that the lack of a significant 
time delay contradicted the classical wave theory 
of light, so throughout this problem you should 
put yourself in the shoes of a classical physicist 
and pretend you don’t know about photons at 
all. At that time, it was thought that the elec- 
tron might have a radius on the order of 10715 m 
(Recent experiments have shown that if the elec- 
tron has any finite size at all, it is far smaller.) 

(a) Estimate the power that would be soaked up 
by a single electron in a beam of light with an 
intensity of 1 mW/m?. v 
(b) The energy, Es, required for the electron to 
escape through the surface of the cathode is on 
the order of 107*% J. Find how long it would take 
the electron to absorb this amount of energy, and 
explain why your result constitutes strong evi- 
dence that there is something wrong with the 


classical theory. 
v 


24-j7 (a) A radio transmitter radiates power 
P in all directions, so that the energy spreads 
out spherically. Find the energy density at a 
distance r. v 
(b) Let the wavelength be A. As described in ex- 
ample ?? on p. ??, find the number of photons 
in a volume A? at this distance r. v 
(c) For a 1000 kHz AM radio transmitting sta- 
tion, assuming reasonable values of P and r, ver- 
ify, as claimed in the example, that the result 
from part b is very large. 


24-m1 In a television, suppose the electrons 

are accelerated from rest through a voltage dif- 

ference of 10* V. What is their final wavelength? 
v 
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24-m2 Use the Heisenberg uncertainty prin- 
ciple to estimate the minimum velocity of a pro- 
ton or neutron in a 248Pb nucleus, which has a 
diameter of about 13 fm (1 fm=10~! m). As- 
sume that the speed is nonrelativistic, and then 
check at the end whether this assumption was 


warranted. 
v 


24-m3 Find the energy of a nonrelativistic 
particle in a one-dimensional box of length L, 
expressing your result in terms of L, the parti- 
cle’s mass m, the number of peaks and valleys n 


in the wavefunction, and fundamental constants. 
vV 


24-m4 A free electron that contributes to 
the current in an ohmic material typically has 
a speed of 10° m/s (much greater than the drift 
velocity). 
(a) Estimate its de Broglie wavelength, in nm. 
v 
(b) If a computer memory chip contains 108 elec- 
tric circuits in a 1 cm? area, estimate the linear 
size, in nm, of one such circuit. v 
(c) Based on your answers from parts a and b, 
does an electrical engineer designing such a chip 
need to worry about wave effects such as diffrac- 
tion? 
(d) Estimate the maximum number of electric 
circuits that can fit on a 1 cm? computer chip 
before quantum-mechanical effects become im- 
portant. 


24-m5 In classical mechanics, an interaction 
energy of the form U(x) = ¿kx? gives a har- 
monic oscillator: the particle moves back and 
forth at a frequency w = \/k/m. This form for 
U(x) is often a good approximation for an indi- 
vidual atom in a solid, which can vibrate around 
its equilibrium position at « = 0. (For sim- 
plicity, we restrict our treatment to one dimen- 
sion, and we treat the atom as a single parti- 
cle rather than as a nucleus surrounded by elec- 
trons). The atom, however, should be treated 
quantum-mechanically, not clasically. It will 
have a wave function. We expect this wave func- 
tion to have one or more peaks in the classically 
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allowed region, and we expect it to tail off in the 
classically forbidden regions to the right and left. 
Since the shape of U(x) is a parabola, not a se- 
ries of flat steps as in figure ?? on page ??, the 
wavy part in the middle will not be a sine wave, 
and the tails will not be exponentials. 

(a) Show that there is a solution to the 
Schrödinger equation of the form 


2 


Da) =e", 


and relate b to k, m, and A. To do this, calculate 
the second derivative, plug the result into the 
Schródinger equation, and then find what value 
of b would make the equation valid for all val- 
ues of x. This wavefunction turns out to be the 
ground state. Note that this wavefunction is not 
properly normalized — don’t worry about that. 
(b) Sketch a graph showing what this wavefunc- 
tion looks like. 
(c) Let’s interpret b. If you changed b, how would 
the wavefunction look different? Demonstrate by 
sketching two graphs, one for a smaller value of 
b, and one for a larger value. 
(d) Making k greater means making the atom 
more tightly bound. Mathematically, what hap- 
pens to the value of b in your result from part 
a if you make k greater? Does this make sense 
physically when you compare with part c? 

v 


24-m6 Estimate the angular momentum of a 
spinning basketball, in units of A. Explain how 
this result relates to the correspondence princi- 
ple. 


24-m7 Before the quantum theory, experi- 
mentalists noted that in many cases, they would 
find three lines in the spectrum of the same 
atom that satisfied the following mysterious rule: 
1/M = 1/A2+1/A3. Explain why this would oc- 
cur. Do not use reasoning that only works for hy- 
drogen — such combinations occur in the spectra 
of all elements. [Hint: Restate the equation in 
terms of the energies of photons.] 
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24-m8 The wavefunction of the electron in 
the ground state of a hydrogen atom, shown in 
the top left of figure ?? on p. ??, is 


v= ada cot ag cr OL 


where r is the distance from the proton, and 
a = h?/kme? = 5.3 x 1071! m is a constant that 
sets the size of the wave. The figure doesn’t 
show the proton; let’s take the proton to be a 
sphere with a radius of b = 0.5 fm. 

(a) Reproduce figure ?? in a rough sketch, and 
indicate, relative to the size of your sketch, some 
idea of how big a and b are. 

(b) Calculate symbolically, without plugging in 
numbers, the probability that at any moment, 
the electron is inside the proton. [Hint: Does 
it matter if you plug in r = 0 or r = b in the 
equation for the wavefunction?] v 
(c) Calculate the probability numerically. v 
(d) Based on the equation for the wavefunction, 
is it valid to think of a hydrogen atom as having 
a finite size? Can a be interpreted as the size of 
the atom, beyond which there is nothing? Or is 
there any limit on how far the electron can be 
from the proton? 


24-m9 Show that the wavefunction given in 
problem 24-m8 is properly normalized. 


24-m10 This problem generalizes the one- 
dimensional result from problem 24-m3. 

Find the energy levels of a particle in a three- 
dimensional rectangular box with sides of length 
a, b, and c. 

Vv 
24-m11 Hydrogen is the only element whose 
energy levels can be expressed exactly in an 
equation. Calculate the ratio Ag/Ap of the wave- 
lengths of the transitions labeled E and F in 
problem ?? on p. ??. Express your answer as 
an exact fraction, not a decimal approximation. 
In an experiment in which atomic wavelengths 
are being measured, this ratio provides a natural, 


stringent check on the precision of the results. 
v 
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24-m12 The electron, proton, and neutron 
were discovered, respectively, in 1897, 1919, and 
1932. The neutron was late to the party, and 
some physicists felt that it was unnecessary to 
consider it as fundamental. Maybe it could be 
explained as simply a proton with an electron 
trapped inside it. The charges would cancel out, 
giving the composite particle the correct neutral 
charge, and the masses at least approximately 
made sense (a neutron is heavier than a proton). 
(a) Given that the diameter of a proton is on the 
order of 10715 m, use the Heisenberg uncertainty 
principle to estimate the trapped electron’s min- 


imum momentum. v 
(b) Find the electron’s minimum kinetic energy. 
v 


(c) Show via E = mc? that the proposed expla- 
nation may have a problem, because the contri- 
bution to the neutron’s mass from the electron’s 
kinetic energy would be comparable to the neu- 
tron’s entire mass. 


24-m13 Suppose that an electron, in one di- 
mension, is confined to a certain region of space 
so that its wavefunction is given by 


0 ifs <0 
W=< Asin(27x/L) if0<a<L 
0 ife>L 


Determine the constant A from normalization. 
v 


24-m14 Show that a wavefunction of the 
form Y = e?Y sin ax is a possible solution of the 
Schródinger equation in two dimensions, with a 
constant potential U. Can we tell whether it 
would apply to a classically allowed region, or a 
classically forbidden one? 


Answers 


1-al 
1073 g 107? kg à 
134 = 1.34 x 107* k 
34 mg x lag Tg 34 x 10 g 
l-a2 (a) 10* ug; (b) 10% ug; (c) 10% ug; (d) 


10'* ug; (e) 1 ug 
l-a3 (a) 


0.5 mg OS x10 g 
0.2 ng/hamburger 0.2 x 10-9 g 


= 2 million hamburgers! 


hamburgers 


(Note how the fake units of “hamburgers” help 
to reassure us that dividing the first number by 
the second one gives the right result.) 

(b) (0.5 mg)/(300 ng/serving)=2000 servings 
1-d1 (a) Let's do 10.0 g and 1000 g. The arith- 
metic mean is 505 grams. It comes out to be 
0.505 kg, which is consistent. (b) The geomet- 
ric mean comes out to be 100 g or 0.1 kg, which 
is consistent. (c) If we multiply meters by me- 
ters, we get square meters. Multiplying grams 
by grams should give square grams! This sounds 
strange, but it makes sense. Taking the square 
root of square grams (g?) gives grams again. (d) 
No. The superduper mean of two quantities with 
units of grams wouldn’t even be something with 
units of grams! Related to this shortcoming is 
the fact that the superduper mean would fail the 
kind of consistency test carried out in the first 
two parts of the problem. 

1-42 (a) They're all defined in terms of the ra- 
tio of side of a triangle to another. For instance, 
the tangent is the length of the opposite side over 
the length of the adjacent side. Dividing meters 
by meters gives a unitless result, so the tangent, 
as well as the other trig functions, is unitless. 
(b) The tangent function gives a unitless result, 
so the units on the right-hand side had better 
cancel out. They do, because the top of the frac- 
tion has units of meters squared, and so does the 
bottom. 


1-d3 The final line is supposed to be an equa- 
tion for the height, so the units of the expression 
on the right-hand side had better equal meters. 
The pi and the 3 are unitless, so we can ignore 
them. In terms of units, the final becomes 


m? 1 


m m 
This is false, so there must be a mistake in the 
algebra. The units of lines 1, 2, and 3 check out, 
so the mistake must be in the step from line 3 to 
line 4. In fact the result should have been 


av 


Now the units check: m = m3/m?. 

1-d4 Both r and h have units of meters. The 
product rh has units of m?, and taking its square 
root gives units of meters again. That makes 
sense, because the result is supposed to be a dis- 
tance. 

1-g1 The range of uncertainty amounts to 
more than a factor of 2. That means that each 
of the two figures has been quoted with some 
completely meaningless sig figs. A better way to 
write the numbers would be 6 days and 14 days. 
1-g2 The weight is given in U.S. units with not 
much more than one sig fig of precision, but the 
metric conversion is given with three sig figs. It’s 
silly to try to give tenths of a gram here; there 
must be an order of magnitude more variation 
than that from one bag to the next, since one 
pretzel is probably several grams. 

1-j1 The proportionality V œ L can be re- 
stated in terms of ratios as Vi /V2 = (L1/L2)? = 
(1/10)? = 1/1000, so scaling down the linear di- 
mensions by a factor of 1/10 reduces the volume 
by 1/1000, to a milliliter. 

1-j2 
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1-3 The bigger scope has a diameter that's ten 
times greater. Area scales as the square of the 
linear dimensions, so A « d?, or in the language 
of ratios 41/42 = (dı/d2)? = 100. Its light- 
gathering power is a hundred times greater. 
1-4 The cone of mixed gin and vermouth is 
the same shape as the cone of vermouth, but its 
linear dimensions are doubled. Translating the 
proportionality V œ L? into an equation about 
ratios, we have V;/V2 = (L/L)? = 8. Since 
the ratio of the whole thing to the vermouth is 
8, the ratio of gin to vermouth is 7. 

1-j5 


(1 ft?) x (12 in/1 ft)? = 1728 in? 


1-6 Volume scales like the third power of 
length, so the dog has 8 times more brain cells. 
1-k1 Since they differ by two steps on the 
Richter scale, the energy of the bigger quake 
is 10% times greater. The wave forms a hemi- 
sphere, and the surface area of the hemisphere 
over which the energy is spread is proportional 
to the square of its radius, A « r?, or r x WA, 
which means r1/rg = y A1/4A2. If the amount 
of vibration was the same, then the surface areas 
must be in the ratio 41/42 = 10*, which means 
that the ratio of the radii is 102. 

1-k2 Area scales like the square of the linear 
dimensions, so 0.35 of the linear dimensions cor- 
responds to 0.35? = 0.11, or 11% of the area. 
1-k3 Area scales like the square of the linear 
dimensions, so Earth’s total surface area is four 
times that of Mars. Since only 30 percent of 
Earth’s area is land, the ratio is 1.2 to 1 (Earth 
to Mars). 

1-k4 The relationship between volume and lin- 
ear dimensions is V x L3. We're given infor- 
mation about V and asked to find out about 
L, so we solve this for L x V*/3, Convert- 
ing this into a statement about ratios, we have 
L,/Lz = (V1 /V2)'/3. The result is that the balls 
could have a diameter as big as 4.48 cm. 

1-k5 In the language of proportionalities, we 
have L œ t, and V x L?, sot x V!/3. Translat- 
ing this into a statement about ratios, we have 
ty/t, = (Va/V,)'/? = 1001/3 = 4.64. The signals 
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have already been propagating outward for tı = 
90 years, so to fill 100 times the volume, they 
would have to propagate for (90 years) (4.64), or 
418 years. Adding this to 1920, we get 2338 AD. 


1-k6 Humans and ants are both mostly wa- 
ter, so the ratio of their body masses is prob- 
ably about the same as the ratio of their vol- 
umes. We therefore have m x V œ L, or 
L x m1/%. Since the ratio of the body masses 
is m,/ma ~ 7 x 10%, the ratio of the thicknesses 
is L/L ~ (mı /m2)!/3 ~ 200. 


l-m1 Check: The actual number of species of 
lupine occurring in the San Gabriels is 22. You 
should find that your answer comes out in the 
same ballpark as this figure, but not exactly the 
same, of course, because the scaling rule is only 
a generalization. 


l-m2 Solving the proportionality A x L? 
for L, we have L « VA. Converting this 
into the language of ratios gives Lra/Lsr = 


yv ALa/Asr OS 


1-m3 (a) You can get two A5 sheets by cutting 
an A4 in half, so the area of an A5 is half that 
of an A4. The two types are the same shape, 
so the area and linear dimensions are related by 
Ax L?, or Lœ VA. Cutting the area in half 
means reducing all the linear dimensions by a 
factor of 1//2. 

(b) Let the dimensions of the BO box, in units of 
meters, be a, b, and c (a > b > c). If you can 
pack two B1 boxes inside a BO box, two of the 
dimensions of a B1 must be the same as the two 
smallest dimensions of the BO, b and c, while the 
third is a/2. Since L x V'/3, the dimensions of 
the B1 must be smaller than those of the BO by a 
factor of 1/2!/3. If the series is to continue with 
B2, B3, ..., the three sides of a particular box 
must be related by this same factor: 


a 
b= 7 

b a 
C= 31/3 — 92/3 


PROBLEMS 


Since the volume is one cubic meter, we have 


3 


1 m? = abc 
a a 
= (0) (205) (aa) 
a3 

a 

a = 21/3 m 

b=1m 

c= 1/21 m 


1-p1 Directly guessing the number of jelly 
beans would be like guessing volume directly. 
That would be a mistake. Instead, we start 
by estimating the linear dimensions, in units of 
beans. The contents of the jar look like they’re 
about 10 beans deep. Although the jar is a 
cylinder, its exact geometrical shape doesn’t re- 
ally matter for the purposes of our order-of- 
magnitude estimate. Let’s pretend it’s a rect- 
angular jar. The horizontal dimensions are also 
something like 10 beans, so it looks like the jar 
has about 10 x 10 x 10 or ~ 10° beans inside. 
l-p2 First let’s estimate the surface area of the 
earth’s oceans. One of the rules of thumb for 
order-of-magnitude estimates is never to guess 
area or volume directly, but to do it indirectly 
by estimating linear dimensions first. We’re only 
attempting an order-of-magnitude estimate, so 
let’s just say that the diameter of the earth is on 
the order of 10,000 km, or 10” m. Since we're not 
aiming to take into account details such as the 
proportion of land to ocean, there is no point in 
worrying about numerical factors such as 7, so 
the surface area of the earth is on the order of 
101% m?. Multiplying by 1 mm gives 101! më, 
which converts to 10** liters. 

1-p3 Let's estimate the linear dimensions of a 
small classroom at 12 m by 14 m by 2 m, for 
a total volume of about 300 m. A penny is 
roughly 1 cm by 1 cm by 1 mm, which makes 
0.1 cm? = 1077 më. Dividing the two volumes 
gives something like 3 x 10° pennies, or 30 million 
dollars. 

1-p4 We never try to estimate mass or vol- 
ume directly; we estimate linear dimensions first. 
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Let's say the hair has a diameter of 0.1 mm, 
and a length of 1 cm. There's no real point 
in trying to compute its volume as a cylinder, 
since this is just an estimate. Let's just con- 
sider it to be a long, skinny box, with dimen- 
sions 0.1 mm x 0.1 mm x 1 cm. We'll assume 
it has the same density as water, 1 g/cm, so 
let's get all the dimensions in terms of cen- 
timeters before computing the volume and mass: 
0.01 cm x 0.01 cm x 1 cm = 1074 cm?. Using 
the density, we get a mass of 1074 g = 1077 kg. 
1-p5 I don't even know the exact width of a 
football field, but let’s guess the dimensions are 
100 yd x 30 yd, which is close enough to 100 
m x 30 m, for a total area of 3000 m?. If we 
assume each blade of grass takes up on the order 
of 1 mm?, then the number of blades equals 3000 
m?/1 mm? = 3 x 10° mm?/1 mm? = 3 x 10° . 
Call it 10° blades. 

1-p6 The world's population is about 5 billion, 
or call it 101%. Suppose each person gets an 
apartment that’s 5 m x 5 m x 2 m, for a volume 
of 50 më, or round off to 100 m*. The total vol- 
ume of the building needs to be about 101? m3. 
Its area at the base is 10% m2, so its height needs 
to be 101? m3/108 m? = 10* m = 10 km. 

1-p7 (a) Living things typically have about the 
same density as water, 1g/cm? = 1000 kg/m?. 
The linear dimensions are about 1 um, so the 
volume is about 10718 m3, giving a mass of 107 1° 
kg. 

(b) Estimating the mass of the feces to be 1 kg 
(some of us are more full of it than others), we 
get about 10% bacteria in the body. This is two 
orders of magnitude greater than the number of 
human cells. 

(c) Since the human cells are much less numer- 
ous, but take up much more space, they must be 
many orders of magnitude bigger than bacterial 
cells. 

1-q1 Let's estimate the Great Wall's volume, 
and then figure out how many bricks that would 
represent. The wall is famous because it covers 
pretty much all of China's northern border, so 
let's say it's 1000 km long. From pictures, it 
looks like it’s about 10 m high and 10 m wide, so 
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the total volume would be 10% mx 10 mx 10m = 
10° m?. If a single brick has a volume of 1 liter, or 
1078 më, then this represents about 10! bricks. 
If one person can lay 10 bricks in an hour (taking 
into account all the preparation, etc.), then this 
would be 101° man-hours. 

1-q2 A thousand metric tons is 10° g of plu- 
tonium. To estimate the volume of the earth’s 
oceans, let r be the earth’s radius and d the av- 
erage depth of the ocean. Looking up r, esti- 
mating d to be 1 km, and taking the earth to 
be mostly ocean, we get a volume of 4rr?d, or 
about 10% km? = 10% cm3. The concentration 
comes out to be ~ 10715 g/cm?, which is fifty 
times lower than the government standard. This 
method of disposal would therefore have no mea- 
surable human health effects (and probably none 
on any part of the biosphere). 

2-al Velocity is relative, so having to lean tells 
you nothing about the current value of the train's 
velocity. Fullerton is moving at a huge speed 
relative to Beijing, but that doesn't produce any 
noticeable effect in either city. The fact that you 
have to lean tells you that the train is changing 
its speed, but it doesn’t tell you what the train's 
current speed is. 

2-a2 We write vag for the velocity of A rela- 
tive to B, meaning the velocity that A has if B 
is considered to be at rest. Similarly vga is the 
velocity of B if A is taken as the point of refer- 
ence. The rule v4p = —UBA tells us that if A is 
moving in a certain direction at a certain speed 
relative to B, then B is moving in the opposite 
direction relative to A, at the same speed. 

2-a3 Let W be Wa-Chuen, E the escalator, and 
M the mall. Then vwm = 0, which happens 
because vwe + vem = 0. 

2-a4 Take a frame defined by an observer in 
another car who is in the lane next to yours, 
who is initially moving at the same speed as you, 
and who continues at the speed even while you 
slow down. In that observer’s frame, you started 
out with zero speed and then gained some (back- 
ward) speed when you stepped on the brakes. 
2-b1 (a) Let the subscripts A, E, and G refer 
to the arrow, Eowyn, and the ground. Let the 
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positive x axis point forward. 


VEG = 11 m/s 


VAE = —25 m/s 


VAG = VAE + VEG 
= —14 m/s 


The answer makes sense: the arrow flies back- 
ward, at less than normal speed. 

2-b2 Let north be positive, and let Y=you, 
W=walkway, F=friend, and A=airport. The 
given information is that vw 4 = 3.0 m/s, vyw = 
2.0 m/s, and vp, = —1.5 m/s. 

(a) VYW = 2.0 m/s 

(b) vya = vyw + vwa = 5.0 m/s 

(c) vyp = vya + var = vya — vra = 6.5 m/s 
(d) Your speed is greater than his by a factor of 
10/3, so it takes him (45 s)(10/3) = 150 s. 

2-b3 To avoid writing lots of numbers, which 
is hard to read or debug, let’s convert the given 
information into symbols. Let L = 10 km, let 
u = 8 km/hour, let V = 12 km/hour, and let 
v be the the velocity for the second half of the 
ride. 

We want the total time taken for the ride to 
be 2L/V. The time it will actually take is L/u + 
L/v. Equating these, we find 2L/V = L/u+L/v, 
or 2/V = 1/u+1/v. Solving for v gives v = 
1/(2/V — 1/u) = 24 km/hour. 
2-b4 (a) Let the length of the race be 2¢. The 
time required for the first half is £/u, and for the 
second £/v, so the total time is 0/u+¢/v. Divid- 
ing the total distance by the total time gives an 
over-all speed of 2/(1/u + 1/v). 

(b) The units of 1/u are seconds per meter, and 
so are the units of 1/v. Since they have the same 
units, it makes sense to add them. The final re- 
sult has units that are the inverse of these, me- 
ters per second, and that makes sense, because 
what we're trying to calculate is a velocity. 

(c) When u = v, we have 2/(1/u + 1/u) = u, 
which makes sense. 

(d) Mathematically, making u bigger makes 1/u 
smaller, but 1/u is in the denominator, so the 
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final result gets bigger. This makes sense phys- 
ically: if you do the first half of the race faster, 
your over-all speed is higher. The analysis for v 
is identical. 

2-b5 (a) In the equation x = At? — Bt?, all 
three terms must have the same units, so the 
units of A have to be m/s”, and B should be in 
m/s? (acceleration). 

(b) v = da/ dt = 5At* — 2Bt 
(c) 

Ar x-0 
At t-0 


(d) Setting the answers for parts b and c equal 
to each other and solving for t, we have t = 
(B/44)*/9. Note that everything about this an- 
swer except for the unitless factor of 4 is deter- 
minable from units. 

2-b6 (a) The circumference of a circle is 27 
times the radius, so we have v = 2r R/T. 

(b) The factor of 27 is unitless. The radius R 
has units of meters, and T has units of seconds. 
Therefore the right-hand side has units of m/s, 
which makes sense, because we’re supposed to be 
calculating a velocity. 

(c) When T is very large, we’d be dividing by 
a very large number in our expression from part 
a. Dividing by a very large number gives a very 
small result. This makes sense, because if the 
earth stopped rotating, the velocity should equal 
zero. 

(d) Plugging in numbers gives 460 m/s. This 
is faster than the speed of sound, over a thou- 
sand miles an hour! (I rounded the result to 2 
sig figs, since a really precise answer would have 
to take into account other factors, such as how 
far Nairobi is from the equator, how much the 
earth deviates from being a perfect sphere, and 
the distinction between a solar day and a sideral 
day.) 

2-c1 (a) Split the isoceles triangle into two 
right triangles, and let the long sides of one 
of the right triangles be Lp and L, where the 
subscript p refers to the runner who is pass- 
ing. Applying the definition of the cosine gives 
L/Lp = cos@. Since the runners cover these 
distances in equal times, we have vp = Lp/t 


At* — Bt 


Vay 
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and v = L/t, so that vp = (Lp/L)v = v/cos6. 
Therefore Av = vp — v = (1/cos0 — 1)v. 

(b) The cosine is unitless, so the entire factor 
(1/ cos 6 — 1) in parentheses is also unitless. The 
velocity v has units of m/s, so multiplying by 
the quantity in parentheses still gives m/s. This 
makes sense, because the thing we’re calculating, 
on the left side of the equals sign, is supposed to 
be a velocity, with units of m/s. 

(c) Since the cosine of 0 is 1, the result in the 
case of 0 = 0 is Av = 0. This makes sense. If 
there is a hundred-mile straightaway available in 
which to pass, the extra speed required is going 
to be nearly zero. 

(d) Plugging in numbers gives Av = 1.1 x 
107 m/s. This is not just small (as expected 
from part c) but insanely small — in fact too 
small to matter — basically because L, does not 
differ from L by as much as we would intuitively 
expect. It appears that in reality, the extra speed 
required by the passing runner is not the speed 
required to run the extra distance, but simply 
the same extra speed that would have been re- 
quired if the runners had been in parallel lanes. 
That is, our geometrical model turned out to in- 
clude the factor that was unimportant, and ig- 
nore the one that would really be important. 
2-c2 The speed of light is constant, so the 
equation v = Ax/At holds. The distance trav- 
eled by the ray of light is Ar = 2L. The spacing 
between teeth is 1/n of a revolution, so during 
the time At the wheel moves through 1/2n of a 
revolution. Setting up a ratio between a whole 
revolution and this small part of a revolution, we 


have 
At 1 


time for one revolution 2n 


The time for one revolution is 1/f, so At = 
1/2nf. Substituting into the equation for the 
velocity, we have c = Ax /At = (2L)/(1/2nf) = 
4Lnf. 

(b) The factor of 4n on the right is unitless. The 
units of Lf are (m)(s7t) = m/s, which are the 
units we expect for a velocity. 

(c) All three numbers are being multiplied on the 
right, so an increase in any one of these corre- 
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sponds to an increase in c. Since cis big, Fizeau 
wants all three numbers to be big: a long dis- 
tance to the mirror, a large number of teeth, and 
a fast rotation of the wheel. 

(d) The result is 3.13 x 108 m/s. 

2-el Zero. Av = 0, because the velocity didn’t 
change. 

2-e2 They both have accelerations equal to g. 
Let’s say that the bullet leaves the gun with a 
velocity of 100 m/s, and for convenience, let’s 
just say g is approximately 10 m/s?. Then the 
rock’s speed at one-second intervals goes like 0, 
10, 20, ...m/s, while the bullet goes 100, 110, 
120, ...m/s. 

2-e3 No. The acceleration is greatest at the 
ends, where v = 0. Just because the velocity is 
passing through zero on a graph doesn’t mean 
the acceleration is zero. The velocity is changing 
rapidly (large Av), even though v = 0. 

2-e4 For example, suppose you accelerate away 
from a stop sign to 10 km/hr, then 20 km/hr, 
then 30 km/hr. The equation is telling you that 
the distance you cover increases faster than your 
speed. The distance from the stop sign to where 
your speedometer reads 20 km/hr is four times 
the distance from the stop sign to where it read 
10 km/hr, and likewise the total distance from 
the stop sign to where it reads 30 km/hr is nine 
times the distance at 10 km/hr. This makes 
sense, because later in the motion, you’re cov- 
ering ground more quickly. 

2-f1 Taking g to be 10 m/s”, the bullet loses 
10 m/s of speed every second, so it will take 10 s 
to come to a stop, and then another 10 s to come 
back down, for a total of 20 s. 

2-f2 The units don’t work out: m/s? xs = m/s, 
not m. 

2-f3 s= jat?, and a = g = 10 m/s’, so s = 45 
m, or call it 40 m (1 sig fig). 

2-f4 We're given distance and acceleration, 
and we want to find time. Of the constant ac- 
celeration equations, the one that has the right 
variables in it is Ax = v.At + 5aAt?. The 
initial velocity is zero, and solving for At, we 
have At = y/2Ax/a. Converting the given dis- 
tance to SI (meter-kilogram-second) units, we 
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have 4000 mi = 6.4 x 10% m, which results in 
At = 1100 s, or about 20 minutes (1 sig fig). 
2-f5 The constant-acceleration acceleration 
that has the right variables in it is vj} = vg + 
2aAz. The final velocity is zero, so we have 
a = —v¿/2Ax. If we wanted to worry about 
the sign, then we would have to pick a coordi- 
nate so that we could define a sign for Ax, and 
then we would get some sign for the acceleration, 
expressed in those coordinates. However, we’re 
only trying to find the magnitude of the deceler- 
ation, so ignoring signs, the result is 1.5 m/s?. 
2-f6 The constant-acceleration equation with 
the right variables in it is Az = wupAt + 
(1/2)aAt?. The initial velocity is zero. Solv- 
ing for the acceleration gives a = 2Ax/At? = 
16.3 m/s?. 

2-i1 (a) Let positive be up. We have UF = vet 
2aAzx, with vp = 0, a = —g, and Az = 2.0 m, so 
vo = Y2gAz = 6.3 m/s. 

(b) The equation Ax = vot + (1/2)at? would 
allow us to find t by plugging in the result of part 
a for vo and then solving a quadratic. A simpler 
approach is to calculate the fall time, which is 
the same as the rise time. For the purpose of 
computing the fall time, we have vo = 0 and 
Az <0, so t = y2Ax/a = 0.64 s. 

(c) Since the rise time and fall time are equal, 
this is double the result from part b, or 1.3 s. 
2-i2 (a) We have v} = vô + 2aAz, and vo = 0, 
so a = v;/2Ax = 680 m/s”. This is a remark- 
able acceleration, equal to about 70 times the 
acceleration of gravity! 

(b) The tricky and simple way to find this is to 
recognize that the ball’s average velocity Aa /t is 
half its final velocity. Therefore t = 2Ax/vf = 
0.067 s. (This could also have been done without 
the trick simply by taking a constant accelera- 
tion equation and using the acceleration found 
in part a.) 

(c) The time on the fly is (18.0 m)/(45.0 m/s) = 
0.400 s, so the total time in the air is 0.467 s. 
2-i3 Of the time t he spent aloft, he spent t/2 
rising and t/2 falling. The acceleration is g = 
(9.8 m/s?) /6. Ax = (1/2)9(t/2)? = 0.43 m. 
2-14 The calculation of Av = aAt is correct, 
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because the equation it's based on, a = Av/At, 
is valid for constant acceleration. The calcula- 
tion of Az = vAt is wrong, because the equation 
it’s based on, v = Aw/At, is only valid for con- 
stant velocity. We know the velocity is increas- 
ing steadily, not staying constant. The speed of 
10 m/s is only correct for the very end of the 
time period, not the whole time. 

2-15 


1 

H = vT + aoe 
1 

vo = H/T — ¿UT 


2-16 Let va be the acceleration of object A, 
vgo the initial velocity of object B, and a the 
acceleration of object B. Setting their positions 
equal gives vat = vp ot+(1/2)at?. This equation 
is satisfied at t = 0, but that isn’t the solution 
we're interested in, so we can divide both sides 
by t to give va = veo + (1/2)at. Solving this 
for the time gives t = (2/a)(v4 — vpo) = 4 s. A 
nice way of interpreting this result is that at this 
time, the average velocity of B will be 2 m/s, the 
same as for A. 

2-i7 (a) This is easiest to calculate in the frame 
of the elevator. Let positive be down, so that Ax 
and a = +g are both positive. Ax = (1/2)gt?, 
so t = ,\/2Aa/g = 0.78 s (2 sig figs, because we 
don’t know g to more than 2 sig figs for an un- 
stated point on the earth’s surface). 

(b) Again this is easiest in the frame of the eleva- 
tor. v7 = 2gx, so vf = y 2gx = 7.6 m/s, where 
we pick the positive square root because positive 
is down. 

(c) Let B be the bolt, E the elevator, and L the 
landing. What we found in part B was vugg. We 
then have vg, = VBE + veL = 5.1 m/s. 

2-i8 (a) Plugging our symbols into the stan- 
dard equation for motion with constant acceler- 
ation, we have 


zp = L + ut/2. 


(b) Similarly, for the Honda, 


vy = ut — =at?. 
E 2 
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(c) Subtraction gives 
1 2 


(d) Setting d = 0 gives a quadratic equation. 
We’re interested in whether this has any real so- 
lutions, so all we need to do is convert the equa- 
tion into the standard form At? + Bt+C = 0 
and check whether the discriminant B? — 4AC 
is positive. The coefficients are A = a/2, B = 
—u/2, and C = L, so the discriminant equals 
u?/4—2aL. The critical value of the acceleration 
occurs when this discriminant equals zero, and 
solving this for the acceleration gives a = u?/8L. 
(e) The units on the right-hand side are 
(m/s)?/m, which do work out to be m/s?. 

(f) If u is greater, the acceleration required be- 
comes greater. That makes sense, because if 
both cars are moving at higher speeds, it gets 
harder for the Honda to decelerate in time. If 
L is greater, the acceleration needed is smaller. 
That also makes sense, because if there is more 
room to stop, the Honda won’t have to accelerate 
as violently. 

2-i9 Defining some notation, we have: 


tor = 45 m 

vor = 30.0 m/s 
ap = —5.0 m/s? 

vog = 40.0 m/s 
ay = —10.0 m/s? 


tr=1.0s 


(a) Plugging our symbols into the standard equa- 
tion for motion with constant acceleration, we 
have 


1 
TF = Lor + Vort + zort. 


(b) Up until t = tr = 1.0 s, we have xy = vont. 
After that time, the deceleration kicks in, so 


1 
TH = vont + ¿ont — tr)’. 


The second equation isn’t valid before tr, be- 
cause it’s a constant acceleration equation with 
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a nonzero equation, but the acceleration is dif- 
ferent (zero) before tr. The the two equations 
for xy are equal at t = tr, and their derivatives 
(the velocity) are also equal at that time, which 
verifies that they match up correctly. 


(c) 


oe le 
d= S0F — 50H t + [vor — von + antr]t 


1 2 
+ ES — T 
Setting d = 0 gives a quadratic equation. We're 
interested in whether this has any real solutions, 
so all we need to do is convert the equation into 
the standard form at? + bt + c = 0 and check 
whether the discriminant b?—4acis positive. The 
coefficients are a = 2.5 m/s”, b = —20 m/s, and 
c = 50 m. The discriminant comes out to be 
—100 m?/s?, which is negative, so there are no 
real solutions. The two vehicles will not collide. 


(d) 
120 
& 
80 L 

E 
D 

40 

0 

0 2 4 6 


t(s) 


The graphs don’t intersect. 
(e) The minimum of the function d(t) will occur 
when its derivative is zero, i.e., when the rela- 
tive velocity is zero. Differentiating the equation 
from part c, we have for the relative velocity, in 
terms of the abc coefficients, 


d = 2at + b. 
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Setting this equal to zero gives t = —b/2a = 
4.0 s, which looks consistent with the graph. 
Plugging this time back in to the equation for 
d, we find d = 10 m, which also seems to match 
up with the graph. 

2-i10 When solving a numerical problem like 
this, one should always do it purely algebraically 
first, then plug in numbers at the very end. Let 
h = 10.0 m and vo = 10.0 m/s. Let positive x 
be down. 

(a) We have h = (1/2)gt?, sot = ./2h/g = 
1.4 s (two sig figs because a generic value of g for 
anywhere on the earth’s surface is only good to 
about two sig figs). 

(b) h = vot + (1/2)gt?. Solving this quadratic 


gives 
pa uwt vivi + 2gh 
a : 


The positive root gives the positive time at which 
the rock hits the ground after we throw it. The 
negative root gives the time at which the rock 
would have hit the ground if we extrapolated 
back in time before the throw. The positive root 
gives t = 0.74 s. It makes sense that this is pos- 
itive and less than the answer to part a. 

(c) This is minus the time given by choosing the 
negative root in the quadratic formula, which 
comes out to be 2.8 s. 

(d) Using the constant acceleration equation 
vu; = vj + 2aAz, we have vĝ/2g for the posi- 
tive height above the roof. The height above the 
ground is h + vĝ/2g = 15 m. 

2-i11 (a) Let positive x be down. Then h = 
(1/2)gT?. 

(b) h = —vo :2T + (1/2)g(2T)?, which gives vo = 
(3/4)gT. Note that units force this to be of the 
form gT multiplied by a unitless constant, so the 
only thing that really needed to be calculated 
was the 3/4. Parts c and d are like this as well. 
(c) g = vo/t, so t = vo/g = (3/4)T. 

(d) Let L be the additional height above the roof. 
Then v = 2gL, so L = v2 /2g = (9/32)9T?, and 
h + L = (25/32)gT?. 

2-112 (a) The trip consists of four parts of 
equal duration. The duration, 7/4, of each part 
is related to half the distance, d, to Proxima Cen- 
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tauri, d/2 = ha(T/4)?, so T =4y4/a. 

(b) Plugging in to the formula from (a), we get 
2.6 x 10° s = 7 years. 

(c) The maximum speed is (a)(T'/4) = 6 x 108 
m/s. This is more than twice the speed of light, 
which is not actually possible. 
2-k1 Az = fat”, so for a fixed value of Az, 
we have t x 1/,/a. Translating this into the 
language of ratios gives ty/te = yag/aum = 
ya =1.7. 
2-k2 We have vj = 2aAz, so the distance is 
proportional to the square of the velocity. To 
get up to half the speed, the ball needs 1/4 the 
distance, i.e., L/4. 
2-k3 (a) We're not given any information 
about time, and we don’t want to find a time, 
so the only constant-acceleration equation with 
the right variables in it is UF = ve + 2aAz. The 
final velocity is zero, so we have Ax = —v¿/2a. 
We’re assuming that vo is the same in both cases, 
so the factor of —v¿/2 is a constant, and we can 
get rid of the constant and rewrite the equation 
as a proportionality 


Haat. 


Turning this proportionality into a statement 
about ratios, we have 


-1 

a (2) = 15. 

Heg ap 
(b) Now the irrelevant variable is distance, so 
we want the constant acceleration equation a = 
Av/At. Since the final velocity is zero, Av 
equals minus the initial velocity, and is therefore 
constant. Throwing out this constant factor, we 
have 

At axa, 


so in this computation, as in part a, we’re dealing 
with an inverse proportionality. The result is 


Atp _ (oP = 
Atg E QE i 


giving Atp = 45 s. 
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2-k4 We have v? = 2aAz, and the factor of 2a 
is the same in both cases, so we can rewrite this 
as a proportionality v? x Az. Solving for v gives 
v x y Arx, and converting this into the language 
of ratios results in v1/v2 = y/Az1/Az2 = V2. 
2-k5 (a) We want to use a constant- 
acceleration equation to relate distance and time. 
We don’t know the velocity, and we don’t want 
to know it. The equation that has the right vari- 
ables in it is £ = (1/2)at? (using £ instead of x 
and taking vo = 0). The rest of the method is the 
same as the standard one demonstrated in the 
appendix “Three essential mathematical skills” 
in the back of the book. Convert the equation to 
a proportionality by throwing out the constant 
factor of a/2, giving £ « t?. Solving for t gives 
t œx 41/2. Change this into a statement about 
ratios: 


ta FENT 
tn (7) =V4=2 f 

where “d” refers to the dinosaur and “h” to a 
human. 

(b) The distance each animal moves in a quarter 
stride is proportional to £, so v x £/t x 4/82 = 
(1/2. In terms of ratios, 


1/2 
“4 (5) _ 4-2 


vn ea 


In other words, the dinosaur’s stride is longer by 
a factor of four, but it loses half of that advantage 
because its steps are slower by a factor of two. 

2-k6 We want to use a constant-acceleration 
equation to relate acceleration and time for a 
fixed distance. We don’t know the velocity, and 
we don’t want to know it. The equation that 
has the right variables in it is x = (1/2)at? (set- 
ting vo = 0). Solving for the acceleration gives 
a = 2x/t?. The rest of the method is the same as 
the standard one demonstrated in the appendix 
“Three essential mathematical skills” in the back 
of the book. Convert the equation to a propor- 
tionality by throwing out the constant factor of 
2x, giving a x t-?. Change this into a statement 
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about ratios: 


-2 
t 


ar bp 


where “H” refers to Hatton and “r” to the re- 
porter. 

2-k7 We want to use a constant-acceleration 
equation to relate acceleration, speed, and dis- 
tance. We don’t know the time, and we don’t 
want to know it. The equation that has the right 
variables in it is v} = v + 2aAx. The final ve- 
locity is zero. Solving for the acceleration gives 
a = —v?/2Az. The rest of the method is the 
same as the standard one demonstrated in the 
appendix “Three essential mathematical skills” 
in the back of the book. Convert the equation to 
a proportionality by throwing out the constant 
factor of —1/2, giving a x v?Aa~!. Change this 
into a statement about ratios: 


ap _ (vr) (Arr T (48)(.9)-? = 12 
as \vug Arg E i E 


where “F” refers to the F-14 and “S” to the Sop- 
with. 

2-k8 We want to use a constant-acceleration 
equation to relate acceleration and distance for 
a fixed final speed. We don’t know the time, 
and we don’t want to know it. The equation 
that has the right variables in it is v¿ = 2aAx 
(setting vo = 0). Solving for the acceleration 
gives a = v;/2Az. The rest of the method is the 
same as the standard one demonstrated in the 
appendix “Three essential mathematical skills” 
in the back of the book. Convert the equation to 
a proportionality by throwing out the constant 
factor of v?/2, giving a x Azx”*. Change this 
into a statement about ratios: 


QH — ATH 
Arm 


=i 

) = (1.62 m/1.75 m)~* = 1.08 
am 
where “H” refers to Harrell and “m” to a pitcher 
of the nominal minimum height. 
2-k9 We want to use a constant-acceleration 
equation to relate acceleration and speed for a 
fixed distance. We don’t know the time, and we 
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don’t want to know it. The equation that has the 
right variables in it is v? = vj + 2aAz. The final 
velocity is zero. Solving for the initial speed gives 
Up = (-2aAx)!/?. The rest of the method is the 
same as the standard one demonstrated in the 
appendix “Three essential mathematical skills” 
in the back of the book. Convert the equation to 
a proportionality by throwing out the constant 
factor of y-2Az, giving vo x a*/?. Change this 
into a statement about ratios: 


1/2 
LE (=£) = (1.09)? = 1.04 , 
UD ap 


where “C” refers to the Chevy cop car and “D” 
to the Dodge. 

2-n1 (a) The variables involved are distance, 
acceleration, and time, so we want the constant- 
acceleration equation that relates them, which is 
Az = 5yAt?. The balls are two separate objects, 
so we need to have two separate equations of this 
form. 


1 
Ag, = 79At 
1 
Az = 29AtZ 
2 
2A 
At = 4/22 
g 
2A 
At = = 
g 
T = At — Atı 


= 2Ar2 = 2Ax1 
g g 


p(s 


T 


» (b) The units inside the parentheses are 
m!/?/s, so squaring this quantity, we have m/s”. 

(c) When Az, = 0, T is the same as Ata, 
and we have simply g = (y2Ax2/At2)?, which is 
what we would have gotten if we had just solved 
Azz = $gAt3 for g. This case reassures us that 
the result is correct, but it is useless in practical 
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terms: we have to make Az, great enough so 
that the ball will make a sound we can record. 
(d) Mathematically, we get zero over zero, 
which is undefined. Physically, we cannot mea- 
sure all the quantities in the equation with per- 
fect precision, so we will not get exactly zero on 
the top or on the bottom; the result will be not 
an error on our calculator but rather a wildly un- 
reliable answer! Nature is giving us a hint that 
the most accurate results will be obtained when 
the two heights are as different as possible, and 
will get less and less reliable as the heights are 
made closer to one another. 
2-n2 We're given the distance it takes the flea 
to slow back down to a stop, Ar = 30 cm, so it's 
natural to use the equation v? = 2aAx, which 
tells us the distance required in order to slow 
down from v to rest, or speed up from rest to 
v. The flea first accelerates rapidly, then, once 
its feet have left the ground, it begins deceler- 
ating. The acceleration probably isn't constant, 
but this is just an estimate anyway, so we”ll as- 
sume it is. We then have 2yAx = 2ah, where a is 
the acceleration as it’s taking off, and h is the dis- 
tance its center of mass travels upward while its 
legs are straightening. The result is a = gAx/h. 
Estimating h = 0.1 cm, we find a ~ 300g. 
2-n3 (a) 


vs = v2 +2aAx 


The initial velocity və, is the velocity of the 
spinning earth’s surface, which at the equator 
is (27r)/(1 day) ~ 500 m/s. This is an order 
of magnitude less than the orbital velocity given 
in this problem. Since vo is much less than vy, 
vá is even more negligible compared to v4, and 
we're justified in ignoring it for the purposes of 
this approximate calculation, whose accuracy is 
really limited by the assumed acceleration. 


vs = 2aAr 
2 
Vv 
Ag = $ 
i 2a 
=1x10°m 
= 1000 km 
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(b) It’s not very practical to build a railgun that 
would stretch halfway across a continent. The 
railgun idea is definitely not going to be practical 
for crewed launches, but it might work for lofting 
payloads that could handle more violent acceler- 
ations, such as raw materials. For instance, a 
payload that could handle 300g of acceleration 
would only need a 10-kilometer railgun. 

2-n4 (a) Other than w, the only thing with 
units that can occur in our answer is g. If we 
want to combine a distance and an acceleration 
to produce a time, the only way to do so is 
like w/g, possibly multiplied by a unitless con- 
stant. 

(b) It is convenient to introduce the notations L 
for the length of one side of the vee and h for the 
height, so that L? = w?+h?. The acceleration is 
a = gsin@ = gh/L. To travel a distance L with 
this acceleration takes time 


van (E) E) 


Let x = h/w. For a fixed value of w, this time is 
an increasing function of x +1/x, so we want the 
value of x that minimizes this expression. Taking 
the derivative and setting it equal to zero gives 
x = 1, or h = w. In other words, the time is 
minimized if the angle is 45°. 

(c) Plugging x = 1 back in, we have t* = 2t = 
4,/w/g, so the unitless factor was 4. 

2-n5 Let £ be the length of one of the chords 
and t the time the bead takes. If 0 is the angle 
of the chord relative to the horizontal, then the 
bead’s acceleration is a = gsin0, and we have 
L = (1/2)gsin 0t?, so that t depends on the ratio 
é/sin@. But a little trigonometry shows that £ = 
2r sin 0, so the race is a tie. This fact was proved 
by Galileo. 

2-o1 Since the lines are at intervals of one m/s 
and one second, each box represents one meter. 
From t = 0 to t = 2 s, the area under the curve 
represents a positive Ax of 6 m. (The triangle 
has half the area of the 2 x 6 rectangle it fits 
inside.) After t = 2 s, the area above the curve 
represents negative Ax. To get —6 m worth of 
area, we need to go out to t = 6 s, at which 
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point the triangle under the axis has a width of 
4s and a height of 3 m/s, for an area of 6 m (half 


of 3 x 4). 
2-02 
v Ar t 
2-03 (a) Each rectangle has a width of 1 s and 


a height of 1 m/s, so it represents a distance of 
1 m. There are 14 rectangles between the curve 
and the t axis, so the change in position is 14 m. 
(b) The square below the axis counts as a nega- 
tive change in position, so the result is 7 m. 
2-04 (a) When its velocity is negative it’s com- 
ing back toward the hive, so at t = 8.7 s it is as 
far from the hive as it will ever get. (b) Between 
t = 0 and t = 8.7 s, the area under the curve is 
about 22 squares. Each square is 1 s wide and 1 
m/s tall, so each one represents 1 m. The great- 
est distance from the hive is 22 m. (c) The area 
from t = 8.7 s to the end is under the axis, so 
it counts as negative. It’s about 2 squares, so at 
the end the bee is about 20 m from the hive. 
2-05 (a) False. To find the acceleration from 
the velocity, we need to take the derivative, 
which is the slope of the tangent line. The area 
under the curve would be the integral, not the 
derivative. 

(b) True. 

(c) False. Velocity is the indefinite integral of 
acceleration, not its derivative. 

(d) True. 

(e) False. The change in position is the definite 
integral of velocity, not acceleration. 

2-06 (a) We choose a coordinate system with 
positive pointing to the right. Some people 
might expect that the ball would slow down once 
it was on the more gentle ramp. This may be 
true if there is significant friction, but Galileo’s 
experiments with inclined planes showed that 
when friction is negligible, a ball rolling on a 
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ramp has constant acceleration, not constant 
speed. The speed stops increasing as quickly 
once the ball is on the more gentle slope, but 
it still keeps on increasing. The a-t graph can be 
drawn by inspecting the slope of the v-t graph. 


v 


(b) The ball will roll back down, so the second 
half of the motion is the same as in part a. In 
the first (rising) half of the motion, the velocity 
is negative, since the motion is in the opposite di- 
rection compared to the positive x axis. The ac- 
celeration is again found by inspecting the slope 
of the v-t graph. 


v 


2-07 This is a case where it's probably easiest 
to draw the acceleration graph first. While the 
ball is in the air (bc, de, etc.), the only force 
acting on it is gravity, so it must have the same, 
constant acceleration during each hop. Choos- 
ing a coordinate system where the positive x axis 
points up, this becomes a negative acceleration 
(force in the opposite direction compared to the 
axis). During the short times between hops when 
the ball is in contact with the ground (cd, ef, 
etc.), it experiences a large acceleration, which 
turns around its velocity very rapidly. These 
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short positive accelerations probably aren't con- 
stant, but it’s hard to know how they’d really 
look. We just idealize them as constant accel- 
erations. Similarly, the hand's force on the ball 
during the time ab is probably not constant, but 
we can draw it that way, since we don’t know 
how to draw it more realistically. Since our ac- 
celeration graph consists of constant-acceleration 
segments, the velocity graph must consist of line 
segments, and the position graph must consist 
of parabolas. On the x graph, I chose zero to be 
the height of the center of the ball above the floor 
when the ball is just lying on the floor. When 
the ball is touching the floor and compressed, as 
in interval cd, its center is below this level, so its 
x is negative. 


ab cd ef 


2-p1 (a) Let f and g be functions. Then the 
chain rule states that if we construct the function 
f(g(x)), its derivative is 

df df dg 


dr dg dz’ 

On the right-hand side, the units of dg on the 
top cancel with the units of dg on the bottom, 
so the units do match up with those of df/dzx 
on the left. 

(b) The cosine function requires a unitless in- 
put and produces a unitless output. Therefore 
A must have units of meters, and b must have 
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units of s~! (inverse seconds, or “per second”). 


A is the distance the object moves on either side 
of the origin, and b is a measure of how fast it 
vibrates back and forth (how many radians it 
passes through per second). 

(b) The derivative is v = da/dt = —Absin(bt), 
where the factor of b in front comes from the 
chain rule. The product Ab does have units of 
m/s. If we hadn’t put in the factor of b as re- 
quired by the chain rule, the units would have 
been wrong. Physically, it also makes sense that 
a larger b, indicating a more rapid vibration, pro- 
duces a greater v. 

2-p2 (a) Solving for Ax = ¿at? for a, we find 
a = Wale = 5.51 m/s. (b) v = 21h = 
66.6 m/s. (c) The actual car’s final veloc- 
ity is less than that of the idealized constant- 
acceleration car. If the real car and the idealized 
car covered the quarter mile in the same time but 
the real car was moving more slowly at the end 
than the idealized one, the real car must have 
been going faster than the idealized car at the 
beginning of the race. The real car apparently 
has a greater acceleration at the beginning, and 
less acceleration at the end. This make sense, be- 
cause every car has some maximum speed, which 
is the speed beyond which it cannot accelerate. 


2-p3 v= dz/dt = 10 — 3t? = —17 m/s. 
2-p4 For both objects we have 
a= kt 


3 


where k = 3.00 m/s?. Integration with respect 
to time gives 


1 
v= 5 kt + vo, 


where the initial velocity vo is different for A 
than for B. A second integration results in 


1 
T= ght + vot + ZO; 


with different values of xy for the two objects. 
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At t = 2.00 s, plugging in numbers results in: 


(e) In this frame, A’s velocity is zero, and B has 
the constant velocity vg — UA = vo. The reason 
this works is that in the original frame of refer- 
ence discussed in parts a-d, A and B have equal 
accelerations. 

(£) This is easiest to determine in A’s frame, 
rather than the frame assumed in parts a-d. In 
A’s frame, B starts out to A’s right, and travels 
leftward at constant velocity. A sits there for a 
while, and then B hits it. 

2-p5 The velocity and acceleration are found 
by taking the first and second derivatives. Omit- 
ting units, these functions are: 


v = 3t? — 8t 
a= 6t — 8. 


At the given times, we have: 
t v a 


-1 11 -14 
0 0 -8 
1 -5 -2 
2 -4 4 

3 3 10 


If the particle is slowing down, its velocity and 
acceleration should have opposite signs. This oc- 
curs at t = —1 and t = 2. 

2-p6 (a) Since b is added to t%, b must have 
units of s?. We want x to come out in units 
of meters, so a must have units of m - s? (me- 
ters times seconds squared, not meters divided 
by seconds squared as in acceleration). 

(b) From the given information, we can find her 
speed v(t) by differentiation, and we can then 
find the maximum by the usual technique of set- 
ting the derivative equal to zero. That means 
taking two derivatives in a row: a second deriva- 
tive. The second derivative of the position is the 
acceleration, so what it boils down to is finding 
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the time when her acceleration is zero. (Note 
that the a in the original equation doesn't stand 
for acceleration.) 


81? =2 (b++t”) 
6t? = 2b 
t= b/3 


Plugging t = +,/b/3 into the first derivative, we 
get |v| = (33/2 /8)ab—3/?, 

(c) The 33/2/8 is unitless, so the units come 
from the a and b factors: ms? - (s?) 3/2 = m/s. 
2-p7 We expect the derivative to have units 
of m3/s, since it represents a rate of change of 
a volume. The Leibniz notation confirms this, 
since dv/dt represents an infinitesimal volume 
divided by an infinitesimal time. Computing 
the derivative, we get 41c%t?, which has units 
of (m/s)?s? = m3/s as expected. 
2-p8 (a) The input to the exponential function 
has to be unitless, so b must have units of s71 
(inverse seconds). The output of the exponential 
is also unitless, so if the right-hand side is to have 
units of meters, c must have units of m/s. 

(b) Differentiating, we find that the velocity is 


v = c(1 — bt)e™™ 


We want to maximize this as a function of time, 
which we can do by taking its derivative and set- 
ting it equal to zero: 


0 = be(bt — 2)e™™ 
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The maximum occurs at t = 2/b, and the ve- 
locity at this time ia —ce~?, so the maximum 
speed is the absolute value of this, ce~?. (Higher 
speeds occur at earlier times, but we’re only find- 
ing the maximum speed as it comes back to the 
closed position.) 

(c) We already know that c has units of m/s, so 
this does have the right units to be a velocity. 


2-p9 (a) b: meters, c: meters/s (because you 
multiply it by ¢ to get something with units of 
meters), k: units of s (because it doesn’t make 


sense to take e~‘/* unless the units of —t/k can- 
cel out) 
(b) v =  dy/dt = d-ct)/dt + 


d—cke-*/*) / dt = —c + ce7*/* 


(c) For large values of t, e~'/* is nearly zero, 


so v approaches c. Thus, c can be interpreted as 
the maximum velocity she will ever reach (known 
as her terminal velocity). 


(d) Differentiating again, we get a = du/ dt = 
d—c + ce“*/*)/ dt = —(c/k)e7*/*. 


(e) For large t, the exponential becomes very 
small, so her acceleration is nearly zero. 


3-al 
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3-a2 (a) Let’s use a coordinate system with 
positive x being east and positive y being north. 
In these coordinates, the vector from Bangkok to 
Phnom Penh has 


Az = 470 km Ay = —250 km 


and the one from Phnom Penh to Hanoi has 


Az = 60 km Ay = 1030 km 


(b) The components of the vector from Bangkok 
to Hanoi equal the sum of the components of the 
two vectors above, 


Az = 530 km Ay = 780 km 

3-a3 Since the two given angles are both mea- 
sured counterclockwise from east, we can just use 
a coordinate system with positive x being east 
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and positive y north, and the positive and nega- 
tive signs of the components will come out right 
if we just use cosines for x components and sines 
for y components. We find the components of 
the total Ar vector by adding the components 
of the two individual vectors: 
Ax = Azı + Aza 
= (35 km) cos 25° + (22 km) cos 230° 
= 17.6 km 


(temporarily keeping 1 extra sig fig). 
Ay = Ayı + Aye 
= (35 km) sin 25° + (22 km) sin 230° 
= —2.1 km 


(temporarily keeping 1 extra sig fig). 
The magnitude of the total Ar vector is 18 
km, and the direction is 


tan”*(-2.1 km/17.6 km) = —7° or 173° 


Checking against the diagram, the correct arct- 
angent is —7°. 


230° 


3-a4 This problem has to be done analytically, 
not graphically, because it requires such high 
precision. The two given angles are both mea- 
sured counterclockwise from the right, which is 
convenient; for angles defined this way, we can 
always find x components using a cosine, and y 
components using a sine, and the plus and minus 
signs will be come out automatically. The first 
vector’s components are 


Ax, = (35.24 mm) cos 217.3° 
= —28.03 mm 

Ayı = (35.24 mm) sin 217.3° 
= —21.36 mm ; 
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and the second one’s are 


Ax = (48.01 mm) cos 11.7? 
= 47.01 mm 

Aya = (48.01 mm) sin 11.7? 
= 9.74 mm 


Checking these against the figure, their sizes and 
signs look reasonable. Adding these would give 
the vector from the top hole to the right-hand 
hole, but she wants to go the opposite way, so 
the components we want are 


Ax3 = (Ax; + Azz) 
= —18.98 mm 


and 


Ays = —(Ayi + Aya) 
= 11.62 mm 


Again, the signs and sizes look about right. 
The distance she has to move is given by the 
Pythagorean theorem, 


|Ar3| = 4/ Aa? + Ay? 


= 22.25 mm 


The direction is 


_1 [ Ays 
_ 1 
0 = tan (=) 


= —31.4° or 148.5° 


(measured counterclockwise from the right). We 
can tell from looking at the figure that the second 
arctangent is the correct one. (I’ve given the final 
answers with four sig figs of accuracy, although 
you could argue that it should be three, since 
the least accurate piece of given data is the 11.7° 
angle. In reality, however, that angle isn’t any 
less accurate than the 217.3° one, i.e., changing 
either one by a tenth of a degree will have about 
the same effect on the final result.) 

3-a5 To prove that this operation is not rota- 
tionally invariant, it suffices to find one example 
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in which converting the inputs A and B into a 
different, rotated coordinate system causes the 
output C to be a completely different vector, 
not just the same vector represented in a dif- 
ferent system of coordinates. Almost any ex- 
ample will show this, unless we really manage 
to shoot ourselves in the foot with an unusual 
choice like A = 0, B = 0. As an example, let's 
take B = 1, and A = $ + —2 in the origi- 
nal coordinate system, resulting in C = 2x+4 2y. 
Now rotate the coordinate system by 180 degrees 
about the z axis. In this new coordinate system, 
A = —-x—y-— 4%, but the scalar B stays the 
same, giving C = 0. This new C is clearly not 
just the same vector expressed in a differently 
oriented coordinate system, since its magnitude 
has changed from a nonzero value to zero. 

3-d1 


a- b = |a||b| cos Ga, 


a-b 
Bay = cos” (22) 
|a||b| 


= 12.9° 


3-d2 Let v = cx + dy, where c and d are to 
be found. We don’t expect to be able to deter- 
mine both c and d uniquely, because for any v 
that works, so will any nonzero scalar multiple 
of it. That is, we only expect to be able to find 
the ratio c/d, which expresses how big c is in 
proportion to d. 

We want v to be perpendicular to u, so u-v = 
0, or ac+ bd = 0. Solving for the unknown ratio 
gives c/d = —b/a (assuming a 4 0). Concretely, 
a choice that works is c = b and d = —a, so that 


v = bx —ay. 


(Writing it this way also works in the special case 
where a = 0.) To check that this is a solution, 
we can compute u- v = ab — ba = 0, as desired. 
3-g1 The easiest way to find such a vector is 
to take the cross product. 


(A x B); = A,B, — By Az =-3 
(A x B), = A, By — B¿Az =6 
(A x B); = A; By — Br Ay =-3 
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So our vector is —3X + 6y — 3z. We could also 
use any other vector lying along the same line, 
i.e., any scalar multiple of this one. I checked my 
result by computing its dot product with each of 
the two given vectors, verifying that it was zero 
in each case. 

3-g2 (a) The cross product inside the paren- 
theses results in a vector, and the second cross 
product results in a vector. (b) The cross prod- 
uct gives a vector, and then dotting it with the 
other vector gives a scalar. (c) The dot product 
gives a scalar, but you can’t take a cross product 
of a scalar with a vector. This one is nonsense. 
3-83 (a) To find 2B we double both the com- 
ponents of B. Then to calculate A — 2B, we 
subtract those from the components of A. This 
gives A — 2B = (—7.0X — 28.0y) meters. The 
pythagorean theorem results in a magnitude of 
28.9 m. 

(b) A-B= A,B, + AyBy = —33.0 m?. 

(c) Since A and B both lie in the x-y plane, 
the cross product will only have a z component: 
(A x B); = A,B, — AyB, = 56.0 m?. 

(d) This is a little less work to compute if we 
first simplify the expression to A? — B?, where 
the square indicates taking the dot product of 
the vector with itself, i.e., finding the square of 
its magnitude. Subtracting the squares of the 
magnitudes, we get —144 m?. 

(e) 0=cos-!(A- B/|A||B]) = 121° 

3-g4 The definition of the vector cross product 
in terms of the components is (Ax B), = A,B.— 
B, Az, and similarly for y and z. Reversing the 
roles of A and B interchanges the positive and 
negative terms on the right, so the sign flips. 
3-g5 (a) False. An angle of zero would mean 
that the vectors were parallel, but unless a = b 
it will not be true that these two vectors are par- 
allel. 

(b) True. If we arrange them as in the graphical 
definition of vector subtraction, they form a tri- 
angle. 

(c) True. It doesn’t matter if we flip B, it can 
still be the same side of the same triangle. 

(d) True. This is part of the definition of the 
cross product. (We could consider it to be an ex- 
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ception where the cross product is zero, in which 
case the angles we have in mind are undefined.) 
(e) True. The dot product is defined as a com- 
ponent, and a component has a sign, which is 
defined to be negative in this situation. 

(£) True. This is how unit vectors are defined. 
3-86 Since it's not associative in general, we 
expect that almost any set of three vectors, cho- 
sen at random, will provide a suitable counterex- 
ample. I decided to use combinations of the 
unit vectors x, y, and Z, since they're easy to 
calculate with. The first example I tried was 
xx ($ x2), which demonstrated Murphy’s law by 
being one of those rare examples in which asso- 
ciativity does hold, because both x x (Y x Z) and 
(X xy) x Z are zero. My next example worked: 
ý x(x?) =yxxX = —2, but (¥xy)xz=0xz 
equals zero, which is different. 

3-g7 Our geometrical definition of the cross 
product in three dimensions was that its mag- 
nitude was the area of the parallelogram formed 
by the two vectors, and its direction was perpen- 
dicular to both of them (and right-handed). 

There is nothing problematic about extend- 
ing the definition of the magnitude to four di- 
mensions, because the parallelogram is formed 
within the two-dimensional plane containing the 
two vectors, so we never even “see” the existence 
of the fourth dimension. 

But the definition of the direction fails to 
carry over properly, because the direction isn’t 
uniquely determined. As a concrete example, 
let's label our axes x, y, z, and w. The cross 
product X x y would have to be a vector with 
magnitude 1 and a direction perpendicular to 
both x and y. But there is more than one vec- 
tor that would satisfy these requirements, e.g., 
either Z or w. 

We also gave an expression for the cross prod- 
uct in terms of components. In three dimensions, 
this could also be used as a definition, and the 
choice of one or the other is a matter of style. 
However, it's conceivable that one of the defini- 
tions would generalize nicely to four dimensions 
while the other wouldn't. But it's not too hard 
to show that this doesn't work. Suppose some- 
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one tells you that the generalization produces a 
certain result for Xx y. This result would have to 
lie in the 2-w plane. But even if the directions of 
the x and y axes have already been fixed, we still 
have freedom in defining our coordinate system 
so that z and w point in any directions we like, 
as long as they're perpendicular to x and y and 
to each other. That is, we can rotate the z and 
w axes freely. Therefore if someone wrote down 
a formula for the z and w components of X x y, 
the formula would not be rotationally invariant. 

Remark: It turns out that one can generalize 
the cross product to four dimensions, but the 
generalization can’t be a vector. It is an object 
called a tensor, which is essentially a matrix. 
3-g8 Since it’s rotationally invariant, it must 
be built out of cross products, dot products, 
scalar products, and vector sums. Because its 
definition has to make sense regardless of the 
units of the vectors, the given information is 
enough to fix its behavior under scaling of the 
vectors. (PI revisit this point below to make it 
more clear.) The given scaling information shows 
that if we write out an expression for f(A, B), 
each term must contain three factors of A and 
a single factor of B. Using only cross products, 
we can write several expressions that fit these 
criteria: 


Of these, the first two differ only in sign, while 
the third and fourth vanish identically. The first 
one fits all the desired criteria. 

No other expression involving only cross prod- 
ucts can fit the given criteria, since the only ones 
that have the right number of factors of A and B 
are the ones given, or trivial variations on them 
that can be put into one of these forms by using 
the anticommutativity of the cross product. 

We also need to prove that no other expression 
exists that satisfies the given criteria and that 
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is writen using some combination of dot prod- 
ucts, cross products, scalar products, and vector 
sums. In fact, it is possible to write other expres- 
sions that satisfy the given criteria, but they are 
equivalent to the expression already found. Two 
examples of this type are (A - A)(B x A) and 
(1/2)A x (A x (A x B)) + (1/2)(A- A)(B x A). 

In any term appearing in such an expression, 
there must be three multiplications. If none of 
these was a cross product, the result would be 
a scalar, and similarly if more than one was a 
dot product. Therefore the only possibility other 
than three cross products is a dot, a cross, and 
a scalar, as in the example already found. Rear- 
ranging the factors in every possible way fails to 
give anything that satisfies the given criteria. 

It may be easier to understand now why 
it was necessary to assume that the function 
makes sense regardless of the units of the in- 
put vectors. We’ve shown that the function 
A?(B x A) satisfies the given criteria, where A? 
means A- A. Suppose that we changed this to 
(A? + P(A?))(B x A), where P(x) is a polyno- 
mial having zeroes at x = 1 and 4. This would 
also fit the given data. However, the condition 
P(1) = 0 can only be meaningful if we define the 
units in which x = 1. 
3-j1 We want to find out about the velocity 
vector ugg of the bullet relative to the ground, 
so we need to add Annie’s velocity relative to 
the ground vag to the bullet's velocity vector 
UBA relative to her. Letting the positive x axis 
be east and y north, we have 


UBA 2 = (140 mi/hr) cos 45° 
= 100 mi/hr 
UBA y = (140 mi/hr) sin 45° 
= 100 mi/hr 
and 
VAG, x = 0 


VAG y = 30 mi/hr. 


The bullet's velocity relative to the ground there- 
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fore has components 


UBG,«c = 100 mi/hr 
UBGy = 130 mi/hr. 


and 


Its speed on impact with the animal is the mag- 
nitude of this vector 


lupa] = y (100 mi/hr)? + (130 mi/hr)? 
= 160 mi/hr 
(rounded off to 2 significant figures). 
3-j2 The boat’s velocity relative to the land 
equals the vector sum of its velocity with respect 


to the water and the water’s velocity with respect 
to the land, 


VBL = VBW + VWL. 
If the boat is to travel straight across the river, 
i.e., along the y axis, then we need to have 


VBL,» = 0. This x component equals the sum 
of the x components of the other two vectors, 


VBL,x« = VBW,2 + VWL,z, 


or 


0= —|vew| sin 0 + vw Ll. 


Solving for 0, we find 
sin 9 = |vwz|/|vBw], 
so 


0 = sint [vw] 


lvew| 


3-j3 The addition of the three velocity vectors 
looks like this: 


VRF 
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Problem 3-37. 


Here R is the rain, C is the car, and F is the We need the x components of u and v to can- 


freeway. cel out, so in terms of the magnitudes, usin 0 = 
(a) For the magnitudes we have var = vsin45°, giving 

ucr/tan70° = 38 km/hr. 

(b) VOF = vrc/ sin 70° = 112 km/hr d= sin”! (55) = 142 

3-4 (a) Let R be the rottweiler, C the collie, 3/2 


and D the dirt. Then vop = (Xx + y)v/v2, 
VRD = —vy, and VRC = VRD — VoD; which 
results in 


(b) upa.z = 0, so all we need to calculate is 


UPG,y = v cos 45° + u cos 14° 


1 . ae = 180 m/s 
VRC = x 14 v. 
k | v2 ( 7) | 
3-j6 The addition of the velocity vectors looks 
(b) t = D/|vrc| = D/ [vy2 me yal: like this: 
3-j5 (a) Let P be the plane, G the ground, and 


A the air. Then the situation is as shown in this 
figure: 9 


u 


VpG (a) We have 0 = sin™ t (u/v). 
(b) The velocity of the plane relative to the 
ground is the left side of the triangle, w = 
Vu? — u?, so the time to get to the city is t = 
D/w = D/Vv? =x. 
Ay (c) The units are m/y (m?/s?), which does turn 
Vag out to be seconds. 
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(d) If u = v we get an infinite result. This makes 
sense, because in this situation the plane can 
only stand still by flying directly into the wind. 
3-j7 See the figure. I chose a scale of 0.5 cm + 
1077 m/s. The vector sum is 14.3 cm in length, 
which converts to 2.9x 1077 m/s. The direction, 
measured with a protractor, is about 12° south 
of east. 

3-j8 To keep the writing simple, let u be 
the speed at which they swim, v their running 
speed, w the speed of the water, and / the width 
of the river. 

(a) Andrés's speed relative to the town is 
yu? — w?, so Ta = C/Vu? — w? = 25.0 s. 

(b) We have tı = £/u, and during this time 
Brenda moves downstream a distance d = tiw, 
so ty = 20.0 s. 

(c) Running back to the town takes her 
ta = trw/v = lw/uv = 3.0 s. 

(d) Tg = (€/u)(1+ w/v) = 23.0 s. 


3-j9 Let £ be the width of the river, and let 
César swim at an angle 0 relative to the line cut- 
ting perpendicularly across the river. His total 
time is 


£ (w — usin 0) 5 


T=t+t2= T 
u cos v 
£ 
= — UEU e 2 
v u 


It’s simpler to find the angle that minimizes this 
expression if we define the unitless variable y = 
Tv/£ and the unitless constant 6 = (v + w)/u, 
so that 


y = sec 0 — tan. 


As claimed in the question, the optimal values of 
y and @ are only going to depend on the sum v+w 
that appears in 8, not on v or w individually. 
The problem only asks that we prove this fact, 
but it may also be of interest to sketch the com- 
putation of the optimal time. 
Setting dy/ d8 = 0 gives 


0 = sec 0 [8 tan 0 — sec 0] => 0 = sin™t 67! 
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Drawing a right triangle, we can see this gives 
secO = B(8? — 1)? and tané = (6? — 12, 
and therefore y = (8? — 1)'/?, or 


rs (: ES *) = 1 
v u 
3-m1 Yes, it would be slowing down. 
3-m2 The velocity vector points in the direc- 


tion of motion. There are two time periods dur- 
ing which the direction of motion is northeast: 


During period A, around Aug. 15, the path is 
curving to the right. The Ar vectors connecting 
the points in dot-to-dot fashion can be thought of 
as synonyms for the v vectors, since v = Ar/At, 
and At is just a constant (6 hours). As shown 
in the inset figure, vector subtraction of these v 
vectors gives a Av that points south-east, so the 
acceleration is to the southeast. 

During period B, a similar vector subtraction 
gives an acceleration to the northwest, which is 
not what is required by the question. 
3-m3 The original velocity vector had vy = 
21.1 m/s, vy = 0. The later one has vz = 
(21.1 m/s) x cos7° = 20.94 m/s and vy = 
(21.1 m/s) x sin7° = 2.57 m/s. The change in 
the velocity vector is 


Av, = —0.16 m/s 
Av, = 2.57 m/s ; 


and 


so the acceleration vector has components 


az = Avz/At = —0.16 m/s? 
ay = Av, /At = 2.57 m/s? ; 


and 
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giving a magnitude of 


(0.16 m/s2)? + (2.57 m/s2)? = 2.6 m/s? 


Since the z component is negative and the y com- 
ponent is positive, it has to be pointing north- 
west, and the angle measured counterclockwise 
from east is tan~'(2.57/ — 0.16) = 92°. (Your 
calculator probably gives you the other arctan- 
gent, —88°, which is not the appropriate one.) 
3-m4 The acceleration is mainly vertical. Each 
car's vy starts out zero, increases as the bump’s 
slope gets steeper, reaches a maximum, and then 
decreases back to zero as the car reaches the top 
of the bump. Riding back down the bump is 
similar. 

The equation a = Av/At isn't strictly 
true here, since a isn’t constant. However, 
we can still use it to get a comparison be- 
tween the two cars. We then have ap/ay = 
(Avp/Auvy)(Aty/Atp). The first factor is 
clearly equal to 37/25, but so is the second one, 
since the Maserati's lower speed causes it to 
take more time to go through the same motion. 
Therefore ap/am = (37/25)? = 2.2. 
3-p1 (a) The horizontal and vertical motions 
are independent, so they hit simultaneously. (b) 
While she's in the air, the only force on her is 
gravity. There is no horizontal force on acting on 
her, so her horizontal acceleration is zero, mean- 
ing she keeps a constant speed. Her speed on 
impact is the same as when she went over the 
edge, 30 km/hr. (c) The same as when he went 
over the edge, 40 km/hr. (d) They have the same 
vertical velocities, but different horizontal veloc- 
ities, so Bill's speed is greater. 
3-p2 In Miss Lettuce’s frame of reference, the 
float is at rest and the sidewalk is moving. The 
bouquet is initially at rest, so when she drops it, 
it falls straight down and lands at her feet. 

In her fans’ frame, the float is moving and the 
sidewalk is at rest. The bouquet is initially mov- 
ing to the right, and even after she drops it, it 
retains that horizontal motion, because there is 
no horizontal force that would change it. They 
see a parabolic arc going to the right. 
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3-s1 (a) The units of the first term are just the 
units of b, so b must have units of meters. The 
units of c have to be m/s, so that the seconds 
will cancel and give meters. Similarly d must 
have units of m/s?, i.e., acceleration. 


(b) 


dt 
= Cy + 2dtz 
dv 
de 
= 2dZ 


a= 


(c) The only force acting on the bullet is grav- 
ity, so its acceleration 2d equals g, and Z points 
down. The bullet’s velocity at t = 0 is cy, so c 
is its initial velocity, and y points to the west. 
If the coordinate system is right-handed, then x 
must point south, and b is simply the bullet’s 
location in the north-south direction, measured 
from some arbitrary origin. 
3-s2 (a) The horizontal and vertical motions 
are independent, so we can write down separate 
equations for them: 


L = Vrt [motion with constant velocity] 


1 2 
Y = Yo 97 
We're not given information about time, and we 
don't want to find it either, so we need to elimi- 
nate it. Solving the first equation for t and sub- 
stituting into the second equation gives 


y 1 x \? 
Y = Yo 3I T 


We're interested in x = L, and the variable d 
corresponds to Yo — y, so we have 


LADA? 
a= aola) 


(b) Convert everything to mks to start with. 

73.3 mi/hr=32.8 m/s, 60.0 ft=18.3 m. Plugging 
in, we get d = 1.53 m=5.00 ft. I calculated this 
using the two-sig-fig value g = 9.8 m/s?, so that 


[motion with constant acceleration] 
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ends up being the limiting factor for accuracy, 
and the result should be rounded off to two sig 
figs, d = 5.0 ft. 

3-s3 (a) For the vertical motion, we have h = 
(1/2)gt?, which gives the air time t = \/2h/g. 
You need to travel a horizontal distance A tan 0 
in that time, so v = htan@/t = ./gh/2tan 0. 
(b) The units are ,/m?/s? = m/s, which makes 
sense. 

(c) A higher g means you have to run faster, 
which makes sense physically. A higher h also 
means you have to run faster, which makes sense, 
e.g., you can’t jump off of the top of a mountain 
and land at the base, but you could easily jump 
from a small scale model of the mountain. A 
bigger 0 requires a higher speed, which makes 
sense. In the case of 0 = 0, we have v = 0, which 
makes sense because you can just step off the 
cliff. For 6 = 90°, the velocity becomes infinite, 
and that also makes sense: the “cliff” is now just 
flat ground, and you can’t jump off of Kansas. 
(d) Plugging in numbers gives 1.8 m/s. 

3-s4 (a) R= (2v?/g)sin@cos@ (c) 45° 

3-s5 (a) Let vo = 15 m/s and 0 = 45°. We 
have Voy = vosin@. The final velocity when 
it hits the ground is minus this, so we have 
Av = —2vosin@. The definition of accelera- 
tion a = Av/At then gives At = Av/(—g) = 
2(vo/g) sin0 = 2.2 s. 

(b) Now let’s take “final” to be the top. Using 
UF = v? + 2ay, we find y = v2 sin? 0/29 = 5.7 m. 
(c) During the time At found in part a, the hor- 
izontal distance traveled is v,At = vugtcos@ = 
2(v¿/9) sin 9 cos 9 = 23 m. 

3-s6 (a) For its motion from the hand to the 
top of its arc, it has a constant acceleration equal 
to g, so v? = 2gy, and y = v?/2g. (b) Only the 
vertical component, vy = vsin, of the initial 
velocity has any effect on its vertical motion, so 
the equation becomes y = v? sin? 0/2g. 

3-s7 To find the time in the air, we can use the 
constant-acceleration equation a = Av/At. The 
initial vertical velocity is vg sin 0, and the change 
in velocity is therefore —2vp sin 0, giving At = 
2uo sin@/g. The distance traveled horizontally is 
L = vocosét. Plugging in 0 = 45° gives vo = 
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J/Lg = 1.4 x 10° m/s, which is high, but surely 
achievable for one as mighty as Kim. 

3-s8 (a) The vertical and horizontal motions 
are independent of each other. Since the balls 
reach the same height, their vertical motion is 
the same, so the initial y velocity of the green 
ball is also vo. 

(b) The times are the same, for the same reasons 
as in part a. 

(c) The x velocity is vs = y (200)? — v2 = V300. 
The time in the air is 2u9/g. Multiplying these 
gives the range, 2/3v2 /g, and since v2 = 29H, 
this range can be expressed in terms of H as 
4/3H. 

3-s9 Let h be the height of the building. The 
vertical component of the impact velocity is 
given by v2 = 2gh. Relating the magnitude of 
the impact velocity to its components, we have 
(2v0)? = v + 2gh, which gives vo = \/2gh/3 = 
8.08 m/s. 

3-s10 The horizontal motion is at the constant 
velocity vo, while the vertical motion is with con- 
stant acceleration g. The vertical component of 
the impact velocity is given by v2 = 2gh. Given 
the x and y components of the vector, we can use 
the inverse tangent function to find its direction. 
The result is 


tan" (22) 


vo 


3-s11 (a) Using the constant-acceleration 
equation v? = 2aAz, we have 


(b) The strategy is that first we find the time 
spent in the air, and then we multiply by the 
horizontal velocity to find the distance traveled. 
For the time t at which the rock hits the ground, 
we have 


1 
ia + voyt +h =0. 
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Solving this for t gives a quadratic. Of the two 
roots, we want the one that happens after the 
throw. The result is 


8gh 
23 


0 


t= 1+,/1+ 


vo 
2g 
Multiplying by vs = (v3/2)vo, we find 


ve 


3v2 8gh 
Po ict E 
4g 0 


3-s12 (a) Let positive x be to the right, and 
positive y up. The horizontal motion is at con- 
stant velocity ucos a, so 


x = utcosa. 


The vertical motion has initial velocity usin 0 
and acceleration —g, so 


Na 
y = ut sina — 7 , 


Setting x = £ in the first equation and solving 
for t gives t = €/ucosa. Now we set y = h in 
the second equation and substitute for t, which 
gives 


1 
h = tana — 59 (E/ucos a)”. 


Solving this for u results in 


= gl 
a jz cos? a(tana — h/£) 


(b) The ratio h/£ is unitless, so it makes sense 
to subtract it from tana. The units of the quan- 
tity inside the square root come solely from the 
factor gl, which has units of m?/s?. Taking the 
square root gives m/s, which makes sense. 

(c) Physically, if gravity is stronger we’ll need to 
roll the ball faster to get it up to the hole. Math- 
ematically, g is on top, so increasing it increases 
u. 

(d) Physically, if the height is increased we’ll 
need to increase the speed. Mathematically, h/£ 
is subtracted on the bottom, so increasing h re- 
duces the bottom, which increases the result. 
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(e) If a = 90°, then u blows up to infinity. 
This makes sense, because if the ball is launched 
straight up, then it doesn't matter how fast we 
roll it, it will never cover the horizontal distance 
h. 

(£) When tana = h/é, the ramp is pointed 
straight at the hole. If we were playing the game 
in zero gravity, this would be just fine, but when 
there is gravity, the path of the ball can’t be 
straight, so there is no way it can get to the 
hole when it’s aimed this way. Mathematically, 
our result for u blows up under these conditions, 
which makes sense. 

(g) Plugging in gives u = 4.1 m/s. 

3-s13 The time when it crosses the y axis is 


Zo 


ty =—-— =5.0s. 
y Us 
It crosses the x axis at 
2u 
ta = -4 =1.6s 
Ay 


Since it crosses the x axis first, we need to cal- 
culate where that happens. 


£ = To + Ut, = 6.8 m. 


3-s14 (a) For motion along the ramp, v7 = 
va — 2aL, where L is the length of the ramp, so 
the height of the ramp is h = Lsin@ = (vê — 
v;)/4a = 1.4 m. 

(b) For the time t when it hits the ground, 0 = 
—(1/2)gt? + vfyt + h, where vey = vf/2. The 
quadratic has two solutions, and the one we want 
is the one for t > 0, which is 


vs + ,/v7 + 8gh 
t = —— 5 =0.70 8. 


29 

3-s15 (a) Let the speed at launch be vı. Then 
application of the constant-acceleration equa- 
tion vf = vp + 2aa leads immediately to vı = 
vi — 29L sinó. 

(b) Applying the same constant-acceleration 
equation to the motion in the air gives y = 
Lsin0 + v? sin? 0/29. Substituting for vo gives 


2 — 2gLsind 
y = Lsing + 222 sin g, 
g 
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3-s16 The problem is stated for a cylinder, but 
the minimum velocity will be one that is possible 
only in the case where the bullet flies in the plane 
of the figure, so we can reduce the problem to two 
dimensions. 

The relevant physical conditions are the radius 
r of the cylinder and the strength g of the gravi- 
tational field. Based on units, the solution must 
be of the form \/gr multiplied by a unitless con- 
stant. Therefore we can simplify the math by 
taking g = 1 and r = 1, and waiting until the 
end of the problem to put the factor of ,/gr back 
in. 

There are two qualitatively different ways in 
which the bullet could fail to clear the cylin- 
der. It could spend a finite time in the air and 
then hit, or it could simply fail to lift off. If we 
only consider the second condition, then there 
are several methods that allow a very short (even 
one-line) solution, but they involve tricks (such 
as approximating the bullet's motion as circu- 
lar motion) or fancy math (such as matching 
the curvatures of the circle and parabola by set- 
ting the second-order terms of their Taylor series 
equal). We will instead take an approach that 
uses straightforward algebra and no tricks, and 
that addresses both possible modes of failure. 

Let v be the initial speed of the bullet, and 
choose Cartesian coordinates with the usual ori- 
entation and the origin at the center of the 
circle. Then its motion is given by x = vt, 
y = 1- (1/2)t?, and eliminating t gives y = 
1 — (1/2)(a/v)?, the equation of the bullet's 
parabolic trajectory. For big enough values of 
v, this parabola will only intersect the circle at 
x = 0. For too-small values, it will intersect it in 
at least one other place. By symmetry, any such 
intersections will occur in pairs on the left and 
the right, but we consider only x > 0. If the bul- 
let achieves lift-off but then hits the circle, then 
there should be two intersections for x > 0, one 
where the bullet enters the circle and one where 
it exits again at the bottom. If it never achieves 
lift-off, then there should be only one, where it 
exits. 

To locate and count these intersections, we 
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equate the equations of the circle and the 
parabola, 1—(1/2)(x/v)? = +41 — x2. The only 
positive solution is x = 2vy 1 — v?, which exists 
if the square root is real. Since there is never 
more than one positive solution, we have shown 
rigorously that the only way in which we can fail 
is if the bullet never lifts off. 

The solution fails to exist if v > 1, so the min- 
imum speed is 1. Reinserting the factors that 
contain units, we have v = ,/gr for the mini- 
mum speed. 
3-s17 We have vo y = usin 0, so ignoring signs, 
Av = 2,0,y, and the time spent aloft is t = 
(2u/g) sin0. During this time, the horizontal dis- 
tance traveled is L = vt = (2u?/g) sin0 cos 6. 
Since we want to solve for 0, it is convenient 
to use a double-angle identity to rewrite this as 
L = (u?/g) sin 20, which results in 


1 L 
0 = 5 sin” (=) 7 


Since the physically admissible values of 0 must 
be between 0 and 90 degrees, the arcsine has 
to be between 0 and 180 degrees. In a typical 
case, there are two such arcsines, one in the first 
quadrant and the other in the second quadrant. 
The values of 0 are such that 0, = 90° — 02. 

When L > u?/g, there are no solutions: the 
target is out of range. When L = u?/g, there is 
exactly one solution, and 0 = 45°. 

Regarding units, the quantity inside the arc- 

sine is unitless. Call this x. From the given vari- 
ables L, g, and u, the only unitless quantities 
we can form are x and functions of x. Since @ is 
unitless (radians are not really units), we can tell 
from units that 0 can depend only on z, but we 
can’t tell what form this dependence will take. 
4-al (a) The force of gravity on an object can’t 
just be g, both because g doesn’t have units of 
force and because the force of gravity is different 
for different objects. 
(b) The force of gravity on an object can’t just be 
m either. This again has the wrong units, and 
it also can’t be right because it should depend 
on how strong gravity is in the region of space 
where the object is. 
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(c) If the object happened to be free-falling, then 
the only force acting on it would be gravity, so 
by Newton's second law, a = F/m, where F is 
the force that we're trying to find. Solving for F, 
we have F = ma. But the acceleration of a free- 
falling object has magnitude g, so the magnitude 
of the force is mg. The force of gravity on an 
object doesn’t depend on what else is happening 
to the object, so the force of gravity must also 
be equal to mg if the object doesn’t happen to 
be free-falling. 


4-a2 (a) This is a measure of the box’s resis- 
tance to a change in its state of motion, so it 
measures the box’s mass. The experiment would 
come out the same in lunar gravity. 

(b) This is a measure of how much gravitational 
force it feels, so it’s a measure of weight. In lu- 
nar gravity, the box would make a softer sound 
when it hit. 

(c) As in part a, this is a measure of its resis- 
tance to a change in its state of motion: its mass. 
Gravity isn’t involved at all. 


4-a3 (a) A liter of water has a mass of 1.0 kg. 
The mass is the same in all three locations. Mass 
indicates how much an object resists a change in 
its motion. It has nothing to do with gravity. (b) 
The term “weight” refers to the force of gravity 
on an object. The bottle’s weight on earth is 
Fw = mg = 9.8 N. Its weight on the moon is 
about one sixth that value, and its weight in in- 
terstellar space is zero. 


4-a4 The partner’s hands are not touching the 
climber, so they don’t make any force on him. 
The hands have an indirect effect through the 
rope, but our concept of force only includes di- 
rect effects (see p. 43). 


The corrected table looks like this: 
force of the earth’s gravity, | 
force from the rope, ¢ 


The student is also wrong to claim that the up- 
ward and downward forces are unbalanced. The 
climber is moving down at constant speed, so his 
acceleration is zero, and the total force acting on 
him is zero. The upward and downward forces 
are of equal strength, and they cancel. 
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4-a5 a= Av/At, and also a = F/m, so 


_ Av 
= sae 
mv 
F 
(1000 kg)(50 m/s — 20 m/s) 
3000 N 


At 


=10s 


4-a6 No, we can only conclude that if there are 
forces acting on it, their sum is zero. 

4-a7 We have x = (1/2)at?, so x x t? for the 
cumulative distance. This gives 12/11 = 4, so 
z2 = 8.0 m, and the additional distance traveled 
in the second time interval is 6.0 m. 

4-d1 F = ma = kt, so a = (k/m)t. Integrat- 
ing once gives its velocity, v = (k/2m)t? + vo. 
The constant of integration, Vvo, equals zero, be- 
cause the initial speed is zero, so v = (k/2m)+?. 
Integrating again gives x = (k/6m)t? + xp. 
4-g1 (a) The maximum acceleration is 5 N, so 
Emax = Mamax = 5N. 

(b) The change in velocity Av equals the area un- 
der the curve, which is 15 m/s. For the average 
force, we have Fav = Maag = MAv/At = 3.8 N. 
4-g2 (a) Newton’s second law says that a = 
(F¿—W)/m, where F; is the force from the scale 
pushing up on her feet. Let the positive direc- 
tion be upward. We're given that the elevator is 
slowing down while rising, so a < 0 in this co- 
ordinate system, and we must have F, < W, so 
F, =0.97W. 

(b) Plugging in numbers, we get a = 
—.03W/m = —.03g = —.3 m/s?. The magnitude 
of the acceleration is .3 m/s”. (The sign is only 
negative for the particular coordinate system we 
chose.) 

4-g3 (a) The velocity is constant, so Newton’s 
first law applies: the total force is zero. This 
means that the upward force of the elevator on 
the person’s feet is the same strength as the 
downward force of gravity, or 890 N. 

(b) Newton’s second law gives a = (Fs —mg)/m, 
where F, is the force from the scale on the per- 
son’s feet. We have F, = m(g + a), and g and a 
are opposite in sign, so the result is 440 N. 
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4-g4 (a) We have v? = 2aL for the average 
acceleration, so the average force is F = ma = 
mv? /2L. 

(b) The units on the right-hand side are kg- 
(m/s)?/m = kg-m/s?, which is the same as new- 
tons. 

(c) Mathematically, increasing m increases F. 
That makes sense, because more force would be 
required in order to accelerate a more massive 
bullet. The dependence on v also makes sense, 
because accelerating the bullet up to a higher 
speed should take more force. Raising L in our 
answer would lower F, and that makes sense, be- 
cause if we have a greater distance over which to 
accelerate the bullet, we can do it more gradu- 
ally. 

4-g5 Let Fy be the magnitude of the fric- 
tional force. Newton’s second law gives a = 
(F — F;)/M, and setting this equal to F/3M 
gives Fy = (2/3)F. 

4-g6 (a) We have m = F/a, som œx 1/a. Since 
a, > a2, we must have mı < ma. 

(b) For the acceleration when the force is applied 
to the combined mass, we have 


F 
mi + Ma 
F 
F/a, + F/ag 
= (1/a1 T 1/az)~* 


4-j1 The mass is increased by a factor of 1.5, 
so the acceleration is reduced by a factor of 1.5, 
to 2 m/s?. 

4-j2 For motion with constant acceleration, 
starting from rest, we have Ag = (1/2)at?. For 
a fixed Az, this becomes t x a~!/?._ Newton’s 
second law gives a x F, sot x F712. The result 
is 


-1/2 
Dees (+) = (1/19) 2=14 


4-3 For motion with constant acceleration, 
starting from rest, we have v? = 2aAz, or 


v x al/?. Newton’s second law gives a x m7}, 
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so v x m”!/?, The result is 
v2 (340 kg + 60 kg\ 2 ae 
vo 340 kg Eos 
4-j4 (a) Fw = mg, so reducing g by 0.01 m/s? 


reduces his weight by 
72 kg x 0.01 m/s? = 0.72 N 


His mass stays the same. 

(b) For motion with constant acceleration, 
UF = v?+2ax. At the top of his jump, his vertical 
velocity is zero, so vs = 0, and 0 = v? + 2az. His 
acceleration equals —g. Solving for x, the height 
to which he can jump is, x = v?/2g. Since the 
height to which he can jump is inversely propor- 
tional to g, a 0.1% decrease in g will result in a 
0.1% increase in height, or 2 mm. 
4-j5 For the average acceleration a we have 
v? = 2aAz, so a x 1/Az, and therefore F œ 
1/Az as well. 


E = Az = 350 
W Aza 
(This is actually a calculation of the total force 
acting on the person during the impact, so we 
could say that the force from the ground was 
351W. But to the 2 sig fig precision of the prob- 
lem, this is irrelevant.) 
4-j6 We have x = (1/2)at?, so x x a x 1/m. 
The heavier book travels half the distance, or 1.0 
m. 
4-m1 (a) The swimmer’s acceleration is caused 
by the water’s force on the swimmer, and the 
swimmer makes a backward force on the wa- 
ter, which accelerates the water backward. (b) 
The club’s normal force on the ball accelerates 
the ball, and the ball makes a backward normal 
force on the club, which decelerates the club. (c) 
The bowstring’s normal force accelerates the ar- 
row, and the arrow also makes a backward nor- 
mal force on the string. This force on the string 
causes the string to accelerate less rapidly than it 
would if the bow’s force was the only one acting 
on it. (d) The tracks’ backward frictional force 
slows the locomotive down. The locomotive’s 
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forward frictional force causes the whole planet 
earth to accelerate by a tiny amount, which is 
too small to measure because the earth's mass is 
so great. 

4-m2 Newton’s third law says their forces on 
each other are equal. Since a = F/m, the less 
massive Old lady has a greater acceleration. 
4-m3 When you drop an object, the earth does 
accelerate up to meet it, but the acceleration is 
very small because the earth's mass is so big. 
4-m4 Yes, they are equal and opposite, be- 
cause otherwise the total force on you would 
not be zero, and you would accelerate vertically. 
No, Newton's third law does not apply, because 
there are three objects involved, not just two: 
the earth, your feet, and the floor. Newton's 
third law says that two objects” forces on each 
other are equal and opposite, so it never applies 
to two forces both acting on the same object. 
4-m5 Their claim doesn't make sense. The 
branch isn’t accelerating, so evidently the total 
force on it is zero. The two sides of the shears 
must be making equal forces on the two sides of 
the branch, in opposite directions. This has to 
be true regardless of the type of shears. 

4-m6 The scale reads too high when the back- 
pack is on the way down and decelerating, and 
also when it’s on the way up and accelerating. It 
reads too low when the backpack is on the way up 
and decelerating, and also when it’s on the way 
down and accelerating. In other words, when 
Pm making an upward force on the backpack 
that’s greater than the force required to support 
its weight, Newton’s third law says the backpack 
must be making a correspondingly large force 
downward on me, which registers on the scale. 
Conversely, when I make an unusually small up- 
ward force on the pack, it makes an unusually 
small downward force on me. 

4-p1 (a) We are supposed to find an equa- 
tion for mass based on information about forces 
and accelerations. Newton’s second law, a = 
Fiotai/ M, is what relates these three quantities. 
There are two forces acting on the elevator: a 
downward force from gravity and an upward 
force from the cable. Let’s use positive num- 
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bers for upward forces and negative numbers for 
downward ones. The force of gravity will then 
be —mg, and the maximum force the cable can 
exert will be +T, giving Frota = —mg+T. Sub- 
stituting this into Newton’s second law gives 


—mg+T 


m 


Solving for m gives 


a+g 


(b) If a = 0, then the equation becomes m = 
T/g, i.e. T = mg. Interpretation: if the elevator 
is not accelerating, then the maximum mass is 
the mass that results in a gravitational force as 
great as the maximum tension in the cable. This 
is intuitively obvious if the elevator is at rest, 
but perhaps a little surprising for the case where 
the elevator is, say, moving upward at constant 
speed. Most people would not expect that the 
tension in the cable would be the same whether 
the car was at rest or moving upward at constant 
speed. 


If the car is accelerating downward at 9.8 
m/s”, that would be a = —g, since we are using 
positive for up and negative for down. Plugging 
this in to the equation gives m = oo (division 
by zero). Interpretation: this is the case where 
the elevator is simply dropping like a rock. The 
cable does not need to exert any force in this sit- 
uation, and so there is no limit on the mass of 
the car. 


4-p2 Let's use a coordinate system in which 
positive x is down. Then the downward force 
of gravity on Sally is positive, and the blaster’s 
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upward force on Sally is negative. (a) 


II 


(b) The units of g are m/s?. Fg has units of new- 
tons, and dividing newtons by kilograms gives 
m/s? (as in Newton’s second law). In the de- 
nominator, we're subtracting m/s? from m/s?. 
That’s good, because you can’t subtract things 
that have different units. Dividing h, with units 
of m, by m/s? gives units of s?, and taking the 
square root of that gives units of seconds, which 
matches up correctly with the units of the vari- 
able t on the left side. 

(c) For large values of Fg, the quantity inside 
the square root becomes negative, and the re- 
sult for the time becomes an imaginary number. 
The point where this bogus behavior sets in is 
the point at which the denominator goes from 
positive to negative, i.e., when the denominator 
is zero: g — Fg/m = 0, or Fg = mg. In other 
words, if Fg is greater than the force of gravity, 
she’ll fly up, and will never even hit the ground. 


4-p3 (a) Newton’s second law says Fair — 
Fueight = ma, or Fair — mg = ma. Since the 
forces are constant, this will be motion with con- 
stant acceleration, so v = at = (Fair — mg)t/m. 
(b) 7.8 m/s 
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4-p4 (a) 
vs = v? + 204x 
0 = v* + 2ad 
y? 
a=-=5 
2d 
F = ma 
_ m? 
2d 


(b) The quantity aa has units of 


ko. 2/42 
A A a 


which are the same as the units of force (mass 
multiplied by acceleration). 

(c) If m gets bigger, F gets bigger. That makes 
sense, because more force would be required in 
order to stop a more massive object in the same 
distance. If v increases, so does F, and that 
also makes sense. Dividing by a bigger num- 
ber gives a smaller result, so if d gets bigger, F 
gets smaller. That also makes sense, because a 
smaller force would take more distance to stop a 
moving object. 

(d) The only thing to be careful about here is 
that if we want an answer in ST (meter-kilogram- 
second) units, we have to make sure to convert 
all the raw data to SI before plugging in: 


mv? 


2d 
(6.7 x 10-2” kg) (2.0 x 107 m/s)” 
2(7.1 x 10-4 m)) 
= —1.9 x 107° N 


F= 


4-p5 Taking the car and truck to be a sin- 
gle object, Newton’s second law results in a = 
Fp/4M. Let Fg the force between the bumpers 
of the car and the truck. Applying the second 
law to the truck along gives Fg = 3M -a = 
(3/4)F. 

4-p6 (a) Let, e.g., F23 mean 2’s force on 3. By 
Newton's first law, the total force on block 3 is 
zero, so F23 — M3g = 0, so Fo3 = M3g. Newton’s 
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third law then gives F32 = —F 3 = — Msg. 

(b) Applying Newton’s first law to block 2, we 
have Fi2 + F32 — Mog = 0, so Fig = (Ma + 
M3)g. This makes sense because 1 is supporting 
the entire weight of 2 and 3. 

4-s1 (a) Friction would be parallel to the ceil- 
ing, but all the motion is vertical. (b) If the rice 
were to stay stuck onto the ceiling of the cup, 
it would have to accelerate along with the cup. 
When you're banging on something like this the 
acceleration can be huge, perhaps thousands of 
meters per second squared. This is much more 
than anything gravity could supply. (c) The cup 
is the only object touching a grain of rice that 
could be exerting a force on it, and Newton’s sec- 
ond law would then require that the this force 
equal ma. As the cup decelerates, we therefore 
need a large upward force from the cup on the 
rice if the rice is to decelerate along with it. This 
would be some kind of sticky force, and there’s 
a limit on how strong such a force can be. If 
it isn’t strong enough, then the grain’s accelera- 
tion can’t match that of the cup, and it will come 
loose. 

4-s2 The acceleration a in Newton’s second law 
is the acceleration of the center of mass. The 
atoms at the point of contact between the ball 
and the bat move together and have equal ac- 
celerations, but that doesn’t mean the centers of 
mass have equal accelerations. The ball and the 
bat both start squashing on impact. 

5-al 

5-a2 

5-a3 

5-a4 

5-a5 

5-a6 If kinetic friction were stronger than 
static friction, then we could have, for example, 
a situation in which 4 N was the force necessary 
to break static friction and make an object slide 
across a horizontal surface, but 6 N was neces- 
sary in order to produce a force greater than ki- 
netic friction in order to produce an acceleration. 
This wouldn’t make sense, because what would 
happen if you applied 5 N? It would break static 
friction, but then there would be no acceleration 
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because the force would be weaker than kinetic 
friction. The way you would actually measure 
a static frictional force experimentally would be 
to measure how much force you had to apply in 
order to get the object to accelerate, so there’s 
no way you could have determined the 4 N force 
for static friction in the first place. 

5-d1 In each case, the y component, Ty, of the 
tension has to be enough to support half the 
boy’s weight. The y component of the tension 
is going to be given by either the sine or the co- 
sine, and we can see that it must be the cosine 
because that gives the right answer for the first 
positoin, Ty = T’cos@ = T. Since Ty is always 
the same, the tension must be proportional to 
1/cos@. The tensions are in the ratios of 1 to 
1/ cos 45° to 1/ cos 60°, or 1 to 1.41 to 2. 

5-d2 (a) Let the positive x axis be to the right 
and positive y up. The x components of the 
forces cancel by symmetry, so they don’t give 
us any useful information. The y components 
of the three forces are S'cos@/2, Scos@/2, and 
—L. Setting the sum of these equal to zero, we 
find S = L/(2cos@/2). (b) For 0 = 0, we find 
S = L/2, which makes sense physically because 
two forces S are cooperating perfectly to cancel 
L. (c) For 0 = 180°, we have S = oo, which 
is not physically possible, but does make sense. 
If we were to grab the two anchor lines in our 
hands and pull them to the right and left away 
from each other, it would take infinite force to 
make Y = 180° exactly. (c) This occurs when 
2cos 6/2 = 1, i.e., 0 = 2cos~!(1/2) = 120°. 
5-d3 (a) Let positive x be to the right and pos- 
itive y up. Zero total force acts on the carabiner 
in the y direction, 


—L + 2T cos(9/2) = 0 
Zero total force also acts on the left-hand anchor, 
so 
Sy — T cos(6/2) = 0 and 
Sz +T +T sin(6/2) =0 
Algebra leads to the result 
(1 + sin(9/2))/2 


a cos(6/2) 


PROBLEMS 


Problem 5-al: 


263 


equal and opposite force 
force acting on magnet involved in Newton's 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
magnetism up car magnetism down magnet 
gravity down planet earth gravity up magnet 
normal down car normal up magnet 


Problem 5-a2: 


(a) A monkey climbing a palm tree. 


equal and opposite force 

force acting on monkey involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
normal right tree normal left monkey (right hand) 
normal left tree normal right monkey (left hand) 
gravity down planet Earth gravity up monkey 
static friction up tree static friction down monkey (right hand) 
static friction up tree static friction down monkey (left hand) 


Problem 5-a2: 


(b) A piece of tape stuck on the ceiling. 


equal and opposite force 
force acting on tape involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up tape 
sticky up ceiling sticky down tape 


Problem 5-a3: 


equal and opposite force 

force acting on rower involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
normal + seat normal y rower 
gravity d| Earth gravity T rower 
normal > oar normal + rower 
static friction + seat static friction — rower 
normal K footrest normal > rower 
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Problem 5-a4: 
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equal and opposite force 
force acting on farmer involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
static friction up cow static friction down farmer 
static friction up wall static friction down farmer 
gravity down planet earth gravity up farmer 
normal left cow normal right farmer 
normal right wall normal left farmer 


Problem 5-a5: 


(The “lift” force below is really not so different from a normal force.) 


equal and opposite force 

force acting on plane involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
normal? east air normal? west plane (propeller) 
friction west air friction east plane 
lift up air lift down plane (wing) 
gravity down earth gravity up plane 


(b) When 0 = 0, we have S = L/y2, which 
makes sense because in this situation T = L/2, 
and each anchor experiences two forces equal in 
magnitude to T, acting at right angles. This is 
worse than the correct setup, in which 0 = 0 
gives S = L/2. 

5-d4 (a) There are three forces acting on the 
part of the rope right under the person’s feet: 
the two tensions and the normal force of the per- 
son’s feet on the rope, which equals the person’s 
weight. The vector sum of the three forces must 
be zero, i.e. their x components must add up 
to zero and so must their y components. The 
x components will just naturally cancel out by 
symmetry, so that’s not helpful information. The 
y components of the two tension forces are both 
equal to each other, so double the y compo- 
nent of the tension in one side must equal the 
person’s weight. The y component of the ten- 
sion in one side is T'sin0, where @ is the an- 
gle of the rope above horizontal. Therefore, we 
must have Mg = 2T'sin9. The length of each 
half of the tightrope is given by the Pythagorean 


theorem, \/h? + (£/2)?, and using trig, sin? = 


h//h? + (£/2)? = 1/,/1+ (£/2h)?. Solving 
for T, T = Mg/(2sin0) = ¿Mgy/1 + (L/2h)?. 
(b) Examining the equation T = Mg/(2sin@) = 
$Mg/1 + (L/2h)?, if h was zero, L/2h would 
be infinite, so the tension would have to be infi- 
nite. Physically, the rope would break at some 
nonzero value of h. 

5-d5 (a) If there was no friction, the angle of 
repose would be zero, so the coefficient of static 
friction, Hs, will definitely matter. We also make 
up symbols 9, m and g for the angle of the slope, 
the mass of the object, and the acceleration of 
gravity. The forces form a triangle just like the 
one in example ?? on p. ??, but instead of a force 
applied by an external object, we have static fric- 
tion, which is less than us|Fy|. As in that ex- 
ample, [F,| = mg sin 90, and [F,| < ps[E y], so 


mgsin0 < us|E y]. 


From the same triangle, we have |Fy| 
mg cos 8, so 


mg sind < usmg cos 0. 


PROBLEMS 


Rearranging, 
6<tan + ls. 


(b) Both m and g canceled out, so the angle of 
repose would be the same on an asteroid. 
5-d6 The main reason that this problem is dif- 
ficult is that you have to realize there are two sep- 
arate cases. Pressing the block and the wall to- 
gether can result in either an upward or a down- 
ward frictional force on the block. If you're ap- 
plying almost enough force to slide the block up 
the wall, then the frictional force is downward, 
but if you're applying just barely enough to keep 
it from sliding down, then the frictional force is 
upward. Because the vertical component of the 
frictional force has an opposite signs in the two 
cases, it is necessary to do a separate version of 
the algebra in each case. 

Case A: upward friction on the block 

Let the positive x axis be to the right and the 
positive y axis up. Then both the x and y com- 
ponents of the force on the block must equal zero. 
Let Fy be the normal force of the wall on the 
block. The maximum force of static friction is 
given by |Fs.maz| = Hs|F n], and it is the maxi- 
mum in which we're interested, since we're look- 
ing for the largest possible value of |F g|. 


zero total force in the x direction: 
[Fy|cosó —|Ey| = 0 


zero total force in the y direction: 
[Fyg|sin0 — mg + us|En]| =0 
We solve the first equation for |F y| = |F g| cos 0, 


then substitute into the second equation and 
solve to find 


[Pa] 


Case B: downward friction on the block 

The solution of this part is exactly analogous, 
except that the total force in the y direction is 
[Fg|sin0— mg — us [Ey] = 0, with a minus sign 
in front of the frictional force. The result is 


m 
[Fa] = a 


_ 1g. 
~ sinĝ + us cos 


sin 9 — us cos 0 


265 


In the case of 0 = 90°, both the maximum 
and the minimum are mg, which makes sense. 
The maximum force blows up to infinity for O = 
tan”! us. With this angle, no amount of force 
will make the block slip, because the greater nor- 
mal force leads to a greater frictional force, which 
is great enough to counteract the greater verti- 
cal force from the hand. For angles smaller than 
this, the equation for the maximum force gives 
a negative result, which is not physically mean- 
ingful because it was supposed to represent the 
magnitude of the force. 
5-d7 (a) The tension at the center describes a 
force that each half of the wire exerts on the 
other half. Therefore we should analyze the 
forces on one half of the wire, say the left half. 

(Here “cohesive” is just a name I made up for 
the force that holds the wire together and keeps 
it from breaking.) 

Let the magnitude normal force be Fy, and let 
the tension in the middle of the wire be Tm. By 
Newton's first law, the total force acting on the 
left half of the wire must be zero. Let's do ana- 
lytic addition, which means adding components. 
Let the positive x axis be to the right, and the 
positive y axis up. Then adding the horizontal 
components gives 


Tm — Fy cos? = 0 ; 


and adding the vertical ones gives 
1 
Fy sin — gg = 0 


The result is Tm = mg/2tan 0. 

(b) The tension at the ends equals Fy. Solv- 
ing the original two equations for this unknown, 
we have Fy = mg/2sin0. Since sin @ is always 
less than tan @ for angles between 0 and 90°, we 
find Fy > Tin. The tension at the ends is greater 
than in the middle. This is easy to verify intu- 
itively by imagining the case of 0 ~ 90°. 
5-d8 Let a small section of the rope, extending 
from — d0/2 to +d0/2, have tension T — dT'/2 
and T + dT/2 applied at its ends. Within this 
section, there are normal forces that point in dif- 
ferent directions, but their directions are so simi- 
lar that we can consider them as a single force of 
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Problem 5-d7: 
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equal and opposite force 
force acting on left half of wire involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet earth gravity up left half 
cohesive right right half cohesive left left half 
normal up and left hook normal down and right left half 


magnitude dN acting in the direction normal to 
the post at 0 = 0. Since the total force in the nor- 
mal direction must be zero, we have dN = (T — 
dT’/2) sin(d6/2) + (T + dT/2) sin(d9/2). Apply- 
ing the small-angle approximation sinx ~% x, we 
have dN = T dé. The total force in the tangen- 
tial direction must also be zero, so us dN = dT. 
Combining the two results, we find usT dé = dT. 
Separating variables, we have dT/T = yp, dé. 
Integration of both sides gives nT’ = us0 +c, 
which upon exponentiation of both sides gives 
T,/T, = ets? 

5-d9 (a) Let the mass of the block be M. The 
downward force Mg of gravity on it is canceled 
by the upward normal force from the ledge, so 
the strength of the normal force is Fy = Mg. 
The maximum force of static friction is us Fy = 
us Mg = uspVg. Since we assume there is no 
friction between the rope and the lip of the cliff, 
this is the maximum tension that can be sus- 
tained in the rope. Equating this to the climber’s 
body weight gives us = m/pV. 

(b) The units are mass over mass, which cancels 
out. That makes sense, because the definition of 
Hs implies that it is unitless. 

(c) If m goes up, our equation says that us also 
goes up. That makes sense, because a heavier 
climber would need more friction. If p or V gets 
bigger, the result gets smaller. That also makes 
sense, because increasing either of these would 
make the block heavier, which would allow it 
to hold without such a high coefficient of fric- 
tion. (d) The result is 0.04, which is smaller by 
an order of magnitude than the reference value 
for granite on granite. This is a large margin of 
safety. 


5-d10 (a) There is no theoretical limit on how 


much normal force Fy the climber can make on 
the walls with each foot, so the frictional force 
can be made arbitrarily large. This means that 
with any y > 0, we can always get the verti- 
cal forces to cancel. The theoretical minimum 
value of y will be determined by the need for the 
horizontal forces to cancel, so that the climber 
doesn’t pop out of the corner like a watermelon 
seed squeezed between two fingertips. The hori- 
zontal component of the frictional force is always 
less than the magnitude of the frictional force, 
which is turn is less than wF'y. To find the mini- 
mum value of u, we set the static frictional force 
equal to uF y. 

Let the x axis be along the plane that bi- 
sects the two walls, let y be the horizontal di- 
rection perpendicular to x, and let z be ver- 
tical. Then cancellation of the forces in the 
z direction is not the limiting factor, for the 
reasons described above, and cancellation in y 
is guaranteed by symmetry, so the only issue 
is the cancellation of the x forces. We have 
2F, cos(0/2)—2F'y sin(@/2) = 0. Combining this 
with F, = uFy results in y = tan(0/2). 

(b) For 0 = 0, p is very close to zero. That 
is, we can always theoretically stay stuck be- 
tween two parallel walls, simply by pressing hard 
enough, even if the walls are made of ice or pol- 
ished marble with a coating of WD-40. As 0 gets 
close to 180°, u blows up to infinity. We need at 
least some dihedral angle to do this technique, 
because otherwise we’re facing a flat wall, and 
there is nothing to cancel the wall’s normal force 
on our feet. 

(c) The result is 99.0°, i.e., just a little wider 
than a right angle. 
5-g1 (a) 


PROBLEMS 


top spring's rightward force on connector 
...connector’s leftward force on top spring 
bottom spring's rightward force on connector 
...connector's leftward force on bottom spring 
hand's leftward force on connector 
..connector’s rightward force on hand 
Looking at the three forces on the connector, 
we see that the hand’s force must be double the 
force of either spring. The value of x — x, is the 
same for both springs and for the arrangement 
as a whole, so the spring constant must be 2k. 
This corresponds to a stiffer spring (more force 
to produce the same extension). 
(b) Forces in which the left spring participates: 
hand’s leftward force on left spring 
. left spring’s rightward force on hand 
right spring’s rightward force on left spring 
. left spring’s leftward force on right spring 
Forces in which the right spring participates: 
left spring’s leftward force on right spring 
..right spring’s rightward force on left spring 
wall’s rightward force on right spring 
..right spring’s leftward force on wall 
Since the left spring isn’t accelerating, the to- 
tal force on it must be zero, so the two forces 
acting on it must be equal in magnitude. The 
same applies to the two forces acting on the right 
spring. The forces between the two springs are 
connected by Newton’s third law, so all eight of 
these forces must be equal in magnitude. Since 
the value of x — x, for the whole setup is dou- 
ble what it is for either spring individually, the 
spring constant of the whole setup must be k/2, 
which corresponds to a less stiff spring. 
5-g2 The parallel case is trivial: k = kı + k2 by 
the same reasoning as before. The series case re- 
quires more delicacy, because the strings don’t 
get elongated by the same amount. For sim- 
plicity of notation, let x, = 0 for both springs. 
Since their forces on each other are equal by 
Newton’s third law, the elongations are related 
by F = kızı = kox2. The equivalent spring 
constant is F/(x1 + z2) = kix1/(%1 + z2) = 
kya / (a1 + zıkı/k2) = kık2/(kı + k2). Another 
way of writing this is 1/(1/kı + 1/k2). 
5-g3 (a) Spring constants in parallel add, so 
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the spring constant has to be proportional to the 
cross-sectional area. Two springs in series give 
half the spring constant, three springs in series 
give 1/3, and so on, so the spring constant has to 
be inversely proportional to the length. Summa- 
rizing, we have k x A/L. (b) With the Young’s 
modulus, we have k = (A/L)E.The spring con- 
stant has units of N/m, so the units of E would 
have to be N/m?. 

5-g4 (a) From problem 16 we have kwhole = 
(A/L)E. The simplest way to work this is to 
imagine a fiber consisting of only two atoms. 
Then we have A = b? and L = b, and k = kuhole, 
resulting in k = bE. (b) The result is on the or- 
der of 1 N/m. (c) The stretching of the bond is 
x = F/k = mg/k. A typical mass of an atom 
would be on the order of 107? kg, as you can 
find, for example, by looking up the masses of 
subatomic particles in the back of the book. (An- 
other method would be to multiply the atomic 
volume b? by a typical density of solid matter.) 
The resulting extension of the length of the bond 
is on the order of 107% m, which is negligible, 
even compared to b. In other words, individ- 
ual molecules won't be distorted significantly by 
gravitational stresses. 

5-j1 Since its velocity vector is constant, it has 
zero acceleration, and the sum of the force vec- 
tors acting on it must be zero. There are three 
forces acting on the plane: thrust, lift, and grav- 
ity. We are given the first two, and if we can find 
the third we can infer its mass. The sum of the 
y components of the forces is zero, so 


0 = Finrust,y =F Fifty + Fwy 
= |Finrust| Sin 0 + |F; fe] cos @ — mg. 
The mass is 
m = (|Finrust| sin 0 + |F ii +] cos 0)/g 
= 7.0 x 10* kg 


5-j2 (a) We have the following three equations 
to start off with: 
v? = 2ax 
F = ugmg 
a= F/m 
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Eliminating F and a gives 


j2 
uk = —— = 0.037. 

29x 
5-33 (a) Let positive be down. At t = 0, v = 
0, so a = g. At the half-way point, we're told 
that the styrofoam has already reached terminal 
velocity, so its velocity is constant, and a = 0. 
(b) 1.50 m/5.00 s = 0.300 m/s. 
(c) b = g/Vrerm TRA 
(d) g — bv = 4.9 m/s?. 
(e) We have dv/dt = g—bv. Separating variables 
gives 

dv 


— = dt. 
g — bu 


We now integrate both sides. 


n (2 — =) = —bt, 
const 


where the constant in the denominator is actu- 
ally an additive constant, i.e., a constant of in- 
tegration, if we break it out of the log. Solving 
for v gives 


v = = [g — (const.)e~™] . 
Since we have v = 0 at t = 0, the constant most 
equal g, so 


v= ; [1 —e7™] 


= Uterm [1 + | 


The graph looks like this: 
V 
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5-m1 (a) By Newton’s third law, the forces 
are F and —F. Pick a coordinate system in 
which skater 1 moves in the negative x direction 
due to a force —F. Since the forces are con- 
stant, the accelerations are also constant, and 
the distances moved by their centers of mass are 
Ag, = (1/2)a,T? and Azə = (1/2)a2T?. The 
accelerations are a; = —F'/m, and as = F/ma. 
We then have 


lp — bo = Axe — Axı 


1 1 1 
Z af (= zs =a) m, 
2 mi Ma 


resulting in 


(b) 


m m 
= = 
N/kg {ee 


(c) If the force is bigger, we expect physically 
that they will reach arm’s length more quickly. 
Mathematically, a bigger F on the bottom re- 
sults in a smaller T. 

(d) If one of the masses is very small, then 
1/m1+1/ma gets very big, and T gets very small. 
This makes sense physically. If you flick a flea off 
of yourself, contact is broken very quickly. 
5-m2 (a) Since the wagon has no acceleration, 
the total forces in both the x and y directions 
must be zero. There are three forces acting on 
the wagon: Fr, Fw, and the normal force from 
the ground, F y. If we pick a coordinate system 
with x being horizontal and y vertical, then the 
angles of these forces measured counterclockwise 
from the x axis are 90° — ¢, 270°, and 90° + @, 
respectively. We have 


Fz total = |Fr| cos(90° — p) + |Fw | cos(270°) + |F x| cos(90° + 0) 
Fy total = [Eo] sin(90° — o) + [Fy] sin(270°) + [Ey] sin(90° + 6), 


which simplifies to 
0= [Egl sin d — [Fy| sind 
0 = |Fr| cos @ — [Fy] + |E y| cos 0. 


PROBLEMS 


The normal force is a quantity that we are not 
given and do not wish to find, so we should 
choose it to eliminate. Solving the first equa- 
tion for |Fy| = (sin ġ/sin 0)|Er|, we eliminate 
|F y] from the second equation, 


0 = |Fr|cos¢ — |Fw | + [Fr] sin ¢ cos 6/ sin 8 
and solve for |F 7], finding 


E [Fw] 
cos ¢@ + sin ġ cos 0 / sind” 


[Fr] 


Multiplying both the top and the bottom of the 
fraction by sin 0, and using the trig identity for 
sin(@ + @) gives the desired result, 


sin 0 


as sin(0 + ¢) 


Fw. 

(b) The case of ¢ = 0, i.e., pulling straight up 
on the wagon, results in |Fr| = |Fw|: we simply 
support the wagon and it glides up the slope like 
a chair-lift on a ski slope. In the case of ọ = 
180° —6, |Fr| becomes infinite. Physically this is 
because we are pulling directly into the ground, 
so no amount of force will suffice. 

5-m3 (a) The two static frictional forces must 
together cancel out the elevator’s weight Fy = 


Mg, so 
Mg 
F; = = 
2 


The maximum amount of static friction is given 
by F; < usFy, so 


Mg 
2Us 


Fy > 


(b) If friction is weaker, we’d need to press more 
firmly. The equation demonstrates this behavior, 
since dividing by a smaller value of us will give 
a greater result. 

5-m4 (a) There are four forces acting on the 
skier, a normal force Fy from the snow, a gravity 
force Fw, a kinetic friction force Fk = uxFn, 
and an air friction force bv?. If the skier is to 
approach a constant velocity, the total force on 
her must become nearly zero. Laying the vectors 
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tip-to-tail results in the right triangle shown in 
the figure. At first the bv? force will not be big 
enough to close the gap in the triagle, and the 
skier will be accelerating, but eventually as her 
velocity grows and the bv? force gets stronger the 
total force will approach zero and she will stop 
accelerating. Trigonometry gives 


bu? + Fk = Fw sind and 


Fy = Fw cos0 ; 


and using these two equations plus Fw = mg 
and Fk = ukFy we find 


v= ye (sin 0 — ¡uz cos 0) 


(b) For @ less than tan”! up, we'd be taking the 
square root of a negative number. These are an- 
gles so shallow that the skier would slow to a 
halt. 


5-m5 


(a) See table on last page. 


otal 


mg 
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Problem 5-m5: 
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force acting on car 


equal and opposite force 
involved in Newton's 3rd law 


type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up car 

static friction uphill road static friction downhill car 
normal up and forward road normal down and backward car 


(b) From the figure, we see that the total force 
is equal to the force of static friction, minus 
the length of the short leg of the right triangle, 
F, — mgsin@. The maximum possible decelera- 
tion will be obtained if static friction has its max- 
imum value F; = usFy = usmgcos0. The re- 
sult for the total force is ¿mg cos 0 — mg sin 0 = 
mg(us cos — sin@). By Newton’s second law, 
the maximum deceleration is the total force di- 
vided by the mass, or g(s cos — sin 6). 

(c) Increasing the car's mass increases its iner- 
tia, which makes it harder to stop, but it also in- 
creases the gravitational force on it, which causes 
a greater normal force, and therefore a greater 
maximum value for the static friction force. 

(d) At 9 = 0, we find that the maximum decel- 
eration of a car on a flat road is usg. For 0 < 0, 
the sin is negative, which means the result for 
the deceleration is greater than on a flat road. 
That makes sense: it's easier to make a panic 
stop when you're going uphill. 

(e) As @ increases, the cos term gets smaller 
and the sind term gets bigger. At some angle, 
the result for the deceleration will become zero. 
This is the steepest slope the car can be on with- 
out slipping. For angles greater than this, static 
friction must give way to kinetic friction, and 
our result from part b becomes incorrect, since 
we derived it assuming static friction. 

5-m6 (a) See table. 

(b) The vertical forces cancel, so Fy = mg. 
Picking a coordinate system in which positive 
is forward, the horizontal force of friction pro- 
duces an acceleration a = F/m = —ugFy/m = 
—pxg. Applying the constant-acceleration equa- 


tion OF = v? + 2ax, we find 


2 
Vi 
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(c) The coefficient of friction is unitless, be- 
cause it's defined as the ratio of two forces. The 
units of v? are m?/s?, and dividing by m/s? gives 
meters. 


(d) Mathematically, a higher v; gives a higher 
result, and this makes sense physically, because 
you can go farther if you start out going faster. 
A greater value of pz gives a smaller final re- 
sult, and this also makes sense; increasing fric- 
tion (e.g., by roughening the ice) would make 
the skater stop sooner. Increasing g would 
also decrease the final result; this is because 
a stronger gravitational field would press the 
skater more firmly against the ice, increasing Fy, 
and thereby indirectly increasing friction. 


(e) The result is 2.4 km. 


(£) This is clearly unrealistic. Probably the 
biggest reason for the unrealistic result is that 
we've neglected air resistance. Air resistance in- 
creases rapidly with speed, so that could be a 
reasonable approximation at lower speeds, but at 
these speeds (about 50% faster than an olympic 
sprinter), it’s probably a poor approximation. 
When you see pictures of olympic-level speed 
skaters, they’re always wearing special suits that 
are designed to cut down on air resistance; this 
shows that air resistance is a very important ef- 
fect at the speeds they get up to. 
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Problem 5-m6: 
equal and opposite force 
force acting on skater involved in Newton's 3rd law 

type of object exerting object 

force direction the force type direction exerting it 

gravity down Earth gravity up skater 

normal up ice normal down skater 

kin. fr. back ice kin. fr. forward skater 
5-m7 zero, which is tan”*(1/p3). Beyond this angle, 


KM y 
m 


=4/2 


= y 2ukgL 


Note that the cop doesn't even need to know any- 
thing about the car other than the coefficient of 
kinetic friction between its tires and the asphalt 
Hk, and uk probably doesn’t vary all that much 
from one car to another. 
5-m8 Let the positive x axis be to the right, 
and positive y up. 

(a) The block isn't popping up into the air or 
sinking into the surface, so the y forces cancel: 


Fy — Mg-PFsin0=0 
Fy = Mg +Fsinó0 


(b) The case where it’s just about to slip is the 
one where it’s in equilibrium horizontally and the 
force of static friction is at its maximum value 
us Fy, so that F cos — usFy = 0. Substituting 
the answer from part a for Fy and solving for F, 
we find M 

| it 
cos 6/1, — sin 0 


(c) This is the same as part b, but with up. 
(d) The answer to part b misbehaves starting 
at the critical angle for which the denominator is 


the result for F is negative, which is unphysical. 
5-m9 (a) Let positive x be the direction paral- 
lel to the ramp and uphill, and +y perpendicular 
to the ramp and upward. The total force in the y 
direction is zero, so the normal force between the 
pack and the ramp is Fy = mgcos@. The force 
in the x direction is F — mgsinÓ0 — mgpz cos 0. 
Using L = (1/2)at?, we find 


no 2Lm 
NN F—=mgsin0— mgu; cos 0 ` 


(b) We now have 


Fyn = mgcos@ + F sinó 
F, = F cos — mgsin 0 — ug(mg cos 0 + F sin 0) 


2Lm 


t= a 
|r — mgsin 6 — y (mg cos 0 + F sin 6) 


5-m10 (a) See tables. 

(b) Let Ny be the normal force between the 
ground and block 1, and Nə the normal force 
between the two blocks. Then because block 2’s 
acceleration is zero, the total force on it is zero, 
and T — uk N2 = 0, so T = uz Mag. 

(c) Newton's second law gives 


Mia = F — uk Nı — pg Na 
= F — (Mi + M2)g — pu Mag 
= F — (M1 + 2Ma)g 


ae F- pr (Mi + 2M2)g 
Mı 


5-m11 (a) Three forces act on the mass: a 
gravitational force Mg, a normal force from the 
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Problem 5-m10: 


CHAPTER 24. QUANTUM PHYSICS 


equal and opposite force 
force acting on block 1 involved in Newton's 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity 4 Earth gravity + block 1 
normal + ground normal y block 1 
kin. fr. + ground kin. fr. > block 1 
normal 4 block 2 normal ii block 1 
kin. fr. E block 2 kin. fr. > block 1 
not given — not given not given + block 1 


Problem 5-m10: 


force acting on block 2 


equal and opposite force 
involved in Newton’s 3rd law 


type of object exerting object 
force direction the force type direction exerting it 
gravity | Earth gravity fT block 2 
normal ft block 1 normal | block 2 
kin. fr. —> block 1 kin. fr. + block 2 
normal? + rope normal? > block 2 


ramp, and a force from the rope that equals the 
reading Fp on the force probe. As shown in the 
figure, these three forces, when assembled tip- 
to-tail for vector addition, make a right trian- 
gle with Mg on the hypotenuse and Fp on the 
leg opposite to the angle 0. The result is that 


Fp = Mgsinó0. 


6 


Mg 


(b) The expression found in part a gives 0 
when 0 = 0 and Mg when O = 90°. Both of 
these make sense. 
5-m12 Let positive x be the direction parallel 
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to the ramp and uphill, and +y perpendicular 
to the ramp and upward. Let Fy be the normal 
force between the ramp and the box, and F the 
force you apply. Applying Newton's second law 
in the x and y directions gives 


F; = —mgsin9 + F cos(p — 0) — uF 
0 = Fy — mgcosé + F sin(p — 0). 


Eliminating Fy gives 


F; = —mgsin0 + F cos(p — 0) — umg cos 0 
+ uF sin(y — 0). 


We want to choose (p so as to maximize Fy. This 
is made simpler if we change the independent 
variable to a = y — 0 and recognize that the 
only part of F, that is relevant is proportional 
to 

A = cosa + usinga. 


Taking the derivative and setting it equal to zero 
gives a = tan”! y, or 


y=O+tan! u. 


One way of interpreting this is as follows. If 
there is no friction, then we simply set y = 9, 
so that the force in the direction of motion is 
maximized. If there is friction, then we can win 
by raising ọ slightly higher than 0. For small 
values of a, this gives almost no reduction in 
the x component of our force, while producing a 
significant reduction in the normal force. 
5-m13 Let m be the mass of the board, x the 
displacement of the board relative to the center, 
and Nı and Nə the two normal forces. 

Suppose that (1) the board is not rotating, and 
(2) kinetic friction obtains on both sides. Then 
the total torque is zero, mgx + r(Nı — N2) = 0, 
and the total horizontal force on the board is 
uk(Nı — No) = —mgugx/r. This is a restor- 
ing force proportional to x, so we have simple 
harmonic motion, provided that the assumptions 
hold: no rotation, and purely kinetic friction. 
The frequency is w = y/gux/r. This is a funny 
kind of simple harmonic motion, because the ki- 
netic frictional forces are continually dissipating 
energy as heat, and yet the motion is undamped. 


273 


Under what conditions can assumptions 1 and 
2 be violated? Let the amplitude of the simple 
harmonic motion be A. 

For A > r, the board will tip as its center 
moves beyond the top of one of the wheels, vio- 
lating assumption 1. The board might either fall 
on the ground or make a bobble and come back. 

Assumption 2, purely kinetic friction, can also 
be violated. The maximum velocity in simple 
harmonic motion is Aw. If this velocity ever be- 
comes as high as the tangential velocity of the 
wheels, Qr, then kinetic friction would be re- 
placed by static friction on one side, and we 
would no longer have a self-consistent solution in 
simple harmonic motion. One possibility is that 
under these conditions, the board can accelerate 
up to velocity Qr, then stick at that velocity for 
a while before its weight shifts onto the other 
wheel sufficiently, at which point it will start to 
decelerate again; the motion is periodic but not 
simple harmonic. 

We can also have possibilities that combine the 
features of the tipping solutions with those of the 
static-frictional solutions. 
5-p1 (a) (b) (c) Let's choose a coordinate 
system in which positive is forward. The forces 
acting on the tugboat give 

Pp-T 


m 


and the ones acting on the ship result in 


Note that we use the same symbol a in both 
cases: they're tied together, so their accelera- 
tions must be the same. To solve for T, we need 
to eliminate a, which we can do by setting the 
two equations equal: 

F-T T 


m M 


Bringing all the T stuff to one side, 
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Problem 5-pl: 
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Part a 
equal and opposite force 
force acting on tugboat involved in Newton's 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
fluid fr. forward water fluid fr. backward tugboat 
tension back ship tension forward tugboat 


Problem 5-pl: 


Part b 
equal and opposite force 
force acting on ship involved in Newton's 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
tension forward tugboat tension back ship 
so able. Let’s eliminate a. 
F T — mg T — Mg 
“A mM 
m 1 
T E 
1+m/M i T 
M+m 


(d) For M = 0, the tension is zero, which makes 
sense. For M = œ, we have M/(M +m) = 1, 
since the bottom becomes essentially the same 
as M, so T = F. The interpretation is that the 
tugboat is so light that essentially none of the 
force from the water on its propellers is required 
in order to accelerate it. 
5-p2 (a) See table on last page. 

(b) Let up be positive, and let a be the (pos- 
itive) acceleration of mass m. Newton’s second 
law applied to mass m gives 


T — mg 
a = —— ; 
m 
and for mass M, 
T — Mg 
p= 
M 


We have two equations in two unknowns, T and 
a. To solve them, we need to eliminate one vari- 


p 29m 
M+m 
Now we can find a. 
T — mg 
a = —— 
m 
T 
= Gg 
m 
2gM 
M+m 
2M 
= —1 
Ce 
O 2M M+m 
~“\M+im M+m 9 
M-m 
~\M+im 9 


(c) No. If the masses are equal, the accelera- 
tion will be zero, not the velocity. The equal 
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Problem ??: 
equal and opposite force 
force acting on mass m involved in Newton's 3rd law 

type of object exerting object 

force direction the force type direction exerting it 

normal up string normal down mass m 

gravity down planet Earth gravity up mass m 


masses could be left at rest, and would stay at 
rest, regardless of their relative heights. They 
could also be left in motion, and would stay in 
motion, without speeding up or slowing down. 
(d) (found above) 

(e) Mathematically, the expression for T vanishes 
when either mass is zero. Physically this makes 
sense, because if either mass is not present, the 
rope will go slack. 

5-p3 (a) See the tables for an analysis of the 
forces involved. 


Applying Newton’s second law to the climber 
of mass M, and letting the positive direction be 
downward, we have 


Mg-T = Ma 


The climber of mass m doesn’t sink into the snow 
or fly up in the air, so 


Fy — mg =0 


Newton’s second law for m, with positive to the 
right, gives 
T — ukFy = ma 


These are three equations in three unknowns, 
a, T, and Fy. Eliminating Fy = mg reduces it 
two a system of two equations in two unknowns: 

Mg-T = Ma 
T — umg = ma 
Next we solve the first equation for T = M(g—a) 


and substitute into the other equation, giving 
one equation with one unknown: 


M(g — a) — umg = ma 


Solving this for a, we find 


M — ppm 
a a ES 
Mim ? 


(b) The definition of uz is Fx = ug En, SO Hk 
is unitless. That means that it makes sense to do 
the subtraction M — upm, since both terms have 
units of kg. The quotient (M — ugm)/(M + m) 
is unitless, and multiplying it by g gives units of 
acceleration, which checks out. 

(c) Mathematically, increasing g increases a. 
That makes sense because more gravity should 
make them accelerate faster. Mathematically, in- 
creasing up decreases a, and this checks out be- 
cause increasing friction should keep them from 
accelerating as fast. Increasing m decreases the 
numerator and increases the denominator, and 
both of these effects will reduce a. This makes 
sense because adding extra weight to m will help 
both by increasing friction and by increasing the 
inertia of the whole system, which is measured 
by M +m. M is the hardest variable to analyze 
mathematically. Increasing M increases both 
the numerator and the denominator, so there are 
two countervailing effects, and it’s not obvious 
which is the greater. But since the numerator 
is smaller than the denominator, increasing M 
by a certain amount will cause a greater percent 
change in the numerator, so the net effect will 
be to increase a. This makes sense physically, 
because if M was miniature French poodle, we 
wouldn’t expect the acceleration to be as fast. 
5-p4 (a) See tables. 


(b) Applying Newton’s second law to block B, 
and letting the positive direction be downward, 
we have 

Mpg —T = Mga 
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Problem 5-p3: 


equal and opposite force 
force acting on climber of mass m involved in Newton's 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up climber 
kinetic friction left snow kinetic friction right climber 
normal up snow normal down climber 


Problem 5-p3: 


equal and opposite force 
force acting on climber of mass M involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up climber 
normal up rope normal down climber 


Problem 5-p4: 


equal and opposite force 
force acting on block A involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up block A 
kinetic friction left snow kinetic friction right block A 
normal up snow normal down block A 


Problem 5-p4: 


equal and opposite force 
force acting on block B involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up block B 
normal up rope normal down block B 


PROBLEMS 


We're told that a = 0 in the situation described 
in part b, but I'll put off making use of that fact 
until we're done with the setup, so that we can 
recycle it for part c. Block A doesn't sink into 
the table or fly up in the air, so 


Fy — Mag =0 


Newton’s second law for Ma, with positive to 
the right, gives 


T — uFy = Maa 


Now let’s set a = 0. These are three equations 
in three unknowns, uk, T, and Fy. Eliminat- 
ing Fy = Mag reduces it two a system of two 
equations in two unknowns: 


Mpg-T=0 
T — ukMag =0 


Next we solve the first equation for T = Mpgg 
and substitute into the other equation, giving 
one equation with one unknown: 


Mp -— prM, =0 


Solving this for ug, we find uw, = Mp/Ma. 

(c) We now go back to the original setup, with 
a Æ 0, and also substitute 2M4 for M,. The 
three unknowns are now a, T, and Fy. Elimi- 
nating Fy = 2M ag reduces it two a system of 
two equations in two unknowns: 


Map -T = Mga 
T — 2uM4g = 2M4a 
Next we solve the first equation for T = Mg(g — 


a) and substitute into the other equation, giving 
one equation with one unknown: 


Ma(g — a) — 2uxMag = 2M4a 
Solving this for a, we find 


_ MB —2pkMa 
2Ma + Mg ” 


and substituting ux = Mg/Ma from part b, we 
get 
-g 


= 3M4/Mp +1 
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The negative sign indicates that the motion slows 
down. 
5-p5 (a) See table on last page. 
(b) See table on last page. 


(c) The vertical forces on Ginny cancel out, 
so the normal force between Ginny’s pants and 
the sled has magnitude Nə = Mg. Similarly, the 
normal force between the sled and the snow is 
Nı = (M +m)g, since the snow supports the to- 
tal mass of both Ginny and the sled. In the situ- 
ation where she can just barely accomplish what 
she wants to do, the initial acceleration is van- 
ishingly small; to find the limiting case, we set 
it to zero. That means there must be zero total 
horizontal force on her, and zero total horizontal 
force on the sled. There are two frictional forces 
on the sled, F> from Giny and F from the snow. 
If they're canceling, their magnitudes must be 
equal, |F2| = |Fı]|. If the sled just barely starts 
slipping over the snow before Ginny’s pants start 
slipping over the sled, then both these forces are 
at their maximum value for static friction, 


H2N2 = pı Nı 
12Mg = m (M + m)g 
pa = m (1 + m/M) 
M=— E 

p/p — 1 

(d) For 2 = pı, M becomes infinite. For 
smaller values of u2, we have a negative value 
for M, which is also impossible. In other words, 
for u2 < pu, it wouldn't matter if Ginny carried 
a backpack full of lead bricks; she’d still slip off 
the sled. 
5-p6 (a) The normal force at the top surface is 
Mg, and the one at the bottom surface is (M + 
m)g. Since there is slipping at both surfaces, the 
coefficient of kinetic friction is the one we care 
about, and the two frictional forces are u,Mg 
at the top surface (acting on both blocks) and 
uk(M +m)g at the bottom. The middle block 
decelerates, while the top one accelerates. The 
velocity of the middle block is v — 4 (2M/m + 
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Problem 5-p5: 


CHAPTER 24. QUANTUM PHYSICS 


Part a: 
equal and opposite force 

force acting on Ginny involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up Ginny 
static friction left ropes static friction right Ginny 
normal up sled normal down Ginny 
static friction right sled static friction left Ginny 


Problem 5-p5: 


Part b: 
equal and opposite force 
force acting on sled involved in Newton’s 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
gravity down planet Earth gravity up sled 
normal down Ginny normal up sled 
static friction left Ginny static friction right sled 
normal up snow normal down sled 
friction right snow friction left sled 


1)gt, and the velocity of the top block is pxgt. 
Setting these equal to each other, we find 


v 
pant 
2ukg( M/m + 1) 


(b) The units of the right-hand side are 
(m/s)/(m/s?) =s. 

(c) If m gets bigger, M/m gets smaller, and t 
gets bigger. This makes sense physically. The 
acceleration of the top block doesn’t depend on 
the mass of the middle block at all. The accel- 
eration of the middle block depends on its own 
mass for two reasons: (1) if it has more mass 
it has more inertia; (2) if it has more mass then 
there will be more friction at the bottom surface. 
Although these two effects are in the opposite di- 
rection, they’re not of equal strength. Doubling 
the mass of the middle block, for example, dou- 
bles its inertia, but doesn’t double the frictional 
force at the bottom surface, and has even less of 
an effect on the total force felt by the block. 

(d) If M gets bigger, its own acceleration of ukg 
is unchanged, because the greater frictional force 


cancels out the effect of the greater inertia. On 
the other hand, the frictional force on the middle 
block is increased, so the time should get shorter. 
Mathematically, this is the behavior we see. 

(e) Making g bigger makes the time shorter. 
That makes sense, because if gravity presses the 
surfaces together more firmly, there will be more 
friction. 

5-p7 (a) In the case where the block just barely 
sticks, the static frictional force is at the maxi- 
mum possible value, 


Fs = us En 
(This is static friction because there is no slip- 
ping.) Let positive x be to the right and positive 
y be up. Applying Newton’s second law in the x 
direction gives 
— Fy sin + F, cos? = ma ; 


and in the y 


Fy cos + F, sin — mg = 0 
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These are three equations in the three unknowns 
F,, Fy, and a. Eliminating F, and Fy and solv- 
ing for a, we find 


_ [Ms cos 6 — sind 
re Hs Sin 8 + cos 0 I 


(b) Coefficients of friction are unitless, so the 
whole expression on the right consists of unitless 
stuff, except for the factor of g. That makes the 
right-hand-side come out to have units of accel- 
eration, which makes sense. 

(c) Mathematically, increasing O decreases cos 6 
and increases sin 9. That means that it decreases 
the numerator of our expression for a — until 
the numerator reaches zero, at the critical angle 
0. = tan”! us. This is the angle at which it be- 
comes impossible to accelerate the wedge at all 
without making the block slip, because the block 
is barely able to stick even when the wedge is sit- 
ting still. 

The denominator is a little trickier. For small 
values of 0, cos@ is nearly constant, while sin 0 
increases approximately in proportion to 0, so 
the denominator is increasing. But is it increas- 
ing for all 9 of interest? If it stops increasing at 
some 0, then at that 9 d(p sin + cos 0) = 0, but 
this occurs at ĝe. Therefore the denominator is 
increasing for all physically relevant values of 6. 

Since the numerator is decreasing and the de- 
nominator is increasing, the result is decreasing. 
This makes sense physically, because if the wedge 
is steeper, it should be harder to keep the block 
from slipping. 
5-p8 (a) Each block has three forces acting on 
it: gravity, a normal force from the ramp, and 
a force from the rope. The components per- 
pendicular to the slope cancel out, while the 
ones parallel to it cause an acceleration a, which 
will be the same for both blocks provided that 
the rope doesn’t go slack. We therefore have 
ma = mgsin0 +T and ma = mgsing — T. 
Eliminating a and solving for T, we find T = 
$mg(sin $ — sin 6). 

(b) The units of mg are newtons, and the sines 
are unitless, so the result does have units of new- 
tons, as expected. 
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(c) For ¢ = 0, the tension is zero, i.e., the rope 
goes slack. This makes sense. For $ < 0, the 
tension becomes negative; this is unphysical, but 
that makes sense, because the assumption we 
made (that the rope would stay taut) has failed. 
For 0 = 0 and ¢ = 90°, the result is T = mg/2, 
which we can readily verify is a correct solution. 
It accelerates the top block across its horizontal 
surface with a = g/2, and it cancels out half of 
the gravitational force on the bottom block, also 
causing a = g/2. 
5-p9 (a) Most of the forces on the box are ei- 
ther parallel to or perpendicular to the slope, so 
it’s convenient to pick coordinate axes aligned 
with the slope. Let positive x be uphill, and pos- 
itive y perpendicular to that (up and to the left). 
Four forces act on the box: a normal force Fy in 
the positive y direction, a kinetic frictional force 
Fk in the —x direction, a force from the rope 
with magnitude T in the +a direction, and a 
downward force of gravity with magnitude Mg. 
The gravitational force is the only one with both 
an x and a y component; it has x component 
—Mgsin@ and y component Mg cos 6. 

Since the box doesn’t hop off of or sink into 
the slope, the total force on the box in the y 
direction must be zero: 


0 = Fy — Mgcosé 


To predict the box’s acceleration, we apply New- 
ton’s second law in the x direction: 


a = (T — Mygsin0 — uxFy)/M 


These are two equations in the three unknowns 
Fy, a, and T. Since we don’t have enough equa- 
tions to solve for the unknowns, we apply New- 
ton’s second law to the person: 


a=(mg—T)/m —, 


where we make use of the facts that the ten- 
sion in a rope is unaffected by going around a 
frictionless pulley and that the person’s acceler- 
ation must match that of the box, since they’re 
tied together. Solving these equations for a re- 
sults in 


a = (m — M sinf — uM cos 6)g/(M +m) 
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(b) All the terms in the factor m — M sin — 
kM cos have units of kilograms, and these 
cancel with the units of the M + m, giving noth- 
ing but acceleration units from the factor of g. 

(c) When M = 0, the rope should be slack and 
the person should simply free-fall with accelera- 
tion g. This is indeed what happens when we 
plug in M =0. 

When 0 = —90°, the slope is rotated clockwise 
so that it becomes a vertical wall above the per- 
son’s head. There is no normal force between the 
box and the slope, so there is no friction. The 
person and the box should both simply free-fall 
with acceleration g. Plugging in 0 = —90° does 
produce this result. 
5-p10 (a) Newton’s first law applied to the 
person gives T = mg. Applied to the block, 
in the direction parallel to the ramp, it gives 
T = Mgsin@. Eliminating T gives the result 
m/M = sinó. 

(b) Newton’s first law applied to the block, in 
the direction perpendicular to the ramp, tells us 
that the normal force between the block and the 
ramp is Fy = Mgcos@. In the parallel direction, 
it gives T — MgsinOd+y,Fn. The result is 


a = sin 0 F us cos 0. 
5-p11 (a) Let positive x be to the right and 
positive y up. The block is acted on by four 
forces: the two external forces of magnitude F, 
along with a normal force and a frictional force 
from the surface. If the block is to remain at rest, 
then the forces in the x direction must cancel, 
F — Fcos@ — usFy = 0, and similarly in the y 
direction, Fy — F sinf = 0. Eliminating Fy and 
solving for the coefficient of friction results in 


1—cosé 
ee sin 0 

(b) At 0 = 0 we expect that the block should 
be able to remain at rest without friction, since 
the horizontal forces cancel by symmetry. Our 
expression for us is an indeterminate form when 
0 = 0, but application of 1'Hópital's rule gives 


in 0 
sin = 


cos@ 
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as required. 


5-s1 Because the pulleys are frictionless, the 
rope that the person is grabbing has equal ten- 
sion F throughout. Therefore the pulley imme- 
diately above the load has an upward force 2F 
acting on it from the two strands of rope above 
it. This tells us that the system has a mechanical 
advantage of 2, and the person can lift a weight 
2F, which corresponds to a mass 2F'/g. 


5-s2 Let the tension in the rope connected to 
the right-hand weight be T. By arguments sim- 
ilar to the ones in the example in section 5.6, 
we know that the tension in the rope connected 
to the left-hand weight is 2T. The accelerations 
of the two weights are also related. For every 
centimeter that the weight on the left moves up, 
the pulley in the middle will move one centime- 
ter to the right. This causes one centimeter of 
rope to come around the middle pulley, lengthen- 
ing the part the goes over the right-hand pulley 
and down to the weight. The right-hand weight 
therefore drops two centimeters: one centime- 
ter because an extra centimeter of rope is being 
fed around the middle pulley, and another cen- 
timeter because the middle pulley is moving a 
centimeter to the right. Therefore the acceler- 
ation of the right-hand weight is twice as much 
as the acceleration of the left-hand one, and is 
in the opposite direction, ag = —2a,. Applying 
Newton’s second law to each weight (with posi- 
tive being up), we have the following set of three 
equations in three unknowns: 


ag = —2a1 
2T — mg 
ay = 
m 
T — mg 
ag = 
m 


Substituting the first equation into the third 
one reduces this to two equations in two un- 
knowns: 
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a, =2T/m-— g 
—2a, =T/m-yg 


Now we solve the second equation for T/m = 
—2a1 + g and substitute into the first one, which 
makes it one equation in one unknown: 


as = 2(—2a1 + 9) —g 


Solving this, we find a, = g/5. The positive 
sign indicates that this mass (the one on the left) 
goes up. 
5-s3 Let a be the acceleration of the mass on 
the right and a’ the acceleration of the mass on 
the left. For every centimeter that the mass on 
the left moves down, the left-hand segment of 
the rope attached to it lengthens by 1 cm, while 
the three other segments all shorten by 1/3 cm. 
Therefore 


a’ = —3a 


Let the tension in this piece of rope be T. Since 
the middle pulley is massless, the total force act- 
ing on it must be zero, so the tension in the piece 
of rope connecting it to the crossbar must be 2T. 
Since the crossbar is massless, the total force on 
it must be zero, so the rope connecting to the 
right-hand mass must have tension 3T. New- 
ton’s second law gives 


T — mg = ma’ 


3T — mg = ma 


This is a set of three equations in three un- 
knowns. The result is a = g/5. 

5-s4 Applying Newton’s second law to each of 
the three masses, we have 


2T — m3g = m343 
T — mıg = m1a1 


T — m29 = M2402 


Mass 1’s acceleration relative to the earth equals 
the sum of its acceleration aqp relative to the 
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lower pulley and that pulley’s acceleration rela- 
tive to the earth. The pulley’s acceleration rela- 
tive to the earth equals —a3. Doing this for mass 
2 as well, we have 


ay = ap — a3 
a2 = agp — a3 


QIP = —a2P 


These are six equations in six unknowns. Elimi- 
nating ayp and agp reduces the second block of 
equations to simply 


a3 = —(aı + a9)/2 5 


i.e., mass 3’s acceleration relates to the average of 
the other two masses’. Eliminating T = my (a¡ + 
g), and then eliminating az, we find 

ay (3/2)moam3/my = (2m2 ar m3/2) 


g (1/2)mam3/m1 + (2M2 + m3/2) 


This can be simplified considerably by setting 


4 1 
Sm | 
m3 ma 


which yields 
01 3— B 


g 1+8 
We can verify that this gives correct results in 
some simple cases: 


My ma 1, m3 2, B 3, at 0 
My ma 1, ma 0, B CO, a1 =g 
mi ma 1, ma OO, B 1; ai g 
mı = m3 = 1, mz = 0, 8 = œ, a1 =-9 
6-al (m/s)?/m = m?/s?/m = m/s? 


6-a2 If neither the seat nor the seatbelt is ap- 
plying a force to the pilot, then the only force on 
him is the earth’s gravity, i.e. his weight. When 
the only force on an object is gravity, its acceler- 
ation is g. The speed needs to be such that the 
acceleration equals g. The acceleration is v?/r, 
so v? /r = g, or v = \/gr = 99 m/s. 

6-a3 The force is F = ma = mwr = 
m(2nT)?r = 1.3 x 10% newtons. This is an 
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absurd amount of force, and it clearly isn't be- 
ing exerted by any physical object. There isn’t 
actually any force, and Sirius isn't actually ac- 
celerating. It just appears to accelerate in this 
noninertial frame of reference. 

6-a4 The “radius” concept is a bit fuzzy here, 
because the train has a finite width to it. Al- 
though the inside of the outer rail is where the 
force has to be applied when the train is starting 
to tip, its radius from the center of the curve isn’t 
quite the same as the radius of the circle trav- 
eled by the train’s center of mass. Then again, 
maybe the train’s center of mass would be above 
the outer rail if it was just on the verge of flip- 
ping over. Anyhow, ignoring these niceties, we 
assume that there is a maximum acceleration, 
which is the same in both cases. Converting 
a = v? /r into a proportionality by throwing out 
the factor of a, we have v? œ r, or v x yr. 
Rewriting this in terms of ratios gives v,/v2 = 
,/71/T2. Since we're doing a ratio, it doesn’t 
matter whether we do diameter or radius. The 
result is (0.95 m/s)y/662 mm/1067 mm = 0.75 
m/s. We know we set up the ratio the right way, 
since it makes sense that the speed comes out 
slower on the tighter curve. 

6-a5 (a) Let’s start by calculating the angular 
velocity: 


27 
(24 hr) (3600 s) 
= 7.272 x 1075 s71 


q = 


(keeping an extra sig fig to avoid accumulating 
rounding errors). For the speed, we have 
v=wr 


= 384 m/s. 


(b) The acceleration is 


a=wr 


= 0.0279 m/s”, 
or about 0.3% of g. 


6-a6 (a) We have w = 27 /T, where T is the 
period, so a = wr = 4n?r/T? = 15 m/s?. 
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(b) For a fixed a, we have T « yr, so quadru- 
pling r changes the minimum period to 4.0 s. 
6-a7 (a)r =Ħv?/a = 50 m. 

(b) T = (2rr)/v = 31 s. 

(c) From the given information, it’s initially at 
the bottom of the circle, on the negative y axis, 
and moving counterclockwise. After a quarter of 
a revolution, it’s at the right edge of the circle, 
so its velocity is in the positive y direction, at 
0 = 90°. 


6-a8 (a) Newton’s second law applied to the 
driver’s body gives 
Frotal 
a= —. 
m 


Their acceleration is 


a=. 


R 


The total force acting on the driver’s body is 


(b) 

m m 

Va 

(c) If g is bigger, v gets bigger. That makes 

sense, because if gravity is stronger, the car has 
to be going faster to get the same feeling of par- 
tial lift-off. If R is bigger, v gets bigger. That 
also makes sense, because a very large R indi- 
cates a nearly flat road, and you can’t get any 
lift-off on a flat road. 
6-a9 We have a = 
/5.0gr = 120 m/s. 
6-d1 (a) 0 = vt/r, sor = 
r(sin(vt/r))y. 
(b) We need to differentiate twice with respect 
to t, using the chain rule and the fact that 


v?/r, so v = 


r(cos(vt/r))x + 
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d(sinx)/dx = cosx and dcosx)/dx = —sinz. 
The first differentiation gives a velocity vector 


(2) (cos) $ 


(c) The magnitude of the vector in square brack- 
ets equals one, since cos? +sin? = 1. Multiplying 
by the scalar v?/r therefore gives a vector with 
magnitude v?/r. 

6-g1 (a) The inward normal force must be suf- 
ficient to produce circular motion, so 


[Ey] = mu? /r. 


We are searching for the minimum speed, which 
is the speed at which the static friction force is 
just barely able to cancel out the downward grav- 
itational force. The maximum force of static fric- 
tion is 

Fs] =ps[Enl, 


and this cancels the gravitational force, so 
[F.| = mg. 


Solving these three equations for v gives 


(b) Greater by a factor of V3. 
6-g2 (a) Newton’s second law in the vertical 
direction: 

Tsin — Mg =0. 


Newton’s second law in the horizontal direction: 


T cos = Mv?/R. 
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Eliminating T' and solving for v gives 


gR 
Ga tan 6 
(b) 
m m 
2- Ee 


(c) If g is bigger, v gets bigger. That makes 
sense, because if gravity is stronger, Tommy has 
to whirl the brick faster to get it to rise as high. 
If R is bigger, v gets bigger. That also makes 
sense, because intuitively this would be very hard 
to do with a long rope. If 0 gets bigger, v gets 
smaller. That makes sense, because the faster 
he whirls the brick, the higher it will rise. As 
0 > 0, v > co, so Tommy can never get the 
brick to spin in a perfectly horizontal plane. 
6-g3 (a) 

equal and opposite force 

force acting on ball involved in Newton’s 3rd 
law 

type of object exerting object 

force direction the force type direction exert- 
ing it 

tension in and up string tension down and out 
ball 

gravity down earth gravity up ball 

(b) 

Newton’s second law, horizontal component: 
v? /r = Frsinb/m (1) 
Newton’s second law, vertical component: 
0 = (Fr cos 8 — mg)/m (2) 


geometry: 
r=Lsin0 (3) 
v=2rr/P (4) 


The variable v is not given and not desired, so 
we eliminate it using equation (4): 


4r?mr/P? = Fr sin0(5) 
We next use equation (3) to eliminate r: 
(6) 
(7) 


4r?mL/P? sind = Fr sind 
4r°mL/P =Fr , 
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which has the unintended side-effect of making 6 
disappear. The equation is still useful, however, 
because it tells us Fr in terms of variables we 
know. We can use it to eliminate Fr in equation 


(2): 


0 =4r° L/P? cos0-g , (8) 


which can be solved for 6: 


Af gP? 
0 = cos™! (E) (9) 


(c) We can’t take the arccosine of a number 
that’s greater than one, so there would be no 
solution for sufficiently large values of P. Phys- 
ically, if P approached infinity, the ball would 
be standing still, in which case 0 would equal 
zero. In the case where the angle is zero, step 
(6) > (7) is invalid, since we can't divide both 
sides of the equation by zero. 

6-g4 Applying Newton’s second law and a = 
v2/r to each block independently, we have 


vj /Ly = (Ti — Ta)/ma 
v3/(L1 + L2) = Ta/ma 
We can eliminate vı = 2rLı/P and v = 


2n(L1+L2)/P, and straightforward algebra then 
yields 


Ar? 

Ti = pe [may Lı + ma( Li + La) 
4r? 

To = ( p2 ) mə(Lı + La) 


6-g5 (a) Let positive x be inward and positive 
y up. Then a, = F,/m gives v? /r = Fy /m, and 
ay = Fy/m results in 0 = usFy — mg. Solving 
for r, we find r = usv? /g. (b) (m/s)? /(m/s?) = 
m. (c) Mathematically, increasing v increases 
r; this makes sense because it should be harder 
to do if r is bigger, so you should have to run 
faster. Increasing g decreases r, and that makes 
sense because, e.g., if g were 0, you could do this 
with an unlimited r. Increasing ps increases r; 
this makes sense because, e.g., in the absence of 
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friction, it should be impossible to do the stunt, 
and the maximum r should be 0, i.e., it shouldn’t 
be possible for any positive r. (d) The result is 
50 meters, which is counterintuitively huge. 


6-g6 (a) Newton’s second law in the vertical 
direction: 
Fy — mg =0. 
Newton's second law in the horizontal direction: 
4r?mR 
us En = T2 . 
Eliminating Fy gives 
4r? R 
Hs = gT? . 


6-g7 Let r be the distance of the heart from the 
axis, and let f be the rate of rotation in revolu- 
tions per second, f = 296/360 s”!. The time for 
one rotation is 1/f. The speed at which the heart 
is circling the axis is (circumference) / (time) = 
21rrf. We then have a/g = v?/r, or 
2 £2 
CEE e 
g g 


6-j1 (a) Only an inward force, i.e., a force per- 
pendicular to the surface of contact, can have an 
effect on whether the batter separates from the 
beater. Friction is always parallel to the surface 
of contact. 

(b) See table on last page. 

(c) An inward force is required to keep the 
batter from following Newton’s first law and fly- 
ing off straight, on a tangent to the circle. The 
amount of force required is given by Newton’s 
second law, F = ma = mv?/r. If the speed in- 
creases, so does amount of inward sticky force 
needed to continue deflecting the batter off of its 
desired straight-line path. There’s a maximum 
amount of force that the stickum can supply, be- 
yond which it becomes unstuck. 
6-j2 The apparent paradox arises if you as- 
sume, incorrectly, that v and T are the same 
even though r is different. You can’t change r 
while leaving v and T the same. A should have 
said that for objects moving at the same speed, 
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Problem 6-j1: 
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Part b: 
equal and opposite force 
force acting on tape involved in Newton's 3rd law 
type of object exerting object 
force direction the force type direction exerting it 
sticky left beater sticky right tape 


the smaller circle gives a greater acceleration. B 
should have said that for objects that take the 
same amount of time per cycle, the smaller cir- 
cle gives a smaller acceleration. 

6-3 (a) The force on the hamster is k(L — b), 
where L is the length of the spring (which is the 
same as the radius of the circle). Newton's sec- 
ond law gives v?/L = k(L—b)/m. We can elim- 
inate v = 27 L/T, and straightforward algebra 
then gives 


An2m 


Ls kT? 


(b) For a certain value of T, the denominator 
becomes zero. If we were to speed up the mo- 
tor gradually, L would grow without bound as 
we approached this value of T. Physically, the 
spring would have to break. The reason for this 
surprising behavior will become clearer after you 
learn about the phenomenon of resonance. 

6-j4 (a) Let the tension in each of the top bars 
be T, and in each bottom one U. The vertical 
components of the forces on the mass M must 
cancel, so 


2U cos 0 = Mg r 


and similarly for the vertical forces on each mass 


M, 


(T — U) cos 0 = mg 
The horizontal force of the bars on each mass m 
must satisfy Newton’s second law, 
A 4n?mL sin 0 
(T +U)sin = — pr — 


We now have three equations in the three un- 
knowns U, T, and 9. We use the first equation 


to eliminate U, which reduces this to two equa- 
tions in two unknowns: 


Mg An?mL 
ik = 
a 2cos 6 Pp? 


M 
T cos 0 — = = mg 


Solving the second equation for T = (mg + 
Mg/2)/cos0, substituting into the first equa- 
tion, and solving for 0, we find the result claimed 
for 0. 

(b) Low speeds correspond to large values of 
the period, P. At low enough speeds, the equa- 
tion derived in part a ends up being the arc- 
cosine of a number greater than one, i.e., there 
is no solution of that form. What happens at 
these speeds is the same things that happens at 
zero speed: everything hangs straight down. In 
this solution, the radius of the circle traveled by 
each mass m is zero. (The mathematical loop- 
hole here was that we canceled a sin on both 
sides of one of the equations, but you can’t divide 
both sides of an equation by zero.) By making 
a nonzero, we make such a zero-radius solution 
impossible, because even when the engine isn’t 
spinning, each mass m is already at some dis- 
tance from the axis. 
6-j5 (a) Newton’s second law in the vertical 
direction: 

Fy — mg =0. 


Newton’s second law in the horizontal direction: 


2 

U 
HFN = — 
r 


Eliminating Fy gives 


v = yugr = 30 m/s 
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(one sig fig, because y only had one sig fig). 
(b) 


a= v?/r 
= 4.00 m/s? 
ar = 3.00 m/s? 
la] = ya} + aj 
= 5.00 m/s? 


(c) The forces acting on the pine tree are grav- 
ity and the force of the string it hangs on. The 
tree's acceleration is backward and to the right, 
so the total force acting on it must be a horizon- 
tal vector that points backward and to the right. 
That means that the tree swings forward and to 
the left. 

(d) Graphical addition of the string's force and 

the gravitational force produces a right trian- 
gle with its vertical leg being mg and its hor- 
izontal leg Frota, which equals ma. Therefore 
we have 0 = tan~'(a/g) = 27.0. (Although 
g = 9.8 m/s? has only two sig figs, varying it 
by +0.02 m/s? only changes 0 by 0.05%, so the 
answer really does have three sig figs.) 
6-j6 Because the bead slides frictionlessly on 
the string, there can't be any difference in ten- 
sion between the top and bottom segments. The 
vector sum of the two forces acting on the ball 
lies in the direction that bisects the two strings, 
and this direction is the direction of a simple 
conical pendulum. As found in another prob- 
lem, this angle lies below the horizontal by an 
angle 8 = tan”*(9/w?r). Geometry then gives 
p =0+28 =0+2tan *(9/w*r). 
6-37 (a) As the bead speeds up, a greater force 
toward the axis is required to keep it from flying 
off straight. This means that the normal force 
has to get stronger, and therefore the kinetic fric- 
tion force will get stronger. 

(b) Define a coordinate system with axes t, r, 
and p. Axis r points radially outward away from 
the central axis; t downhill and tangent to the 
wire; and p perpendicular to t and r. The veloc- 
ity has only a component v; = v. The motion, 
projected into the horizontal plane, is circular 
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motion with speed v cos 0, where 0 is the angle of 
the downhill slope, tan @ = a, where a = d/2rr. 
The acceleration is purely in the r direction, with 
a, = —v? cos? 6/r. 

The frictional force has only a t component. 
The normal force has both an r and a p compo- 
nent. The weight has both t and p components. 

Newton’s second law in the r direction gives 
Fn.r = —mv?/r cos? 0. Cancellation of the forces 
in the p direction gives Fr p = —Fw p = mg cos 8. 
We therefore have 


v2 cos 9 y? 
Fs: = —pFn = -Muk cos 64] g? + 


This has to cancel with Fw, = mgsin0, and 
solving for v we find 


v= mja +a- 


p? 


(c) In the limit of r approaching infinity, the 
problem is the same as that of an object sliding 
down an inclined plane. Under those circum- 
stances, the only possible way of getting a con- 
stant velocity would be to have the slope chosen 
to have some particular value that would match 
properly with the coefficient of friction. A quick 
calculation shows that the necessary condition is 
uk = tan. This matches up properly with our 
expression for v in the case of the helical wire, 
because the only way to get a finite limiting value 
for v as r approached infinity would be to let the 
factor 1 — a?/p? approach zero. 
6-m1 The relevant constant-acceleration equa- 
tion is w} = w¿+200. Setting wy = 0 and solving 
for 6, we have 0 = —w¿/20.. This is the number 
of radians. Ignoring the sign, the number of rev- 
olutions is |0|/2r = wĝ/4ra = 290 (2 sig figs). 
6-m2 One revolution is 27 radians, so 27 = 
(1/2)at?. The result is t = 2\/7/a = 35 s. 
6-m3 The constant acceleration equation 0 = 
wot + (1/2)at? tells us that the number of revo- 
lutions is 


Wot + (1/2)at? 


= 54811747219.1399 rev. 
2r radian/rev 
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The fraction of a revolution is real. The method 
used in the observations was capable of measur- 
ing small fractions of a rotation. The effect of 
the deceleration is much larger than this, how- 
ever — about 100 revolutions over this period of 
time. 

6-m4 The rotational analog of the constant- 
acceleration equation UF = vp + 2ax is w$ = 
we +2a0. The angular displacement is 0 = 27N. 
Setting wr = 0 and ignoring the sign, we have 
a=w?/41N. 

6-m5 (a) w= d6/dt = 34t? — B. 

(b) a = dw/ dt = 6At. 

(c) Setting w = 0 and solving for t gives ty = 
/B/3A. 

(a) 

A90 

At 

=A? -B 

= —2B/3 


Way = 


6-m6 The angular velocity is the indefinite in- 
tegral of the angular acceleration: 


w= fadt 


= 6t7 — 6tf, 


with a zero constant of integration because we’re 
given that the wheel is initially at rest. Setting 
w = 0, we find that the wheel is at rest again at 
t= 1s. The number of revolutions is 


N = A0/27 
ls 
= ca w dt 
27 Jo 
2 
Bar 
= 0.13 


6-p1 (a) For the Earth’s rotation, w = 
A0/At = (27)/(24 hr) = 7.3 x 10759. and 
similarly for its yearly revolution around the sun, 
w = 2.0 x 1077 s™t, 

(b) The acceleration is w?r. The factor of w? 
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would tend to make the acceleration due to ro- 
tation bigger by a factor of 365? = 1.3 x 105, 
but the r factor would contribute a factor of 
(radius of orbit) /(radius of Earth) = 2.3 x 10% in 
the opposite direction. The former effect is big- 
ger, so the acceleration due to rotation is bigger. 
It’s surprising, however, that the two numbers 
would even end up being near the same order 
of magnitude, given how different the w and r 
values were. 

6-p2 (a) The easiest way to figure this out is to 
consider the case r = 0. Here the bug is just spin- 
ning in place, and clearly will not slip. (There is 
not even a preferred direction in which it would 
slip.) So the bug is more likely to slip at large 
values of r. 

(b) The vertical forces on the bug cancel, so 
the normal force of the turntable acting on the 
bug equals mg, where m is the mass of the bug. 
The maximum force of static friction is smg. 
Equating this to mw?r gives r = psg/w?. 
6-p3 The maximum force of static friction is 
usmg. The acceleration vector has radial com- 
ponent w*r and tangential component ar, so its 
magnitude is r/w4+a?’. Applying Newton's 
second law, we get 


a 


6-p4 (a) w = d0/ dt = 24t — 12t?. 

a = dw/ dt = 24 — 24t. 

(b) Setting w = 0 gives t2 = 2 s. The maximum 
angular velocity occurs when the angular accel- 
eration is zero, which is at tı = 1 s. 

(c) Because a = 0 at this time, a, = 0. The 
radial acceleration is a, = w?r = 7.2 m/s2. 

(d) N = A0/27 = 2.5. 

(e) Plugging in to the answer from part a gives 
w = 12 s71. The period is T = 27/w = 0.52 s, 
and the frequency in revolutions per minute is 


rad s rev 60 1 Si 
s min mL ae i 
6-p5 (a) a = wo/t, so t = wo/a. 


(b) At time t/2, the angular velocity is wo/2, and 
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equating a, = wr to a, = ar gives a = (w/2)?. 
Plugging this value of a in to the result from part 
a, we find t = 4/wo = 0.10 s. 

6-s1 (a) Changing the pitch by a given factor 
simply scales up the rate at which we move out- 
ward to larger circumferences, so the angular ac- 
celeration must be directly proportional to p. 
(b) We expect the angular acceleration, which 
has units of s~?, to depend on v, p, and r, and 
since the only one of these variables that contains 
seconds is v, the result must be proportional to 
v?. Given that a œx vp, units constrain the de- 
pendence on r as well, so that a œ v2pr7%. 
(c) The given information is that 


wr = v = constant 


and 


dr p 

a0 = on = constant, 

To save writing we introduce the symbol h = 
p/27. The spiral can be either left-handed or 
right-handed, and this can be accomodated by 
assigning a sign to p and h. By the chain rule, 


we have 
_ a W ar 
“= dt dr de 
so that 
1 dr = 
h dt T” 


Separating variables gives rdr = vhdt, and in- 
tegrating this, we find 31? = vht, where the con- 
stant of integration can be taken to be zero, since 
it won't matter in our final answer what time we 


define to be t = 0. We now find 
w = (v/2ht)/?, 
and differentiating this gives 


(0/2) 217372 


= -—u hr? 


Q 
II 
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so the unknown unitless constant was —1/27. 
(d) I found this easiest to figure out by imagin- 
ing the spiral to stand still, while a point moves 
along it like a bead on a wire. When we reverse 
the bead's direction of motion, nothing happens 
to the geometrical variables p and r, v reverses 
its sign, and a keeps the same sign (similar to the 
way that a rock thrown up in the air has the same 
acceleration on the way up and the way down). 
Because our equation contains v?, it continues to 
make sense when we flip the direction of motion: 
neither side changes sign. 

(e) To complete our check that the answer has 
the right symmetry properties, we need to ac- 
count for the minus sign in the result. At first 
glance, this appears to have the wrong symme- 
try, since it seems to say that the motor's torque 
on the CD would always be in the clockwise 
direction — but anything that looks clockwise 
from one side is counterclockwise from the back. 
The solution to this puzzle is that p also has a 
sign. If we view the CD player from the back 
rather than the front, both p and a flip signs. 
6-s2 Application of Newton’s laws gives a nor- 
mal force mv?/r and a tangential acceleration 
(u/r)v? due to friction. If we let x be the dis- 
tance traveled around the circumference, then 
the motion satisfies the differential equation 


(=) a” =4(2')?, 


where the sign depends on the direction of mo- 
tion. Since only the derivatives of x occur, not x 
itself, we can substitute v = x’ and rewrite this 
as a first-order equation 


du 
— = +v?, 


where A = r/p. Separating variables and inte- 
grating twice, we find 


x= FAln L(t), 


where @ is any linear function. 
7-al (a) To lift the bag at constant velocity, 
the person must cancel out the force of gravity 
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mg. The work done is therefore about mgd = 
50 kJ. (b) The calculation comes out the same, 
and this is what we expect based on conservation 
of energy if the pulley is frictionless: the bag 
still gains the same amount of energy. (In reality 
there would be some friction in the pulley, so 
the force would be slightly more than the given 
value, the work would be slightly greater, and 
the extra energy would go into heating the pulley 
and the rope.) 

7-a2 


Wip ay Fj da’ 
0 


= I (a + ba’) da’ 


0 


1 
= = by? 
Be £ 


By Newton’s third law, the plane’s force on the 
air is of the same strength, but in the opposite 
direction, and therefore Wup = —Wpw. 

7-a3 (a) See graph. 

(b) 47 rectangles x 0.01 m x 1000 N = 470 J. 
(c) The engine’s power is the work done per 
unit time, which is 6 x 2400 x 470 J/s = 
1.1 x 10% W = 150 horsepower. 
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Z 10000 
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(d) Assuming the same value of a, if you dou- 
bled both zı and z2, the x axis of the graph 
would be stretched out to twice the width, but 
since the force is inversely proportional to x, the 
force on the piston would be half as much, and 
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the F axis of the graph would be shrunk to half 
the height. The area would not change. The 
argument fails for F œ x714, because then the 
force would decrease by more than 50%. 

7-a4 (a) The mass of 30 m of chain is 30 m x 
150 kg/m = 4500 kg. The total mass is 5000 kg+ 
4500 kg = 9500 kg, so the total weight is that 
times g, or 9.3 x 104 N. 

(b) The mass has decreased by 150 kg, to 9350 
kg, giving a weight of 9.2 x 104 N. 

(c) There area under the curve is about 43 rect- 
angles, each representing 5 mx 10000 N = 5x 104 
J, so the total work done is 2.1 x 10% J. 

(d) 2.1 x 10% J/(4186 J/kcal) = 500 kcal. 
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7-a5 (a) We want to find the area under the 
graph from + = 0 to x = cL. This area can be 
split up into a rectangle plus a triangle sitting 
on top of it. To make all the math easier, let’s 
start by leaving out the factors of L and Ty, since 
these just set the scale on each axis; we'll start 
by calculating everything as if we had L = 1 and 
To = 1, and then throw those two factors back 
in at the end. In these fake units, the point at 
the graph at the corner, where the muscle can’t 
contract anymore, has coordinates (c, 1—c). The 
rectange has width c, height of 1 — c, and area 
c(1—c). The triangle has base c, height c, and 
area (1/2)c?. The total area is c— c?/2. Putting 
the factors of L = 1 and T, = 1 back in, we find 
that the work is W = T,L(c— c?/2). 

(b) T has units of newtons, L meters, and c is 
unitless, so the result has units of newton-meters, 
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which is equivalent to joules. 

(c) The c = 0 indicates a muscle that is “frozen” 
in its extended position and can’t flex at all; 
physically it shouldn’t be able to do any work, 
and mathematically we do get W = 0 in this 
case. In the c = 1 case, the area would be that 
of a complete triangle with width L and height 
To, giving an area of (1/2)T, L, and this is indeed 
what we get if we plug in c = 1 into the general 
equation. 

(d) For a cylinder, we have V = LA, and 
with T, = kA the result for the work becomes 
kV(c — c?/2). The whole thing is strictly pro- 
portional to the muscle’s volume, V, which is 
why bodybuilders talk about “bulking up.” 

(e) Converting the given data to mks, 200 cm? = 
2x 1074 m3, and k = 10° N/m?. Plugging in, 
we get 96 J. 

7-d1 No. The mass can’t be negative, and nei- 
ther can v?. 

7-d2 A force is an interaction between two ob- 
jects, so while the bullet is in the air, there is 
no force. There is only a force while the bul- 
let is in contact with the book. There is energy 
the whole time, and the total amount doesn’t 
change. The bullet has some kinetic energy, and 
transfers some of it to the book as heat, sound, 
and the energy required to tear a hole through 
the book. 

7-d3 KEg = KEp = (1/2)mpv?; = 
(1/2)mpvz. Solving for vp, we get vp = 
veymg/mp = 160 m/s. 

7-d4 The initial KE is (1/2)mv?, and the final 
KE is (1/2)m(2v/3)? = (1/2)(4/9)mv?. The fi- 
nal KE is 4/9 of the initial KE, and so 1—4/9 = 
5/9 of the initial kinetic energy was lost. 

7-d5 We're testing conservation of energy, 


2 


total i =: total, f- 


The only form of energy we can determine from 
the photo is kinetic energy, so this amounts to 


testing whether 
KE; =? KE, p+XKEp, 


where the initial time is before the collision and 
the final time is after the collision is over. Using 
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KE = (1/2)mv?, and taking advantage of the 
fact that the masses are equal, this becomes 


2 eas 2 2 
Uli =? Ulf + U9 gf 


Now v = d/t, where t is the time between flashes, 
and the common factor of t7? can be divided out 
on both sides, so we end up with 

dj; =? rtg, 
where d is the distance between one position and 
the next. That is, the square of the distance is 
our measure of energy. 

But rather than measuring directly from one 
position to the next, it’s more accurate to mea- 
sure the distance over several of the time inter- 
vals in succession. In four flashes, the incoming 
ball moves 6.0 cm. In the same amount of time 
after the collision, it moves 2.8 cm, and the tar- 
get ball moves 5.0 cm. 

Since we’re leaving out lots of factors that have 
units, I’ll write the numbers below without units. 


6.02 =? 2.8? +35.0? 
36.0 =? 7.8+ 25.0 
36.0 =? 32.8 


There appears to have been a slight loss of en- 
ergy, but it’s really at the limit of our ability to 
measure things from the figure. We also know 
that there will be some extra energy after the 
collision in the form of heat and sound. The only 
thing that would really disprove conservation of 
energy in this collision would be if the final KE 
was greater than the initial KE, and if the in- 
crease was significant given the limited accuracy 
of the measurements. 
7-d6 Converting the speeds to mks, we have 
18 m/s and 36 m/s. (a) (1/2)mv? = 2.4 x 10° 
J; (b) Four times greater, 9.6 x 10° J. In this 
sense, driving twice as fast is four times more 
dangerous, not twice as dangerous as you might 
think. 
7-d7 We don't have actual masses and veloc- 
ities to plug in to the equation, but that’s OK. 
We just have to reason in terms of ratios and pro- 
portionalities. Kinetic energy is proportional to 
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mass and to the square of velocity, so B’s kinetic 
energy equals 


(13.4 J)(3.77)/(2.34)? = 9.23 J 


7-d8 (a) Plugging the data into KE = 
(1/2)mv? gives a kinetic energy of 23 kilojoules. 
(b) The hundred-times-greater mass increases 
the KE by a factor of 100, but KE depends on the 
square of the velocity, so reducing the speed by 
1/100 cuts the kinetic energy by 1/10,000. The 
combined effect is a factor of 100/10,000=1/100. 
The boulder has 100 times less KE than the 
foam. 

(c) Our intuition doesn’t do well with things that 
are squared. We don’t expect the foam to have so 
much kinetic energy, but its big speed, squared, 
results in a really really big KE. 

7-d9 The total amount of energy required to 


kill her is 
10% g 
°C) = 1.5x 10% 
MESS 5x10° J 


1J 
0.24 g-°C 


(60 kg) ( 


Solving the equation P AE/At for At = 
AE/P, we find that she can survive for 7500 
s=120 min. 

7-d10 (a) The energy stored in the gasoline is 
being changed into heat via frictional heating, 
and also probably into sound and into energy 
of water waves. Note that the kinetic energy of 
the propeller and the boat are not changing, so 
they are not involved in the energy transforma- 
tion. (b) The crusing speed would be greater by 
a factor of the cube root of 2, or about a 26% 
increase. 

7-g1 If she can run the 100 m dash in about 
10 s, then she's going about 10 m/s. Tf her mass 
is 60 kg, then her kinetic energy is about 3000 J 
(one sig fig). 

7-g2 As in the examples in ch. 1, we don’t 
try to estimate the mass of the wing directly. 
Instead, we estimate linear dimensions and get 
mass from that. Let's approximate a fly’s wing 
as a square 3 mm on a side. I don’t know the 
thickness, but since flies? wings are translucent, 
it must be much less than the thickness of a piece 
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of paper. I’m going to guess that the thickness 
is 0.1 mm. This gives a volume of about 1 mm, 
and if we assume the same density as water, we 
get a mass of 107° kg. 

Let’s say that a fly’s wing beats 100 times 
a second, which would be of the right or- 
der of magnitude to match the fact that the 
buzzing is in the audible range of human hear- 
ing. Then the speed of a wing would be about 
(3 mm)/(10~? s) = 0.3 m/s. 

The result for the kinetic energy is about 
1077 J. 
7-g3 As always (see sec. 1.4), we avoid esti- 
mating mass or volume directly and instead es- 
timate linear dimensions. Let's say a blade of 
grass is 0.1 cm thick, 1 cm wide, and 10 cm tall. 
Then its volume is about 1 cm’, and if it has the 
same density as water, then its mass is about 1 
g, or 107° kg. 

For the velocity, let’s say it grows 1 cm in 10 
days. This gives 1078 m/s. 

Putting these factors together, we have KE = 
(1/2)mv? ~ 10719 J. 
7-g4 This is only an order-of-magnitude esti- 
mate, so let’s make some simplifying approxi- 
mations. We’ll assume the surface area of the 
oceans is the same as the surface area of the 
planet (47R?), and that the density of ice is 
about the same as that of water, 1000 kg/1m*. 
Then the amount of energy required is 


E = (1000 kg/m*)(10 m)(47R?)(3 x 10% J/kg) 
~ 1073 J 


Dividing by 10 years (about 3 x 10% seconds), we 
find that the power is on the order of 1% of the 
sun’s light output. This is a surprisingly small 
amount. The equilibrium is extremely delicate. 
7-j1 Kinetic energy depends on how fast the 
ball is moving. It’s moving fastest at the bot- 
tom, so that’s where it has the maximum kinetic 
energy. Energy is conserved, so it’s trading KE 
and gravitational energy back and forth, and it 
has the most gravitational energy when it has 
the least KE, which is at the top when it’s mo- 
mentarily at rest. 


292 


7-32 Yes, if it's below the reference level you 
arbitrarily chose as PE = 0. 

7-j3 (a) +, foot moves same direction as foot’s 
force on ground 

(b) +, force and motion are both forward 

(c) —, force is backward, motion is forward 

(d) —, force is up and motion is down 

7-j4 (a) The definition of work is a (mechan- 
ical) transfer of energy. Changing the direction 
of the positive coordinate axis has no effect on 
the work. Energy is a scalar, so directions are 
irrelevant. 

(b) Reversing the direction of the positive coor- 
dinate axis reverses the sign of both F and d, so 
W = (—F)(—d) = Fd comes out the same. 

7-j5 No. Work describes how energy was trans- 
ferred by some process. It isn’t a measurable 
property of a system. 

7-j6 (a) Magnetic energy plus kinetic energy 
stays the same, so if it’s speeding up, the KE 
is increasing and the magnetic energy must be 
decreasing. (b) By similar reasoning, magnetic 
energy must be increasing as they approach each 
other. 

7-j7 (a) Example: As one child goes up on one 
side of a see-saw, another child on the other side 
comes down. (b) Example: A pool ball hits an- 
other pool ball, and transfers some KE. 

7-j8 Kinetic energy doesn’t depend on the di- 
rection of the motion, so since both pennies start 
out at the same speed, they both start out with 
the same kinetic energy. They also start out at 
the same height, so they have the same gravita- 
tional energy and the same total energy. Energy 
is conserved, so if they start out with a certain 
amount of energy, that’s the same amount of en- 
ergy they'll always have; their total energies will 
always be equal to each other. Although the im- 
pacts with the ground will happen at different 
times, we don’t care about that. On impact they 
have the same gravitational energy and the same 
total energy, so they must have the same kinetic 
energy on impact as well. They hit the ground 
with equal kinetic energies and equal speeds. 
7-j9 (a) False: the work done by friction de- 
pends on the distance traveled, and cannot be 
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known from just the initial/final points. 
(b) True: The object will change direction, but 
it will not speed up / slow down. 
(c) False: This is true if the initial and final 
points are the same, but this doesn’t have to be 
the case. For example, gravity is a conservative 
force, but it will do positive work on a rock that 
falls vertically downwards. 
(d) False: Doubling the distance a (constant) 
force is applied will double the work. The rela- 
tionship between force and time is explored with 
the concept of momentum. 
(e) False: KE is positive, but Wnet = AKE can 
be negative. 
7-j10 At the atomic level, the helium’s heat en- 
ergy is the random motion of the helium atoms. 
Cylinder B’s atoms are moving at the same aver- 
age speed as A’s, since they’re at the same tem- 
perature, but B has twice as many atoms, so its 
total KE is twice as much. 
7-j11 When the sweat evaporates, electrical 
energy is increasing, because as the sweat 
changes from a liquid to a gas, its molecules, 
which are attracting each other electrically, get 
farther away. By conservation of energy, some 
other form of energy must be decreasing: heat. 
If you wipe the sweat off with a towel, you lose 
the cooling effect. The water evaporates after it’s 
out of contact with you, so it doesn’t cool you 
off. As a method of cooling yourself, it’s no more 
effective than spitting! 
7-j12 In a solid, the molecules are packed in 
place, and aren’t free to twist around very much. 
In a liquid, they can rotate more freely. The 
microwaves exert the same force F on a molecule, 
regardless of whether it’s in a solid or a liquid, 
but it’s not just the force that matters, since 
W = Fd. In the solid, d is small, so little energy 
is transferred. 
7-j13 As in the example of the water faucet, 
conservation of mass says that a narrower stream 
corresponds to a higher velocity. The water in 
the discharge pipe is therefore moving faster than 
the water in the drive pipe, in inverse proportion 
to its smaller cross-sectional area. A kilogram of 
water with a high velocity has a higher KE than a 
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kilogram of water with a low velocity, and there- 
fore it will be able to rise higher, converting that 
KE into a lot of PE. Note, however, that we're 
not really getting anything for free here. The 
amount of water that gets up to the top reser- 
voir is a lot less than the amount of water that 
was allowed to flow into the big pipe. Most of the 
water is wasted into the ditch way down at the 
bottom. People use this device in areas where 
there's a free source of water, but no electricity 
to run a pump. 

7-m1 


Esotal,i = Esotal,f 
PE; + heat; = PE; + KE; + heat, 


1 
gn = PE, — PE; + heat; — heat p 
= —APE — Aheat 
i (= -= at) 
v = 4/2 | ————_ 
m 
= 6.4 m/s 


7-m2 Energy is power times time. The total 
energy required is 25 watts x (31 days) = 6.7 x 
10’ J. One kilowatt-hour is an energy equal to 
(1000 watts)(3600 s) = 3.6 x 10% J. Therefore, 


15 cents 


70" 1 | Se 
eee JE 


) = $2.80 (24.1) 


(2 sig figs, because the power of 25 W had 2 sig 
figs). 

7-m3 Power is energy divided by time, or in 
this case P = mgh/At. Plugging in the numbers 
given, P = (44 kg)(9.8 m/s?)(11.0 m)/23 s = 
210 Watts. 

7-m4 Let's call the power of the motor P, the 
mass of the car M, and the height of the building 
H. If the car is moving upwards at constant 
velocity, then the forces acting on the car sum 
to zero, and upwards force on the car from the 
motor is Mg vertically upwards. If the motor 
does work MgH ina time T, then P = MgH/T, 
which gives T = MgH/P as the time it takes 
the motor to lift the car. Plugging in numbers 
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gives T = (1150 kg)(9.8 m/s?)(25.0 m)/(5.26 x 
746 W) = 71.8 s. 


7-m5 Let H be the net distance that the 
roller coaster descends (in this problem, H = 
(35 — 23) m = 12 m). If there were no fric- 
tion, the roller coaster would pick up a kinetic 
energy equal to mgH, so the speed would be 
/2gH. Since energy is converted to heat by 
friction, we actually have v < /2gH. The ad- 
ditional information of the problem tells us that 
the apparent weight of the passenger (equal to 
the normal force from the seat) is (2/3)mg, im- 
plying that the net force in the vertical direc- 
tion is (1/3)mg vertically downward. Setting 
this equal to mv?/R, solving for v, substitut- 
ing into v < y2gH, and solving for R, we get 
R < 6H = 72 m. It makes sense that this is 
an upper bound on R. If there is more friction, 
we have to make the hill curve more sharply to 
make up for the smaller speed. 


7-m6 (a) Gravity does a work mgh = 44 mJ 
on the piece of paper over the course of the fall, 
and the problem says that 37 mJ was dissipated 
(lost). Therefore, there is 7 mJ of kinetic energy 
when the paper reaches the ground. 

(b) Using KE = (1/2)mv? and plugging in the 
KE found in part (a), we find v = 1.76 m/s. 


7-m7 (a) 


PE; = PE; + (energy of boiling) 
PE, = PEs + mE, 
APE; = —mE, 
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(b) 
m =? J/kg 
m/s? 
_» kg-m?/s*/kg 
m/s? 
i m?/s? 
m/s? 
= m 


7-m8 The mechanical work done by the hand 
equals the area under the curve between A and 
B. I counted about 136 squares. Each square is 
20 N tall and 0.05 m wide, so it represents an 
area of 1 N-m = 1 J, and the total area is 135 
J. Accounting for the loss of 30% of this energy, 
and solving for v = y/2K/m, we find 85 m/s. 
7-m9 (a) We have to heat it by 20 degrees, 
melt it, heat it by 100 degrees, boil it, and then 
heat it by another 37 degrees. The result is 


(20)(2.05 J) 
+333 J 
+(100)(4.19 J) 
+2500 J 
+(37)(2.01 J) 
=3.4 x 10° J 


Surprisingly, the majority of the energy is used 
in a single step of the process, the boiling. 

(b) To minimize the amount required, we want 
the initial temperature of the water to be the 
maximum, 100°C, and similarly the ice should 
be at 0°C. At the end of the process, we’ll just 
have one big sample of water at some interme- 
diate temperature, and to minimize the amount 
of water, we want this temperature to be as low 
as possible, zero degrees. Conservation of energy 
gives 


AE=0 


0 = —m(100°C)(4.19 J/g/°C) + (1 g)(333 J/g) 
m = 0.795 g 
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7-m10 (a) If the water lost potential energy 
and the energy was just destroyed, then energy 
wouldn’t be conserved. The only reason Joule 
thought there would be a temperature effect was 
that he was already convinced that energy was 
conserved. By making surprising predictions and 
then proving them to be correct, he could con- 
vince people that his theory was right. 
(b) A joule is defined as the amount of heat 
needed to raise 0.24 g of water by 1°C. If 0.24 g 
falls 50 meters, the amount of potential energy 
released is (2.4 x 1074 kg) (9.8 m/s?)(50 m) = 0.1 
J. If all this energy is converted to heat, then it 
heats that particular amount of water by 0.1°C. 
(c) We had to assume all the energy went into 
heating. There are three main effects I can think 
of. First, the water at the top and bottom of the 
falls might be moving, in which case there would 
be a third form of energy involved, kinetic en- 
ergy. If the pool at the bottom is still, whereas 
the water above the top is moving rapidly be- 
fore it goes over the edge, then there would be 
extra heating. On the other hand, waterfalls are 
noisy, so energy is released into sound waves at 
the bottom; this effect would tend to reduce the 
amount of heat production. The third effect is 
that water might evaporate in mid-air, further 
reducing the heat produced. 
7-m11 (a) As Weiping raises the rock, the sign 
of the force and the sign of d are the same (both 
are up), so she does 1 joule of work. On the way 
down, her force is up and the motion is down, so 
she does —1 joule of work. The total is zero. 

Bubba’s force was in the same direction as the 
motion during both halves of his motion, since, 
unlike gravity, the force of friction reversed direc- 
tions on the way back. Bubba did 2 J of work. 

(b) Work is defined as a transfer of energy. 
Weiping added gravitational PE to the rock on 
the way up, but on the way back down, she took 
it back out. The rock ends up with the same 
gravitational PE it started with, so by the def- 
inition of work, we verify that her work on the 
rock is zero. 

As Bubba slides the table, he’s adding heat 
energy to it. When he slides the table back in 
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the opposite direction, he’s not refrigerating it! 
Therefore, based on the definition of work, we 
know that the total work he does is not zero. 
This agrees with the result from part a. 
7-pl Since KE = (1/2)mv?, we have v œ 
1/./m, so the ratio of the rates at which the two 
gases leak out is q/14.01/16.00 = 0.9357, with 
the oxygen leaking out more slowly. 
7-p2 (a) KE = 5mv?, so if the average KE is 
a fixed number, the average velocity is propor- 
tional to m~'/?. The lighter He atom is moving 
V8 = 2.8 times faster. 
(b) He atoms are always speeding up and slow- 
ing down due to collisions, but because of their 
small mass, their average speed is very high, and 
a few unusual ones are moving very very fast — 
faster than escape velocity, meaning they leave 
the earth and never fall back. 
7-p3 (a) The amount of KE to be converted 
into heat is the same in both cases, so the amount 
of work that has to be done is the same in both 
cases. Since work equals force times distance, 
and the work and force are the same, the stop- 
ping distance is the same. 
(b) Since the stopping distances are equal, if you 
watched videos of the two boats stopping, the 
videos would look exactly the same except for a 
rescaling of the time. That is, the slower boat's 
motion would look like the faster one's, but in 
slow motion. Therefore the time for the slower 
boat to stop will be greater. 
7-p4 (a) K = mv? = hma?t?. 
(b) P = dW/dt = dK /dt = ma?t. 
(c) Four times more. 
7-p5 If the car is to move at a constant veloc- 
ity, the energy per unit time (“power”) that the 
motor provides to the car must equal the energy 
per unit time taken out of the car by the drag 
force. The power delivered by a force F to an ob- 
ject moving at velocity v is P=F.-v. The drag 
force is proportional to v?, and so the power from 
the drag force (which is negative) is proportional 
to v’. 

If you’re able to double the power output of 
the motor, then you can reach a new speed such 
that the power associated with the drag force 
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has doubled. This happens when you reach a 
final speed vp = (2)!/3ug = (1.26)(55 mph) = 
69 mph. 

7-s1 From the work-kinetic energy theorem, 
the work you do on the ball equals the change in 
kinetic energy of the ball. AKE = (1/2)m(3v)?— 
(1/2)mv? = 4mv?, and the work done on the ball 
is W = Fx, where zx is the distance over which 
your foot is in contact with the ball. Setting 
these quantities equal gives x = 4mv?/F. 

7-s2 (a) Kinetic energy is equal to (1/2)mv?. 
The two computers reach the ground with the 
same speed, so since the second computer has 
three times the mass of the first computer, the 
second computer lands with three times the ki- 
netic energy of the first computer. Answer: 3K. 
(b) The speeds are the same for the two comput- 
ers, so v = \/2K/m. 

7-s3 The energy required to pick up and throw 
one stone is mgh + (1/2)mv?. In a time T, the 
girl can exert an energy PT. Therefore, 


# stones = (total energy) / (energy per stone) 
PT 


St = 
TRONG mgh + (1/2)mv? 


(24.2) 


7-s4 (a) The distance traveled in time At is 
d = vAt, so the work done is AF = Fd = FvAt, 
and P = AE/At = Fv. 

(b) The vertical forces cancel, so Fy = mg, and 
Fy max = MsFn = usmg. To burn rubber, the 
engine has to supply P > Fs mart = Usmgv. 
The critical speed is v = P/(usmg). 

(c) W/N = J/N-s = N-m/N-s = m/s. 

(d) Physically, a more powerful engine should be 
able to burn rubber at even higher speeds; math- 
ematically, increasing P increases v. Physically, 
better traction makes it harder to burn rubber; 
mathematically, increasing us decreases v. In- 
creasing m or g also has the effect of increasing 
traction, so the dependence on these two vari- 
ables also makes sense, for similar reasons. 

(e) (Plug in.) 

(£) The power consumed by friction is Fu œ v’. 
At top speed, 100% of the engine’s power is being 
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consumed by fighting air friction. At the lower 
speed, this is decreased by (40/176)? ~ .01. 
7-s5 (a) The work on the paper is W = F. 
Ax = +mgH. 

(b) Since KE œ v?, if the paper lands with 
1/5th the speed, then it lands with 1/25th the 
kinetic energy. This means that 24/25ths of 
the work done by gravity was lost to the drag 
force. Also, the drag force tends to take energy 
out of the system, and so it does negative work 
on the paper. Combining these two facts gives 
Warag = —(24/25)mgH. 

7-s6 (a) Except for m, none of the variables has 
SI units that involve kg. Therefore the answer 
can’t depend on m. Both 0 and px are unitless, 
so if we want to make an answer with units of 
meters per second, we can only do this using the 
variables g and L. The only way to make this 
happen is for the answer to be proportional to 
VgL. 

(b) The block picks up an energy mgL sin @ from 
gravitational potential energy and loses fL = 
LÉNL = pgmgLcos 6 of energy due to friction. 
The overall energy gain goes to KE: (1/2)mv? = 
mgL(sin0 — uk cos 0), or 


KE = (1/2)mv? = mgL(sin0 — up cos 0) 
v = \/2gL(sin 0 — up cos 0) 


(c) On physical grounds, we expect the answer 
to be an increasing function of 0, g, and L, and 
a decreasing function of ug. The answer has 
these properties. The answer becomes unphysi- 
cal when the quantity inside the square root is 
negative. This happens for 0 > tan”! pz, and 
the physical significance of this must be that for 
angles this low, the block would stick rather than 
accelerating (even if we gave it an infinitesimal 
kick to get it going). (d) The speed of the ob- 
ject without friction can be obtained by plugging 
in 44 = 0 in the answer for the previous part. 
Therefore, 


1 
v/2gL(sin 0 — up cos 0) = 5 V29L sin 0 


Solving this for up gives uz, = (3/4) tanó. 
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7-s7 (a) The result is going to have SI units of 
meters, so any kilograms or seconds in the input 
variables will have to cancel out. The only way 
to make this happen is if the variables m, g, and 
k occur in the combination mg/k. 

(b) The speed required at launch is determined 
by kinematics. The time for the ball to hit 
the ground is t = ,/2H/g, which means that 
the speed at launch needs to be v = D/t = 
Dy/g/(2H). Setting (1/2)mv? = (1/2)ka? gives 
x= Dy/mg/(2kH). 


7-s8 Conservation of energy tells us that the 
initial energy equals the final energy. What 
times should we pick as initial and final? Our 
goal is to find out what height the bike has to 
start from, so the initial time should be when the 
bike is starting out, at the top of the ramp. The 
height is determined by the requirement that the 
bike not drop off the loop, even at the top, so to 
connect that to the other information, we should 
pick the final moment to be when the bike is at 
the top of the loop, at a height of 2r. 


First let’s write conservation of energy in its 
most general form, and then make it more and 
more specific: 


Etotal,i = total, f 
PE, + KE, = PE; + KE; 
2 


1 
mgh +0 = mg(2r) + ¿mo 


2 
v 

h=2 — 
Paa 


The height depends on the speed v the bike needs 
at the top of the loop. But how fast does the bike 
have to be moving when it's at the top? If it was 
just barely about to lose contact with the loop, 
then the only force on it would be gravity, so its 
downward acceleration would be a = Fyrav/m = 
(mg)/m = g. For circular motion, the inward 
acceleration is v?/r, so we have g = v?/r, and 
v = ygr. Plugging this into the equation for h, 
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we have 
2 
h= 2r + — 
2g 
ondo 
2 
5 
=>3r 
2 
7-s9 (a) The minimum speed is the one at 


mn 


which the acceleration at the top of the loop i 
exactly the acceleration due to gravity, v2,,, /r 
g. The extra-safe speed we want is v = 2Umin = 


2,/9r. 


(b) Conservation of energy gives 


II 


mMgyi = MgyF + sm. 
Using the result from part a and y;—yf = h—2r, 
we find h = 4r. 
7-s10 (a) The work done by gravity is W, = 
MagD. 
(b) The tension in the string can be determined 
from applying Newton’s Second Law to both 


block A and block B: 
T — ppMag = Maa 
MeMAG A (24.3) 
Mpg —T = Mga 


This gives T = (1+ px) (MaMpg)/(Ma + Mg). 
(c) The work done by tension is Wr = —TD: 


Wn = —(1 + uk)MaMggD 
= 
Ma+ Mpg 


(d) From Wnet = Wy + Wr = (1/2)Mp%?, 


(24.4) 


Ma+ Mpg 


Note there is an easier way to find the speed 
of the blocks, straight from conservation of en- 
ergy. As the blocks move, they get energy 
from the gravitational work on block B (equal 
to +MpggD), and friction on block A takes en- 
ergy out of the system (friction does a work 
—ukMagD). Adding these together gives the to- 
tal KE of the system, also equal to (1/2)(Ma4 + 
Mpg)v?. 
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7-s11 (a) Each atom in the hoop travels the 
full circumference of the hoop in time T, so its 
speed is 27r/T. Plugging this into KE = mw? /2 
gives the result claimed. 

(b) As the hoop rolls down the slope, the dis- 
tance its center travels in one period equals the 
circumference. Therefore the hoop's center-of- 
mass speed is the same as the speed calculated 
in part a, 27r/T. That means that the hoop’s 
KE due to center-of-mass motion is the same as 
its KE due to rotation. It's as though the hoop 
had double its normal inertia. 

7-s12 (a) Let the distance that the spring is 
compressed be x. From conservation of energy, 
the gravitational PE turns fully into elastic PE. 
Therefore, mg(H + x) = (1/2)kx?. Taking the 
positive root, 


omg + v (mg)? + 2mgkH 
a k 


(24.6) 


(b) From conservation of energy, PEgray = KE. 
mgH = (1/2)mv? => v = y2gH. 

(c) As stated in the hint, the box reaches maxi- 
mum speed when the spring has been compressed 
an amount « = mg/k. Cons. of energy gives 
mg(H + x) — (1/2)ka? = (1/2)mv?,,,- Plugging 
in for x and solving for Umax gives 


| 2kgH + mg? 
Umax = it sa 


7-s13 Let 0 be the angle by which he has pro- 
gressed around the pipe. Conservation of energy 
gives 


(24.7) 


Etotal i = total, f 
PE, = PE; + KE; 
0 = APE+ KE; 
1 
0 = mgr(cos@ — 1) + gm. 


While he is still in contact with the pipe, the 
radial component of his acceleration is 


ar = —, 
E 
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and making use of the previous equation we find 
ar = 2g(1 — cos 0). 


There are two forces on him, a normal force from 
the pipe and a downward gravitational force 
from the earth. At the moment when he loses 
contact with the pipe, the normal force is zero, 
so the radial component, mgcos 0, of the gravi- 
tational force must equal mar, 


mg cos 0 = 2mg(1 — cos 0), 


which gives 


2 
d= -. 
cos 3 


The amount by which he has dropped is r(1 — 
cos 9), which equals r/3 at this moment. 

7-s14 First we need to relate the speed of the 
rollers to the speed of the slab. In the frame of 
reference of the rollers, the slab is traveling in one 
direction at a certain speed v, and the inclined 
plane is moving in the other direction at the same 
speed. Therefore back in the laboratory frame, 
the rollers have velocity v and the slab 2v. 

The problem can be solved either using New- 
ton’s laws or conservation of energy. Using New- 
ton’s laws is cumbersome, because it involves two 
normal forces and two static frictional forces, nei- 
ther of which we know or want to know. There- 
fore let’s use conservation of energy. 

Although there are multiple rollers, the defi- 
nitions of the total quantities m and I are such 
that it doesn’t matter whether we sum over all 
the rollers or just pretend there is a single roller 
(along with a constraint that keeps the slab from 
tipping). Let the radius of the roller be r. It will 
clean things up if we define a unitless constant k 
so that I = kmr?. 

The kinetic energy of the roller has a part 
due to the roller’s center-of-mass motion and an- 
other part due to its rotation. The former equals 
(1/2)mv?. To find the latter, we use the fact that 
if the roller rotates through an angle dé in time 
dt, we have w = d@/dt, while the distance trav- 
eled by the roller is rd@. The c.m.’s velocity is 
therefore v = rw, giving w = v/r. The energy of 
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the rotation is (1/2)Iw? = (k/2)mv?. The total 
kinetic energy is 


1 1 
K = ¿mo(1 +k)+ ¿Muy 


This is independent of r, which we could have 
anticipated since there would have been no way 
to incorporate r into a relation of this form while 
making the units make sense. 

Let s be the distance that the rollers have 
traveled at a certain point in the motion, which 
means that the slab has gone 2s. The change in 
potential energy since the beginning of the mo- 
tion (which we take to have been at rest) is 


AU = —(2M + m)gs sin 0. 
To simplify these expressions, let 
u=4M +m(1+k) 
and 
y=(2M + m)gsinð. 


Conservation of energy then reads as 


1 

= —ys=0. 
abu — 7s 
This is identical to the statement of conservation 
of energy for a free-falling mass with mass u, and 
mg = 7, so the acceleration of the rollers is y/u, 
while that of the slab is 2y/p, or 


@ 5 M + ¿im 
gsinó M+iÍim(1+k) 


This expression has the right limiting behavior 
when m — 0, since then we have a = gsin@, as 
if the slab was sliding frictionlessly. We obtain 
the opposite limit by taking M — 0 and k > 0 
(i.e., the mass of each roller is concentrated at its 
center). Then a = 2gsin6. The interpretation 
of the factor of 2 is that the rollers roll down the 
slope with acceleration g sin @, and the massless 
slab comes along at twice the acceleration. 

So far we haven’t done any check on the de- 
pendence on k. For a sphere, k = 2/5, and if we 
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let M = 0, our result is that a = (10/7)g sin 0 for 
the slab, or a = (5/7)gsin@ for the roller. This 
matches with the well known result. 


7-v1 
ESSE, 
KE, + PE; = KE; + PE; 
0+ PE; = KE; + PE; 
KE; = PE, — PE; 
rf 
=— kr 3 dr 
EE -2 2 
T a 
7-v2 (a) F(x) = —dU/dx = 2ax — 48x23 = 
2x(a — 28x?). This is zero for x = y/a/28. 
(b) F(2ya/8) = 20(2/0/8) — 48(2ya/B)* = 


—28a3/2 871/2 

7-v3 For the purposes of this solution, 
let A = (1.00 J/m?), B = —(7.00 J/m?), and 
C = (10.0 J/m), so that U(x) = Ax? + Bx?+Cxz. 
(a) F(x) = —dU/dx = -3Ax? — 2Bx-—C. 

(b) Conservative: if a potential energy function 
can be defined, then it is a conservative force. 
(c) (See graph.) 


U 20 


-20 


(d) There is one critical point of F(x) on R at 
zo = —B/(3A) = (7/3) m. However, both end- 
points of R have a larger value of |F(x)|, and the 
largest is at x = +6.00 m, where |F(+6.00 m)| = 
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34.0 N. 

(e) Looking at the graph of U(x), we see that 
the particle is bound between x; = +2.00 m and 
t = +5.00 m. The particle starts off at rest 
at xı, feels a force and picks up speed to the 
right until reaching maximum speed at the crit- 
ical point x, = +3.79 m, and then slows down 
and comes to rest for an instant at x = +5.00 m 
before moving to the left. The sum of the kinetic 
plus potential energy is always zero, and so the 
maximum KE is the negative of the minimum 
U. Since U(x.) = —8.21 J, the maximum KE 
is +8.21 J. With the knowledge that the parti- 
cle has mass 1.00 kg, we can also say that the 
maximum speed achieved is 4.05 m/s. 

7-v4 For the purposes of this solution, let 
A = (1.00J/m*), B = —(4.00 J/m?), and C = 
(1.00 J/m), so that U(x) = Azt + Bz? + Ca. 
(a) The object will have maximum speed when it 
passes through the minimum of the U(x) graph. 
By looking at the graph, it is clear that this oc- 
curs for the solution to U'(x) = 0 with a neg- 
ative value of z. Numerically solving U'(x) = 
4Ax® + 2Bx + C = 0 for this negative solution 
gives zı = —1.47 m. 

(b) AKE = -AU = —(U(e) — U(a)) = 
—(—5.44 — 2.00) J = 7.44 J. Setting this equal 
to (1/2)mv? gives v = 2.73 m/s. 

(c) The unstable equilibrium point is the root 
z2 = 0.126 m. AKE = —AU = —(U(x2) — 
U(xo)) = —(0.063 — 2.00) J = 1.94 J. Setting 
this equal to (1/2)mv? gives v = 1.39 m/s. 

(d) The lowest value of x that the particle 
reaches is when U (a) again equals +2.00 m. This 
occurs at the location 73 = —2.21 m. 

7-v5 (a) The work done by the force is the 
area under the F(x) graph. From z = 0 m to 
x = 2 m, the area is 10N-m=10 J. 

(b) The area under the graph from z = 2 m to 
xr=3mis5 J. 

(c) Power is  energy/time. 
(15 J)/(0.5 s) = 30 W. 

7-v6 The object comes to rest when the force 
does a work —(1/2)mv?, or in other words 
—(1/2)mv? = fo ™™(—kx?)dx. This gives 
Emax = (3mv?/2k)1/3, 


Payg = 
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7-v7 The force is the derivative of the potential 
energy with respect to distance. (Actually it’s 
minus the derivative, but all that tells you is the 
direction of the force, and we know it’s attractive 
anyway. ) 


7-v8 
W = Fdz 
0 
= i be da 
0 
= b/c 
7-v9 (a) First we set up an equation that states 


conservation of energy: 


Eiotal,i — Etotal,f 
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stop writing them without any risk of confusion. 


0= KE, + KE: + APE, + APE, 
1 


1 
0= ¿Mu + ¿na + MygAy1 + mgAya 


1 
0= ¿(M + m)v? + Mg(—h) + mgh 


2(M — m)gh 
Ta M+m 

(b) Comparing the result of part a with v? = 
2ah gives a = (M — m)g/(M + m), which is the 
result found before using Newton’s laws. 
7-v10 As suggested in the hint, let k = 1, m = 
1, g =1, and also let the force of kinetic friction 
equal 1. 

When the object is released at a, it travels 
a distance a while being acted on by a fric- 
tional force 1, so the work done by friction is a. 
This dissipates the entire initial potential energy 
(1/2)ka? = (1/2)a?. This gives a = 2. 

When the object is released at b, it travels to a 
position x on the far side of equilibrium at which 
the force of friction is canceled by the force of 
the spring. We’re given that b is the maximum 
distance from which this can occur, so the force 
of friction must be at its maximum. Since we’re 
given that ws = upg, this is the same as the force 
of kinetic friction, which is 1. The magnitude 
of the spring’s force is |kx| = x, so x = —1/ In 
summary, the object travels from b to -1. 

Applying conservation of energy in this case, 


KE; j+PE, 3 +K Eo, +PE2; = KE, ¿+PE1,¡+K We patEPE; = PEs + Wrriction, or (1/2)b? = 


Subtracting PE; and PE, from both sides 
gives: 


KE, j+K Bo; = KE, p+K Eo, ¡¿+4APE¡+APE) 
Since the masses start from rest, we have: 
O= KE, ¿+ KE) f + APE, + APE, 


We no longer have any variables that occur in the 
equation with both i and f subscripts, so we can 


(1/2)12+(b+1)-1. This gives a quadratic equa- 
tion, (1/2)b? —b—3/2 = 0. The positive solution 
is b = 3. 

The result is that b/a = 3/2. 
7-v11 (a) Conservation of energy gives 


1 
¿(5 +97) + y =0. 
By the chain rule, + = (da/dy)(dy/ dt), and sub- 
stituting this into the equation gives the result 
claimed. 

(b) Under the approximation y” < 1, the 
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equation of motion becomes 


1g 12 
US = Yo 
By the chain rule, y = y’ - 41%. Solving this for 
y' and eliminating y” in the equation above, we 
end up with y = —82°/?, 

(c) Clearly x = 0 (remaining at rest) is a so- 
lution to the equations of motion. Furthermore, 
the equations of motion have no explicit depen- 
dence on time, so for any function x(t) that is a 
solution, so is any other function x(t — to). 

The only remaining issue (and it’s a philosoph- 
ically important one!) is to check that the solu- 
tion satisfies the equation of motion at the mo- 
ment ty when the bead decides to start moving. 
Both of the derivatives appearing in the equa- 
tion of motion, y' and y, are defined at this time 
and equal to zero. Plugging these in to the equa- 
tion of motion gives an expression involving the 
square of the indeterminate form y/y’. But if we 
go ahead and evaluate this indeterminate form, 
we get 


(t — to)? 


A(t — to)? /(-1221/?) = 197 


=0, 
which does satisfy the equation of motion. 

8-al Momentum is a vector. The total mo- 
mentum of the molecules is always zero, since 
the momenta in different directions cancal out on 
the average. Cooling changes individual molec- 
ular momenta, but not the total. 

8-a2 By conservation of momentum, the total 
momenta of the pieces after the explosion is the 
same as the momentum of the firework before the 
explosion. However, there is no law of conserva- 
tion of kinetic energy, only a law of conservation 
of energy. The chemical energy in the gunpowder 
is converted into heat and kinetic energy when 
it explodes. All we can say about the kinetic en- 
ergy of the pieces is that their total is greater 
than the kinetic energy before the explosion. 
8-a3 The people plus the boat are, roughly 
speaking, a closed system, since the water does 
not exert much horizontal force on the boat. Mo- 
mentum is conserved in a closed system. At the 
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beginning, nothing is moving and there is zero 
momentum. If the two people’s momenta didn’t 
add up to zero, then the boat would have to move 
to conserve momentum. They should make sure 
their momenta add up to zero, i.e., they should 
move in opposite directions, and the heavier per- 
son has to move more slowly. 

8-a4 Both energy and momentum are con- 
served, so neither can have changed after the 
collision. The kinetic energy has been converted 
into heat, sound, and the energy required to per- 
manently deform the blobs. The momentum was 
zero before the collision (it canceled out), and it’s 
zero afterward as well. 

8-d1 KE=}mv? = m (2)? = 2 


2 
8-d2 We start with 


mii FMatla+... 


Tem = 


mi Ema +... 


Since each object has the same value of m, m 
can be factored out of the sums, giving 


E _ Mm(zi+z2 +...) 
Mmo m(1+1++...) 


If you add up a series of 1’s for each object, you 
just get the number of objects, N, so this equals 


pi PT ita 
tm = ÇF ) 


which is the average of all the x's. 

8-d3 The two objects fall under the influence 
of gravity, and their accelerations are identical. 
Therefore, their speeds at the bottom of the 
building are identical. With p = mv, we can 
see that the object four times more massive will 
have four times the momentum, and the answer 
is Ap. 

8-d4 (a) The acceleration as a function of time 


1S 
a(t) = (AJm)e™*/T 


Integrating with respect to t, we can find v(t): 


t A t Y 
o= f apar == f errar 
O= f aa = E] 
A 


SEEN Gi JE —t/T 
me Ñ ) 


II 
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Therefore, v(T) = (1 — 1/e)A/(mr). 
(b) limo u(t) = A, 
8-d5 The change in momentum is Ap = 
le F(t)dt. Also, since the object is at rest at 


t=0, Ap = py (which we'll just call p(t = T)): 


T 
pr) = f At? dt 
0 
1 
= AT? 

3 


8-g1 (a) False: the (overall / “net”) impulse 
delivered to an object is the change in momen- 
tum of the object. If the object was not initially 
at rest, then this is not the same as the final mo- 
mentum of the object. 

(b) True: this is the way we define averages. This 
is basically saying the same as saying that the av- 
erage of a function over the interval from a to b 
is the area under the curve from a to b divided 
by (b— a). 

(c) False: Impulse is Force times Time. 

(d) True: this is another way of stating the 
impulse-momentum theorem. 

(e) False: momentum times time has dimensions 
mass x length, which is not the same as a force. 
8-g2 No, there can easily be more than one so- 
lution, the basic reason being that conservation 
of energy and momentum gives four equations 
(a scalar equation plus three equations for the 
three components of momentum), which can be 
smaller than the number of unknowns. 

As a simple counterexample, consider equal 
masses that come in at velocities tux along the 
positive and negative x axes and collide elasti- 
cally at the origin. One solution that satisfies 
the conservation laws is if they both reverse their 
directions of motion and fly off along the x axes 
with velocities Fux. But other final states ex- 
ist with the same energy and (zero) momentum, 
because we can pick a line through the origin at 
any angle and have them fly off along that line. 
8-g3 A conservation law is about addition: it 
says that when you add up a certain thing, the 
total always stays the same. Funkosity would 
violate the additive nature of conservation laws, 
because a two-kilogram mass would have twice as 
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much funkosity as a pair of one-kilogram masses 
moving at the same speed. 

8-j1 The elegant way to do this is to switch 
to the center of mass frame. In that frame, the 
balls are initially moving toward each other at 
velocities v/2 and —v/2. After the collision, we 
can maximize the amount of heat released if we 
simply make the two masses stick together and 
stop. That means that in the center of mass 
frame, it’s possible to convert all the kinetic en- 
ergy, 2(1/2)m(v/2)? = (1/4)mv?, into heat and 
sound. Back in the original frame of reference, 
the balls are still moving after the collision, so 
not all the kinetical energy has been lost, but 
the amount of heat and sound is still the same 
amount we found in the c.m. frame: (1/4)mv?, 
or half the initial kinetic energy of the single 
moving ball. 

As an alternative, a brute force technique 
would be to require conservation of momentum 
and energy and crank out the result. Let the 
final velocities be b and c. Then 


mu = mb + mc 
sme = smb? + ime +Q ; 
where Q is the amount of heat and sound that 
comes out. Solving the first equation for b = v—c 
and substituting into the second, we find Q = 
m(vc—c?). Using calculus to find the maximum, 
we set 0 = dQ/dc = mu — 2mc, giving c = 0/2, 
and then the rest of the result carries through as 
in the center-of-mass approach. 
8-j2 (a) KE = jmv?, so v = \/2KE/m = 130 
m/s. 
(b) p= mv = 1.3 kg-m/s. 
(c) same as part b (conservation of momentum) 
(d) KE = © =0.2J. The recoiling gun is harm- 


less, Pese: it would take more energy than this 
to break bones, sever tissues, etc. 

8-13 (a) The change of momentum of the ten- 
nis ball is equal to the impulse delivered to the 
tennis ball, which is the area underneath a force- 
vs-time graph. The area under the graph is 
+(1/2)(100 N)(20 ms) = +1.0 kg - m/s. 

(b) If the ball was initially at rest, then p; = 0 
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and Ap = pp — pi = pf = mvy. Plugging in 
Ap = +1.0 kg - m/s and m = 58.5 x 1073 kg 
gives vf = +17 m/s. 

(c) If the ball was initially moving in the di- 
rection opposite that of the applied force, then 
pi = m(—25 m/s). We already know from part 
(a) that, for this mass and this impulse, the 
change in velocity is +17 m/s. Therefore, the 
final velocity of the tennis ball is vp = v; + Av = 
(-25 + 17) m/s = —8 m/s. 

8-j4 Horizontal momentum is conserved, since 
there are no external horizontal forces. Let’s pick 
masses for the planes of 1 kg and 5 kg — although 
the real masses must be thousands of times big- 
ger, it won’t matter as long as the ratio is 5. Let 
the positive x axis point east and the positive 
y axis north, and measure angles counterclock- 
wise from the x axis. The magnitudes of their 
initial momenta are |pz| = 300 kg-mi/hr and 
\p7| = 750 kg-mi/hr. The x components are 


PL « = 300 kg-mi/hr and 


PJa = (750 kg - mi/hr)(cos 225°) 
= —530 kg-mi/hr ; 


giving 
Ptotal,« = —230 kg-mi/hr 
Similarly, 


PL,y = 0 > 
PJ y = —530 kg-mi/hr 
Ptotal,y = —530 kg-mi/hr 


, and 


Since momentum is conserved, their common di- 
rection of motion after the crash has to be the 
same as the direction of their total momentum 
vector before the crash, which was at an angle of 


tan~'(—530/ — 230) = 67° or 247° 


(Both angles are arctangents of -530/-230.) 
Since the x and y components are both nega- 
tive, 247° is the correct angle. That’s the same 
as 23° west of south. 
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8-j5 Let Mı be the car initially traveling north 
with speed vı, and let Ma be the car initially 
traveling east with speed vg. Choose a coordi- 
nate system where +x is to the east, and +y 
is to the north. The total momentum has z- 
component equal to pr = +M1v,, and the to- 
tal momentum has y-component equal to py = 
+Mov2. The total momentum p = (Mı + 
Mə)vş = (Myv1)% + (Mov2)y. Taking the ab- 
solute value of both sides, (Mı + Mz)vp = 
J (M01)? + (Ma2v2)?. Plugging in numbers and 
solving for vy gives vy = 15 m/s. 


8-j6 Draw the incoming masses on an gy- 
coordinate system such that, after the two 
masses collide at the origin, they are moving in 
the +z direction. That is, one mass comes from 
the 2nd quadrant, and one comes from the 3rd 
quadrant, and each incoming mass as a velocity 
vector that makes an angle 0/2 with respect to 
the horizontal. Let the initial velocity of each 
mass be vo. From conservation of momentum in 
the x-direction, we have 


2[M vo cos(0/2)] = (2M) (vo /3) 
6 =2cos~ (1/3) = 141° 


8-j7 (a) Since KE x v?, KE, = KE /4, so 
ví = vé/4, or vı = v9 /2. 
(b) 
Pi = MiV1 

= m101 (cos 60°X — sin 60°y) 

= miv0[(1/4)% — (V3/4)9] 
Therefore, pi = mivo/4 and Py = 
—(V3/4)mi1w0. 


(c) There was no initial momentum in the y 
direction, so P2y = +(v3/4)mi,v. Also, the 
total momentum in the $ direction is mvo = 
Plje a P22 = m1v0/4 + P2,2; and so P22 = 
(3/4)m1v. The problem doesn’t ask for this, 
but the angle that ball 2 makes with the hori- 
zontal is 02 = tan”! [(V3/4)/(3/4))] = 30°. 
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(d) 
v2 = p2|/ma 
= (mı /ma)voy/ (13/47 + (3/4)? 
= (V3/2)(m1/m2)v0 
KE = (1/2)m2w3 
= (3/8)(m3/ma)w 


KE 2/KEo = (3/4) (m,/ma) is the fraction of 
the initial KE that ball 2 has after the collision. 
(e) The ratio of final KE to initial KE is (KE; + 
KE )/KEo = (3/4 (m,/ma) + 0.25. The col- 
lision described is impossible (or, requires an 
“explosion” of stored elastic/chemical energy) if 
mı > ma, is elastic if mı = ma, and is inelastic 
if mi < ma. 

8-j8 The momentum transferred to the rocket 
by the exhaust pushing on it equals the area un- 
der the curve. Each rectangle represents a mo- 
mentum of (0.5 MN) x (1 s) = 5 x 10? N-s, and 
there are about 54 rectangles under the curve, 
for a total Ap of 54 x 5 x 10° N-s = 2.7 x 107 N's. 
It starts with zero momentum, so its final veloc- 
ity equals the momentum transferred divided by 
its mass, which is 6.8 x 10% m/s. 

8-j9 We are given that the KE is on the order 
of that of a well-thrown rock, which might be 10 
J. This energy would be dissipated in your body 
as heat, and you would probably feel it. The mo- 
mentum would be p = V2m KE, which comes 
out to be about 10713 kg-m/s if we put in the 
mass of a proton. This is a tiny amount of mo- 
mentum, and you definitely wouldn’t notice it, 
i.e. you would not be knocked back perceptibly. 
8-j10 Let's use M for the mass of the ball, U 
for its initial velocity, and V for its final velocity. 
Similarly, let m be the mass of the pin, and v its 
final velocity. Conservation of momentum and 
energy give 


MU = MV + mv 


and 
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two equations in the two unknowns V and v. We 
aren't given V and don’t want to find it, so let's 
eliminate it. Solving the momentum equation 
for V = U — (m/M)v and substituting into the 
second equation, we find 


1 1 1 
¿MU? = ¿MIU —(m/M)v]? + ¿mo 
m2 


U? = |U — (m/M)v]? + y” 


m m m? 
ot =( T iz) 
2U 
v= ——__ 
1+m/M 
= 3.6 m/s 


8-m1 Let the velocity of the student after kick- 
ing the skateboard be vr. From conversation 
of momentum, (M + m)v = Mvy. Therefore, 
vy =v(M + m)/M. 

8-m2 If no external forces act on the system 
(in this problem, Rachel and Sara), then the 
momentum of the system is conserved. Here, 
since the two are initially at rest, the momen- 
tum of the system is zero, and it will remain at 
zero. Therefore, the center-of-mass of the sys- 
tem (which we'll call cm) will remain in the 
same spot. 


Mr(—L/2) + Ms(+L/2) 
Mz + Ms 
Puasa 
2(Mpr + Ms) 


TCM = 


Mr > Ms, and so tom < 0. This makes sense, 
as the center-of-mass should be closer to the 
larger-mass person. 

8-m3 Let m be the mass of the little puck and 
M = 2.3m be the mass of the big one. All we 
need to do is find the direction of the total mo- 
mentum vector before the collision, because the 
total momentum vector is the same after the col- 
lision. Given the two components of the momen- 
tum vector pr = Mv and py = mw, the direc- 
tion of the vector is tan”? (py/pr) = 23° counter- 
clockwise from the big puck’s original direction 
of motion. 
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8-m4 The earth is 81 times closer to the center 
of mass. They both orbit this point once a lunar 
month, so the earth's speed is 81 times smaller. 
Kinetic energy is proportional to mv’, so the 
earth’s kinetic energy is (81)(1/81)? = 1/81 of 
the moon’s. 

8-m5 The simplest way to do this is by using 
the center-of-mass frame of reference. If the big 
object’s mass is essentially infinite compared to 
the little one’s (M >> m) then the center of 
mass of the whole system is always located at 
the big one’s center of mass, so the center-of- 
mass frame is the frame fixed to the big object. 
(After the collision, the big object recoils a tiny 
bit from the collision, so you could say that it’s 
no longer at rest in the c.m. frame, but because 
its mass is assumed to be infinite compared to 
the little one’s mass, its recoil is negligible.) 

In this frame, it’s not the high-mass object 
with velocity v coming along and hitting the 
low-mass object, it’s the other way around. The 
low-mass object, moving at velocity —v, hits the 
high-mass one. This is like hitting a brick wall: 
the recoil of the wall is negligible. The only thing 
moving before or after the collision is the small 
object, and since we’re assuming no KE is con- 
verted into anything else, the small object must 
recoil at velocity +v, i.e., in the opposite direc- 
tion but at the same speed. (Reasoning slightly 
more rigorously, it’s not quite true that the big 
object doesn’t recoil at all, but the momentum it 
absorbs equals —2mv, and its KE after the col- 
lision is p?/2M = 2m?v?/M, which is extremely 
small because M is so big compared to m.) 

In the center-of-mass frame, then, we've 
proved that the small object enters with velocity 
—v and exits with +v. To convert back to the 
original frame of reference, we add v to all the 
velocities. In the original frame, the small object 
starts with velocity 0, and ends up with 2v. 
8-m6 (a) In a perfectly elastic 1D collision be- 
tween two objects of the same mass, one of which 
initially at rest, all of the energy/momentum of 
the moving object goes to the object initially at 
rest, and the object that was initially moving 
comes to a rest. If you haven’t heard this be- 
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fore, here is the argument: Let the initial veloc- 
ity of the moving object be v as in the problem 
statement, let the final velocity of the initially- 
moving puck be vj, and let the final velocity of 
the initially-stationary puck be va. Then, from 
conservation of momentum and energy, 


mu = mu; + mua 


1 
¿na = ¿nor + ¿mo 

Divide both equations by m, and multiply the 
second equation by 2 (to clean thing up a bit). 
Then, vz = v — vı from the first equation, and 
plugging it into the (modified) second, we get 

v? =v? + (v— 1)? 

v? = v? — 2001 + Qu? 


0 


II 


II 


201 (v1 — v) 


So, either vı = v, or vı = 0. The first situa- 
tion occurs if there is no collision, but if we as- 
sume that one puck doesn’t just magically pass 
through the other, then it must be the case that 
vı = 0. It follows immediately from the conser- 
vation of momentum equation above that va = v. 
(b) If the collision is perfectly inelastic, then con- 
servation of momentum tells us: 


mv = mvs + mvp 


where vy is the final speed of both pucks (the 
same for both, since “perfectly inelastic” means 
they stick together). Thus vy = v/2. 

(c) If both pucks have speed v/2, then each has 
one-fourth the KE of the moving puck before the 
collision. Thus half the total energy was lost dur- 
ing the collision. 

(d) Here, we can set up conservation of momen- 
tum and conservation of energy equations as in 
part (a), with the caveat that we must only take 
3/4 of the initial KE (since 1/4 was lost): 


V=U+ V2 


a 


2 2 
=v +U 
4 1 2 
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Plugging vı = v — v2 into the second equation 
gives 


2v + V4v2 — 2v2 
Us = 
i 4 
1 
= -(2 + V2)v 


Again, assuming the puck that was moving be- 
fore the collision doesn’t “pass through” the puck 
initially at rest, then we must have vz > v1, and 
so we must take the solution with the plus sign. 
It also makes sense that the solution for va had 
better be somewhere between v/2 and v, since a 
partially-inelastic collision is somewhere between 
a perfectly-inelastic collision and an elastic col- 
lision. Therefore, the speeds of the two pucks 
after the collision are: 


8-m7 (a) By drawing a circular arc from where 
the block was originally hanging to the maximum 
height it reaches, you should be able to see that 
the maximum height reached is H = L(1—cos 0). 
(b) We will have to do this in two parts: first, 
find the speed of the bullet/block system after 
the collision by using conservation of energy, and 
second, to find the initial speed of the bullet by 
using conservation of momentum. Note that you 
cannot just set the final potential energy of the 
bullet /block system equal to the initial kinetic 
energy of the bullet because some mechanical en- 
ergy was lost during the collision. 

Call the bullet block system “BB.” The final PE 
of BB is equal to the kinetic energy of BB right 
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after the collision. Therefore, 
KE; BB = PEfñnal BB 


1 
¿(M+ Mv? = (m+ M)gH 


1 
¿e = gL(1 — cos 6) 


v = y 2gL(1 — cos 0) 


Now, using conservation of momentum, we can 
solve for the initial speed of the bullet, vo: 


mvo = (m+ M)v 


+ M 
vo = “—— Vy — cos f) 


(c) PEgnapp = (m + M)gL(1 — cos@) and 
KEpuict = mgL(1 — cos), so the ratio is 
(m+ M)/m. For M > m, this is basically equal 
to M/m, which is a number much greater than 
1. This means that almost all of the mechanical 
energy of the bullet is lost in such a collision. 
8-m8 It’s best to do part (c) before parts (a) 
and (b): 

(c) Suppose that, initially, the truck is mov- 
ing with velocity v and the car with velocity 
—v. Then, from conservation of momentum, 
(2M)v + (M)(—v) = QM + M)vuf, where vy is 
the final velocity of both vehicles after the inelas- 
tic collision. Solving for vs, we have vs = v/3. 
(a) The change in momentum of the truck is 
Ap: = (2M)us — (2M)v = —(4/3) Mv. 

(b) The change in momentum of the car is Ape = 
(M)uy — (M)(—v) = +(4/3)Mo. 

(a) KE; = (1/2)(2M + Mw? = (3/2)Mv?; 
KE; = (1/2)(2M + M)v? = (1/9)KE;. There- 
fore, 8/9 = 89% of the initial KE was lost as a 
result of the collision. 

8-m9 (a) The maximum height of H = 140 m 
tells us how long fragment A takes to fall to the 
ground: H = (1/2)gT?. Plugging in numbers 
gives T = 5.35 s. Looking at the horizontal direc- 
tion, we have va = Da/T = (290 m)/(5.35 s) = 
54.3 m/s. 

(b) The horizontal momentum was zero just be- 
fore the collision, so it’s zero just after the ex- 
plosion. This means Mava = Mpug (where va 
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and vg are speeds, and not velocities). Thus, 
vg = (2/3)v,4 = 36.2 m/s. 

(c) Jap = Apa = Mavj = 108.6 kg - 
m/s(+X). Note we've defined the horizontal di- 
rection where fragment A flies off in as the +x 
direction. 

(d) We’ve been ignoring gravity, but since we’re 
told how long the explosion lasts, we can ac- 
tually calculate the impulse delivered to frag- 
ment A over the time of the explosion. Jgray = 
(Mag)texp(—y) = 0.29 kg - m/s(—y) (defining 
the y direction to be vertically upwards). Note 
this is negligible compared to the impulse due 
to the explosion, which is why we’re justified in 
saying that the dominant contribution to Ap, 
comes from the explosion. 

(e) Since the center of mass remains at the launch 
point, M4D,4 = MgDp (where each D is a dis- 
tance, not a position, and so both are defined to 
be positive). Thus Dg = (2/3)(290 m) = 193 m. 
8-m10 (a) Let the final velocities of M and 
Ma be vı and vz, respectively. We have conser- 
vation of momentum and conservation of energy 
(no factor of 1/2 in the latter, since we can mul- 
tiply the entire equation by 2): 


Miu = Myr, + Moəvz 


Miu? = Myvi + Mov 


We can use the first equation to write vg = 
(Miu — M¡v1)/M2, and then substitute this ex- 
pression for va into the second equation and solve 
for v;: 


Miu == sty 


Miu? = Mix? + M. 
1U 1v1 > Ma 


2 
22.42 k u — vi 
u vi + T: 


kjv? 4 


II 
Ca 
m 


(—2u)vı + (1 


Note that in going from the first to the second 
line, we divided both sides of the equation by Mı, 
and replaced M2/M, > k. Using the quadratic 
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equation, we have 


_ 2u+ y 4u? — 4(1 — k? )u? 
de 2(1 +k) 
2u + 2u4/1 — (1 — k?) 
vı = 
2(1+k) 


a 1tk 
am Cee 


If we choose the plus sign, then vı = u, which 
gives v2 = 0 and means that no collision occurred 
at all. Assuming that one ball did not just simply 
pass through the other, we must take the other 


solution, and so 
1-k 
vy = | —— Ju 
ACI 


(b) Recall vg = (Miu — Mv1)/M2 = (u—1)/k: 
xl 1 l-k 
ame E 
_1 2k 
Va = Aa 14 k 


_ 2 
Va = Taek u 


8-m11 There are two ways to do this, and we’ll 
do both here. The first way is more straightfor- 
ward, but the algebra is a little messier. The 
second way involves analyzing the problem in the 
center-of-mass frame. 

(1) Let vı be the final velocity of the block that 
has slowed down, and let va be the final velocity 
of the block that has sped up (i.e., the “boosted” 
block). Momentum and energy are conserved: 


(QM) vw = Mv; + Mov») 


1 
2 
Cleaning these up a bit, 


1 1 1 
(2M)v; + ho” = zM + zM” 


vı = 2vo — v2 


207 + (k/M)z? = ví + va 
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Plug in the expression for vı into the second 
equation and solve for v2 (in the second line, we 
define C = 2v — (k/M)a?): 


Qu? + (k/M)x? = (200 — v2)? + uz 
0 = 243 — 4upve +C 
0 = (1/2)u2 — vov + C/4 


Using the quadratic equation: 


Va = Vo E ve == (1/2)C 


vg = vo(1 + V1 — (1 — (1/2)(k/M(2/v0)2) 


7 ¡42 k 
v2 = vo ae V 2M 


Now, və is the boosted block, and so it’s the solu- 
tion with the plus sign (v is the same expression, 
but with the minus root). 

(2) Suppose we are moving along with the blocks 
before the string breaks (with speed vo relative 
to the ground). After the string breaks, each 
block flies off in opposite directions with a speed 
we'll call u. From conservation of energy, 


2M 

Then, from another observer at rest relative to 
the ground, the block which was boosted has 
speed v +u, which is exactly the same result ob- 
tained in (1). (although much more easily here!) 


2M 


8-m12 (a) Particle ¿ had velocity v; in the 
center-of-mass frame, and has velocity v; + u in 
the new frame. The total kinetic energy is 


vg = Vo +x 


1 
zm (vitu) t..., 


s 


where “...” indicates that the sum continues for 
all the particles. Rewriting this in terms of the 
vector dot product, we have 
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When we add up all the terms like the first one, 
we get Kom. Adding up all the terms like the 
third one, we get M|u|?/2. The terms like the 
second term cancel out: 


miu: vi+...=u-(mivi+...), 


where the sum in brackets equals the total mo- 
mentum in the center-ofmass frame, which is 
zero by definition. 

(b) Changing frames of reference doesn't change 
the distances between the particles, so the po- 
tential energies are all unaffected by the change 
of frames of reference. Suppose that in a given 
frame of reference, frame 1, energy is conserved 
in some process: the initial and final energies add 
up to be the same. First let's transform to the 
center-of-mass frame. The potential energies are 
unaffected by the transformation, and the total 
kinetic energy is simply reduced by the quantity 
M|u,|?/2, where u, is the velocity of frame 1 
relative to the center of mass. Subtracting the 
same constant from the initial and final energies 
still leaves them equal. Now we transform to 
frame 2. Again, the effect is simply to change 
the initial and final energies by adding the same 
constant. 

8-m13 (a) Let T be the tension in the rope at 
the corner of the table. For the bottom part of 
the rope with length x that hangs vertically, we 
let positive be down (in the direction of motion), 
so 


dp 
F= 
dt 
d dx 
MbottomY9 — T= dt (rroen e) 
£ T= d/zx dx 
LOI RADO al 
L d dx 
T= 
Tg m dt (<<) 
Lr dz si dx 
I- m ka) “ae 


For the top part, with length L — x, we let pos- 


1 1 
y (vi +u)-(vi +u)+...= go (vi- vı + 2U > Vtive betbward the edge of the table (again, in 
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the direction of motion). 
dp 
MH 
dt 


Lx 
Da? 


Adding the results of the two calculations, we 
have xg = La, which is the result that was 
claimed. 

(b) For « = 0, nothing is hanging over the edge, 
so the upward normal force of the table com- 
pletely cancels the force of gravity. For x = L, 
the whole rope is hanging, and there is no up- 
ward normal force from the table at all; the result 
becomes a = g. In between these two extreme 
cases, the upward normal force of the table only 
partially cancels gravity. 


(c) 


EE 
d? L 
& ct g ct 
de (be ) = T 
bee“ be" 
2_ 9 
STE 
ER 
VL 


(d) This is true because the derivative of a sum 
is the sum of the derivatives. 
(e) The most general solution is of the form 

x = qe* + 5e ; 
where q and r are constants with units of me- 
ters, and we'll say c represents the positive root 


vVg/L. At t = 0, both exponentials equal one, 
and we have 


Lo=qtr 
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and 
_ dx 
dt 
= qce*? — ree 
= (q— r)e 
q=r 


The solution is therefore q = r = 2,/2, or 
L= Xo (e + pesa /2 ; 


which if you like you can write using the hyper- 
bolic cosine. 
8-m14 (a) Suppose that at some time, the 
rocket has mass m remaining. Now an infinites- 
imal time passes, and the rocket’s mass changes 
to m+dm (with dm < 0) because it expels — dm 
worth of exhaust. This causes its velocity to in- 
crease by the infinitesimal amount dv. We can 
now require conservation of momentum, and the 
algebra is reduced if we do this in the center of 
mass frame, in which the rocket is initially at 
rest, i.e., its velocity is increasing from 0 to 0+dv. 
0=( 


dm)(—u) + (m + dm) du 


Discarding the product of the two infinitesimals 
dm dv, and separating variables, this becomes 


peck mee 


m u 


and integration gives 
v 
-Inm+c=-— 
u 


The interpretation of the minus sign is that as 
the mass gets smaller, the logarithmic term gets 
less negative, the left-hand side gets bigger, and 
the velocity goes up. If we now switch back to 
the original frame of reference, in which the ve- 
locity is not zero but v, the effect is only to add 
a constant onto v, and that can be absorbed into 
the constant of integration. Back in this frame, 
the only time when we have v = 0 is initially, 
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when m = my, and this can be used to deter- 
mine the constant of integration c = ln m;. For 
the final velocity, we have 


mF 


v= uln 


b) Solving for m;/my,, we have 
( g Í 


m¿fmy= ete 
= exp(3 x 10” m/s / 4000 m/s) 
= 2 x 10*%4 


This is a ridiculously huge amount of fuel, vastly 
more than the mass of the entire galaxy. 

9-al Ifthe rider speeds up the back wheel, then 
it’s gaining angular momentum. By conserva- 
tion of angular momentum, this requires that 
the bike’s body “nose up.” Slowing down the 
back wheel makes it “nose down.” This allows 
the rider to control the orientation of the bike so 
that it makes a two-point landing. 

9-a2 The angular momentum is conserved, and 
so 


Me Rpvp = MeRava 
Up = (Ra/Rp)va = (1.017/0.983)u = 1.035v 


9-a3 (a) Alice could be in a frame of reference 
in which Cathy isn’t moving. For instance, if 
Alice and Cathy were in an airplane together, it 
would be natural for both of them to adopt the 
frame of reference of the plane. Bob could be 
using the frame of reference of the dirt. 

(b) Your opinions about angular momentum will 
depend on what point in space you arbitrarily 
chose as the axis. Let’s say Dong is sitting on 
some grass. Bob might be using the center of 
the spinning Earth is his axis, while Alice uses 
the spot Dong is sitting on. 

9-a4 No. The angular momentum of a particle 
is pr, so if the particles differ in the distance, 
r, from the axis or in their direction of motion, 
they can have different angular momenta. Fur- 
thermore, they could even have the same |r| and 
|p|, but if they were located in different direc- 
tions relative to the axis, or their directions of 
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motion were different, they could have different 
angular momenta. As an example of the effect 
of the direction, a particle has zero angular mo- 
mentum if it is moving straight in towards the 
axis or directly away from it (9 = 0 or 180°). 
9-a5 Taking the vector cross product of these 
two vectors using the component form for the 
cross product, I got —2x — 5y + z, with all the 
numbers in units of kg-m?/s. As a check on my 
result, I decided to use |r x p| = |r||p|sin6-p. 
The left-hand side is v30 = 5.48. The angle 
between the two vectors can be found from r - 
p = |r||p|cos@,,, which gives 0 = 2.40 radians, 
resulting in |r||p|sin@ = 5.49, which checks out 
to within rounding errors. 

9-d1 (a) L = (47/5)MR?/T = 1.1 x 10% kg- 
mĉ?/s. 

(b) Angular momentum is conserved because no 
outside torques are acting, so the angular mo- 
mentum is the same. 

(c) Solving the same equation for T gives T = 
150 s. 

9-d2 Let the mass of each atom be m, and 
the center-to-center distance between neighbor- 
ing atoms b. 


Leross <4 m- 0? + Amb? 
Irine om: 02 + 2mb? + 2m(2b)? 
2 
5 
9-d3 Note that, when converting to SI units, 


we have vcm = 38.3 m/s and w = 262 rad/s. 
Also, the moment of inertia of the baseball about 
its center-of-mass is J = (2/5)mR? = 7.94 x 
107? kg - m?. 


KEtrans = (1/2)mvém = 107 J 
KEyot = (1/2)Iw? = 2.7 J 
KEyot /KEtotal = 0.025 = 2.5% 


9-d4 (a) N r.p.m. corresponds to 27N radi- 
ans per minute, and dividing by 60 gives w; = 
(N72 /30) rad/s. 

(b) Let the merry-go-round have moment of in- 
ertia Imer = (1/2) MR?, and Mary have moment 
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of inertia Iņ = MR?. From conservation of an- 
gular momentum, 


Der Wi = (Imgr + Ing) 


(1/2) M R? 
wf = Wo 
(1/2)M R? + MR? 
1 
wr = 30 = an rad/s 


This is one-third the initial angular velocity, and 
corresponds to N/3 r.p.m. 

(c) Mary should have an angular momentum 
equal in magnitude to that of the merry-go- 
round before Mary jumps on. Let the answer 
be v (the speed Mary must run for this to be 
true). Thus 


M Rv = Ing wi = (1/2)M R° wi 
v = Ru; /2 


9-d5 (a) The total angular momentum of the 
two-disc system is conserved, and therefore 


liwi = Ipwp 


The “initial” and “final” values are those before 
and after the collision. The initial angular mo- 
mentum comes only from the disc of mass 2M, 
and the final angular momentum comes from all 
three discs, and so J;/Iş = 2/3. Therefore, 


ws = (L /Ip)wi = (2/3)uw 


(b) The initial and final KE’s are 
KE; = -Lliw 


KE; = 


1/3 De 2/1 2 
= A = Tw? ) = EKE; 
5 ($4) (=) 3 (gnu?) 3 


It appears that 1/3 = 33% of the initial KE was 
lost during the collision. 

9-d6 (a) When the student is done rotating 
the bicycle wheel, the angular momentum of the 
wheel has reversed direction and become nega- 
tive. Therefore, the answer is —Iw. 


| 
| 
T 
€ 
Ss 
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(b) The total angular momentum is still +Jw, 
which means that the rest of the system (other 
than the wheel spinning) must pick up and an- 
gular momentum equal to +2/w. 

9-d7 Let T be the time required for one rota- 
tion. Then the velocity of a ball rolling with- 
out slipping is v = 27R/T, and we have L/p = 
(4am R?/5T) /(2nmR/T) = (2/5)R. 

9-d8 (a) The total moment of inertia is a sum 
of the contributions from the rod and the two 
point masses: 


otai = (1/12) ML? + 2M(L/2)? = (7/12) ML? 


(b) Again, the total moment of inertia is the sum 
of the contributions from the rod and the two 
spheres. However, to find the moment of inertia 
of one of the spheres, we need to use the parallel- 
axis theorem: 


Isphere = (2/5) Mr? + M(L/2)?. 
Therefore, 
Lota = (1/12) ML? + 2[(2/5)Mr? + ML? /4] 
= (7/12) ME? + (4/5) Mr? 


c) If r= L/5, then I® = (923/1500) ML. 
total 
1) 


total 


48 
923 SAA 


9-d9 Let's call the mass of the sphere m, where 
M = W/g (at the very end of the solution, we 
can replace M with W/g). The total kinetic en- 
ergy of the solid sphere is 


KEtotal = KEtrans a KEvot 
= (1/2)Mv? + (1/2)Iw? 
= (1/2)Mv? + (1/2)[(2/5)MR?](v/R)* 
= (7/10)Mv? 


Note we could replace w with v/R because the 
sphere is rolling without slipping. Setting this 
KE equal to the gravitational PE reached, we 
get 

Mgh = (7/10)Mv? 


Tu? 
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where h is the vertical height of the sphere when 
it comes to rest at the top of the incline. If we 
define L to be the length along the ramp that 
the sphere travels, then sin9 = h/L, and 
L= To? 
10g sin 0 


9-d10 The total kinetic energy of the sphere is 


KE total = KEtrans T KErot 
= (1/2)Mv? + (1/2)Iw? 
= (1/2)Mv? + (1/2)cM Rw? 


If the sphere rolls without slipping, then w = 
v/R, and 


KEtot = (1/2)(1 + ) Mv? 


Keep in mind that 1/(1 + c) of the total KE is 
translational, and c/(1+c) of the total KE is ro- 
tational. From conservation of energy, we know 
that the total KE of the sphere when it reaches 
the bottom of the ramp is MgH. By combining 
these two facts, we know that at the bottom of 
the ramp 


1 
KEtrans = (=) MgH 
l+e 


1 
KErot = (=) MgH 


As the sphere climbs up the ramp again, it expe- 
riences no friction, and therefore the rotational 
KE doesn’t change. (there is no torque on the 
sphere about the center-of-mass!) Therefore, the 
height h reached is governed by conservation of 
energy, but only the translational KE is con- 
verted to gravitational PE. Therefore, 


9-d11 Let's take the recommendation in the 
problem and do this just once for an object with 
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I = cMR?. If we draw a FBD for the object, 
there are two forces that have a non-zero com- 
ponent along the direction of motion (gravity 
and static friction), and there is only one force 
that produces the torque about the center-of- 
mass (static friction). These give the equations 


Mgsin0— fs = Ma 
Rf, = Ia = (cM R°?) (a/R) 


By dividing the second equation by R and adding 
the two equations, we get 


Mgsin@ =aM(1+c) 


1 
a= (=) gsind 


Taking Choop = 1, Csolia sphere = 2/5, and 
Csolid cylinder = 1/2, the answers are as follows: 
(a) @hoop = (1/2)g sin 0. 

(b) A solid sphere = (5/7)g sin 6. 

(c) Asolid cylinder = (2/3)g sin 0. 

9-d12 Newton’s second law applied to the 
hanging mass gives 


mg —T = ma, 


where T is the tension in the string. The torque 
acting on the platform is TR, so 


a=TR/I. 


The relationship between the linear acceleration 
of the string and the angular acceleration of the 
platform is 

a= Ra. 


These are three equations in the unknowns a, T, 
and J. Eliminating a and T gives 


T=mR? (2-1). 


a 


9-d13 The moment of inertia is I = [r?dm. 
Let the ring have total mass M and radius b. 
The proportionality 


M _ dm 
Ir «dé 
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gives a change of variable that results in 


M 27 


2 
== 0. 
Feds ród 


If we measure 0 from the axis of rotation, then 
r = bsin 0, so this becomes 


Mb? f° 
I= i sin? 6 dé. 
27 Jo 


The integrand averages to 1/2 over the 27 range 
of integration, so the integral equals 7. We there- 
fore have I = 3M b?. This is, as claimed, half the 
value for rotation about the symmetry axis. 
9-d14 The moment of inertia of the rod for ro- 
tation about its center is (1/12)mé?, where m is 
the mass of the rod. Using the parallel axis the- 
orem, its moment of inertia about the fulcrum is 
(1/12)mé?+mb?. The gravitational torque, with 
the fulcrum as the axis, is mgb. The resulting 
angular acceleration is a = T/I. The tangential 
acceleration at the bug's position is (¢/2 + b)a, 
and setting this equal to g gives b = £/6. 

9-d15 The moment of inertia for a uniform rod 
about one end is (1/3)m1?. The torque due to 
gravity is (1/2)mgé. The resulting angular accel- 
eration is (3/2)9/f. The tangential acceleration 
at the bug's position is a = ba. Subtracting this 


from g gives 
3b 
a=l(l-—)4g. 
m= (1-3) 


It is perhaps a little surprising that this can be 
negative for b > (2/3)£, meaning that the bug 
will lose contact with the door unless its feet are 
sticky enough. 
9-el (a) The result from problem 19 was E = 
L?/21. This suggests plotting E as a function of 
L?, which should give a line with a slope of 1/21. 
Since my spreadsheet software was rounding L? 
off to zero, I actually scaled both variables by 
powers of 10 before plotting them, as indicated 
on the labels on the axes. 

The plot is indeed a pretty good straight line, 
although some small deviations from linearity 
are apparent. The fact that the y-intercept is 
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nonzero is an indication that the form of the data 
is not quite E œx L?, which would give E = 0 for 
L = 0. The actual data do have E = 0 at L = 0, 
since all energies were measured relative to the 
lowest one. But since the graph has some cur- 
vature to it, the best-fit line doesn’t go through 
the origin. 


The slope is .1834, which has to be multiplied 
by 1071%+68 giving I = 2.7 x 10754 kg-m?. 

(b) The total volume of this nucleus is 
about 168 cubic femtometers, corresponding to a 
sphere with a radius of about 3 fm, and the mo- 
ment of inertia of a sphere gives I = (2/5)mr? ~ 
1x10-°4 kgm?. The actual moment of inertia of 
the nucleus is about three times this value, which 
isn’t bad agreement at all, considering that we’re 
trying to describe a quantum-mechanical system 
using classical physics. 
9-e2 


Although this looks like a definite integral be- 
cause it has limits of integration, it’s really more 
like an indefinite integral in the sense that the 
upper limit of integration is a variable. By 
switching to the unitless variable u = r/€, we 
can transform this into a definite integral that 
we'd be more likely to be able to find in a table 
of integrals, and this also has the advantage of 
making the calculus less messy. The result is 


1 
r= pé | ue" du 
0 


The units are all in the factor in front: 
(kg/m)(m*) = kg-m?, which is correct for a mo- 
ment of inertia. The integral can be done by 
integration by parts, by looking it up in a table, 
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E/(104-14 J) 


50 


40 


30 


20 
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f(x) = 0.1834x + 1.0713 "d 
ra 
va 
ra 
A 
An : 
paii 
50 100 150 200 250 300 


(L/(104-34 kg.m2/s))^2 


Problem 9-el. 


PROBLEMS 


or using computer software. 


I = pÈ e" (u? — 2u + 2, 
= (e — 2)ul? 


9-e3 (a) Since it’s infinitesimally small, we can 
aproximate it as a rectangle. Its dimensions are 
dr and (using the definition of radian measure) 
rd@, so the area is dA = rdrdé. 

(b) Now we get an (approximately) rectangular 
box with height dz. Multiplying by the height of 
the box gives a volume dV = rdr d0 dz. 

(c) The flavor of this problem is very similar to 
that of the calculation of the moment of inertia 
of a disk, (1/2)Mr?, in section 4.2.5. In fact, 
we can save quite a bit of time by slicing the 
cone into disks and just integrating over all the 
disks. Each disk has infinitesimal height dz and 
mass dM. It turns out to be convenient to pick a 
coordinate system in which z = 0 is the tip of the 
cone, and the cone extends to z = h (i.e., if we 
want to visualize the positive z axis as being up, 
then the cone is upside-down). The advantage 
of this choice is that the surface of the cone is 
defined by the simple equation r = (b/h)z. 


1 
r= | jam” 
2 


l 
NI = 
d 
2 
a oN 
—| > 
SÁ 

A 
— 
x 
A 
a 
Xx 


Our answer is in terms of p, but we’re supposed 
to express it in terms of M. We can either 
look up the formula for the volume of a cone, 
(1/3)b*h, or evaluate it using a similar integral, 
omitting a factor of (1/2)pr? in the integrand. 
The final result is 

3 


I= > Mb? 
10 


315 


It makes sense that the result depends only on 
b, not h, since changing h without changing the 
mass would not change how far any of the mass 
was from the axis. It also makes sense that the 
numerical factor of 3/10 in front is smaller than 
the factor of 1/2 for a disk; a cone of radius b 
has more of its mass closer to the axis than does 
a disk of radius b. 

9-e4 This is exactly the same as the calculation 
of the moment of inertia of a cube in section 
4.2.5, except for the limits of integration. 


a/2 b/2 c/2 
=p] / (y? + 22) dy dz de 
—a/2J—b/2 J—c/2 
b/2 c/2 
= pa / (y? + 2°) dy dz 
—b/2 J —c/2 


c/2 b/2 


b/2 c/2 
= pa f y dy dz + pa f J 22 dy dz 
—b/2 J—c/2 —b/2 J —c/2 


c/2 b/2 
= pab f y? dy + pac | í 
—c/2 —b/2 


zdz 


1 1 
= —pabc? b3 
12°" c” + er 


1 
= ¿Pele +c’) 
Mio. 2 
= É +e ) 
The result doesn’t depend on a, and that makes 
sense, because changing a without changing the 
mass wouldn't change how far any of the mass 
was from the axis. 
9-e5 (a) 


(b x C)y =dCx — Cobo 
(b x c), = baCy — Cody 
(a x (b x c)), = @,(b,¢, — ¢,b,) — az (bp Gy — cz by) 


= bz (GyCy + 4202) — Cr (ayby + azbz) 


This can be put in the desired form by adding 
Gzb,c, to the first term and subtracting it from 
the second. 

(b) In the case where w = wx, applying the 
rule found in part a to the integrand results in 
wr? — aw = w(y* + 27). 

(c) Tackled by brute force, this is messy but 
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straightforward. To get the result much more 
simply, let's start with a sphere of radius 1, 
whose moment of inertia is (2/5)m. Since this 
equals f (y?+2°) dm, by symmetry we must have 
fu? dm = f 22dm = (1/5)m. What happens if 
we stretch it out along each axis, increasing its 
length along the x axis by a factor of a, and 
similarly for the other two axes? In the inte- 
gral fy?dm, the stretching has had the effect 
of increasing the integrand by a factor of b?, so 
it contributes (1/5)mb?, and similarly for the 2? 
integral. The results for the diagonal elements 
of the moment of inertia matrix are 


1 

Tee. = ¿mi + e?) 5 
1 

Ly = ¿na +c?) , and 
1 

lga ¿ma +67) 


9-e6 (a) Let r = uA + vB, where the interior 
of the triangle is defined by u > 0, v > 0, and u+ 
v < 1. The parallelogram-shaped region defined 
by the infinitesimal intervals du and dv then has 
area dA = |A x B|dudv. The position of the 
center of mass is then given by 


oars frdA 
cm — fas 
7 J “(uA + vB) du du 
h i dudv 


where we can treat the differential of area dA 
as if it were the differential of mass dm because 
the mass per unit area cancels out. The numer- 
ator and denominator can both be split up into 
two similar integrals, and straightforward calcu- 
lus gives the result as claimed. 

(b) Here we do need to explicitly introduce the 
mass per unit area 2m/|A x B|, but we get a 
cancellation between this factor of |A x B| and 
the one arising from the relation between dA and 
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dudv. The moment of inertia is 


1/2 p1/2 
I= 2m | r? du dv 
-172 J-1/2 
1/2 p1/2 
=m A?u? dudv+...+0 ; 
-1/2J-1/2 


where ... represents a similar term for vector B, 
and 0 is a cross-term that vanishes. The integral 
is separable, and the result is as claimed. 

(c) Let I, be the moment of inertia calculated in 
part b, and let h = (1/6)|A + B| be the distance 
between the quadrilateral's center of mass and 
the center of mass of one of the triangles into 
which it can be split up, which follows from part 
a. Then 2(1, + mh?) = (1/6)m(4? + B?), and 
solving for I, gives the result claimed. 

9-e7 (a) Suppose that u is a solution. Then if 
ô is any vector for which a -ô = 0, then u + ô 
is also a solution. Thus if we fix the tail of u at 
the origin, its tip traces a plane perpendicular to 
a. We also need to show that a solution exists. 
Since a is nonzero, one solution is ab/|a|?. 

(b) The demonstration of nonuniqueness is sim- 
ilar to the one for the dot product, except that 
now we want 6 parallel to a. The solution set 
forms a line parallel to a. Existence follows 
because given any line segment with nonzero 
length, we can form a (possibly degenerate) rect- 
angle with a given area and having that segment 
as one of its sides. 

(c) Because the plane and line described in parts 
a and b are perpendicular, they have a unique 
point of intersection. 

9-g1 The pliers are not moving, so their an- 
gular momentum remains constant at zero, and 
the total torque on them must be zero. Not only 
that, but each half of the pliers must have zero 
total torque on it. This tells us that the magni- 
tude of the torque at one end must be the same 
as that at the other end. The distance from the 
axis to the nut is about 2.5 cm, and the dis- 
tance from the axis to the centers of the palm 
and fingers are about 8 cm. The angles are close 
enough to 90° that we can pretend they’re 90 de- 
grees, considering the rough nature of the other 


PROBLEMS 


assumptions and measurements. The result is 
(300 N)(2.5 cm) = (F)(8 cm), or F = 90 N. 
9-82 Yes. For example, the force vanishes if 
the particle’s velocity is parallel to the field, so if 
the beam had been launched parallel to the field, 
it would have gone in a straight line rather than a 
circle. In general, any component of the velocity 
vector that is out of the plane perpendicular to 
the field will remain constant, so the motion can 
be helical. 

9-83 No, it just means that any torques that do 
act are adding up to produce zero total torque. 
For instance, a merry-go-round rotating with 
constant angular velocity has torques acting on 
it, but the motor’s torque and the torque due 
to friction are just canceling out to produce zero 
total torque. Of course it is also possible that 
no torques at all are acting (e.g., the earth has 
no torques on it at all), but it would be incor- 
rect to infer that the merry-go-round’s motion 
at constant angular velocity implied that there 
were no torques on it. 

9-g4 You can get the maximum torque by set- 
ting everything up with 6=90°, giving 


7=rFsin@ 


=rmg 


= 270 Nm 
9-g5 From the constant angular-acceleration 


equations, 


wf = Wo + at 


Plugging in wo = 90 x 27/60rad/s = 3r rad/s 
and t = 30 s, we find |a| = 0.31 rad/s?. Plugging 
this into X` 7 = Ty = Ia gives rs = 0.05 N - m. 


9-86 (a) In linear momentum, we had 


fray 


With angular momentum, this becomes 


fra = AL 
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In particular, from t = 2 s to t = 5 s, 


5s 
| (2.N - m)dt = AL = Los — Log = Les 
2s 


6N-m-s= Iws, = 1(90 rad/s) 


I = (1/15) kg - m? 


(b) Using the same equation from part (a) (relat- 
ing the integral of torque to the change in angu- 
lar momentum), we see that the change in angu- 
lar velocity from 5 s to 7 s is one-sixth the change 
in angular velocity from 2 s to 5 s. Therefore, the 
angular velocity is 105 s7! at t = 7 s. 

9-g7 The rotational analog of W = FAz is 
W =TA0. Both 7 and A0 are the same for the 
second revolution as for the first, so the work 
done in the second revolution is the same. 

9-g8 The total torque required is the torque 
needed to lift his arm plus the torque needed to 
lift the weight. Since his arm is not changing, 
she needs to tell him to set things up so that the 
torque needed to lift the weight is also the same 
as before. Torque is rF sin, and since he is 
decreasing r by a factor of 17/33, she should tell 
him to increase the mass by a factor of 33/17 so 
that the increased weight force will compensate 
for the decreased r. The new mass should be 
2.1 kg x 33/17 = 4.1 kg. 

9-g9 For the purpose of calculating gravita- 
tional torques, we can treat each branch as if its 
weight were concentrated at its center of mass. 
The longer branch’s center of mass is twice as far 
from the trunk, so the r is doubled. The gravi- 
tational force is also twice as much, so T = rF is 
four times greater. 

9-j1 (a) T = mg(l/2+b) —mg(l/2—b) = 2mgb 
(b) This is the same as the torque we would get if 
the full weight 2mg acted at the center of mass, 
which is at a distance b from the fulcrum. 

9-j2 (a) The initial angular momentum comes 
only from the piece of clay and is equal to mdvo. 
From conservation of angular momentum, 


mdvo = Ltorwt 
mdvy = (1 + md?) Wf 
mdvo 


ES TE 
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(b) The initial and final KE’s are 
KE; = (1/2)mwv 


KE, = (1/2)Lr01w7 
z 1 (mdvo)? 
~ 21+md? 
The fraction of kinetic energy lost is 
1 KE? _ 1 md? 7 I 
KE; — I+md2' I+ma 


(c) The kinetic energy of the door-plus-clay sys- 
tem is equal in magnitude to the work done by 
friction, |Ws,| = Tt AG. Therefore, 


_ 1 (mdv? 
- 2A0 I + md? 


9-j3 Astrid is right and Michelle is wrong. The 
force on the ball acts along the line of the string. 
This line is perpendicular to the ball's motion, 
so the string does no work on the ball, and the 
ball must therefore keep the same kinetic energy. 
After all, if the ball's kinetic energy was going 
to change, conservation of energy says that some 
other form of energy would have to change in the 
opposite direction, but the pole and the string 
aren't storing or releasing any energy. 

The flaw in Michelle's reasoning is that the 
strings force on the ball is not straight to- 
ward the center of the pole, since the string is 
wrapping around the pole. The string makes a 
nonzero torque on the ball, and the ball's angu- 
lar momentum changes. The ball is transferring 
angular momentum to the planet Earth. 
9-j4 (a) There is no torque on the book, and 
so its angular momentum about the center of the 
circle is conserved. Therefore, 


Tfr 


mRvo = m(R/2)v¢ 
Uf= 2%0 


(b) The work done (W) is equal to the change in 
KE (from the work-energy theorem). Therefore, 


W = KE, — KE; 
= (1/2)m(2v0)? — (1/2)mve = (3/2)mve 
= 3KE; = (3/4)KEs 


CHAPTER 24. QUANTUM PHYSICS 


9-j5 There is a kinetic frictional force on the 
ball, which reduces its momentum by Ap. As- 
sociated with this force there is also a torque. 
Just as force is the rate of change of momentum, 
torque is the rate of change of angular momen- 
tum, and since the ratio of torque to force is R, 
the ratio of AL to Ap is also R: AL = RAp. 
The ball has no angular momentum initially, so 
AL is the same as the final angular momentum 
L. We then have 


L 2R RAp R 
NS 
2 Ap 
2 
Ap = 5Po > 
Pp 7P 


so the ball loses 2/7 of its initial momentum, and 
is left with 5/7. 
9-j6 Newton’s second law is 


mg — T 


> 
m 


where T is the tension in the string. The yo-yo’s 
angular momentum is the same as the angular 
momentum of a single cylinder of mass m and 
radius R rotating about its axis: 


mmR? 
P E 
where to avoid confusion I’ve used P rather than 
T for the period. The period is related to the 
yo-yo’s downward velocity by v = 27r/P, so we 
have 


L= 


mR?y 
2r 
The torque on the spindle is Tr, so 


22 


We now have two equations in the two unknowns 
T and a. One equation is Newton's second law, 
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and the other is the equation just derived. Sub- 
situting the latter into Newton's second law to 
eliminate T, we find 


Ra 
a=g-— 
9 212 
=, g 
A A 
1+ R?/2r? 


Let’s check this answer. The units work, because 
g is an acceleration, and the denominator is unit- 
less. The denominator is greater than one, so 
a < g, which matches up with our real-world ex- 
perience: a yo-yo doesn’t drop like a rock. The 
acceleration gets smaller if R is bigger in relation 
to r, and that makes sense too, because increas- 
ing R makes it harder to spin (the same torque 
produces a slower change in the rate of rotation). 
9-m1 Note that, since the pulley has a non- 
negligible moment-of-inertia, the two tensions 
need to be different. Call the tension connecting 
block A to the pulley T4, and call the tension in 
the part of the string connecting block B to the 
pulley Tg. We know Tg > Ta in order for the 
pulley to start rotating clockwise. A free-body 
diagram for the two blocks give the following two 
equations: 


Ta = Maa 
Mg s Tp = Mpa 
Additionally, the fact that the sum of the torques 
on the pulley equals Ia lets us write the following 
for the pulley: 
R(Tg — T4) = Ia = Ia/R 
Tp — Ta = Ia/ R? = (1/2)Mca 
By adding this last equation to the first two, the 
tensions cancel, and we're left with 
Mpg = (Ma + Mg + (1/2)Mo)a 
Meg 
a = 
Ma + Mg + (1/2)Mc 


9-m2 (a) This is a nice example of a question 
that can very nearly be answered based only on 
units. Since the three variables, m, b, and g, all 
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have different units, they can’t be added or sub- 
tracted. The only way to combine them mathe- 
matically is by multiplication or division. Mul- 
tiplying one of them by itself is exponentiation, 
so in general we expect that the answer must be 
of the form 

p= Amit" g’, 


where A, j, k, and l are unitless constants. The 
result has to have units of kg-m/s. To get kilo- 
grams to the first power, we need 


j=1, 
meters to the first power requires 
k+l=1, 
and seconds to the power —1 implies 
l= 1/2. 


We find j = 1, k = 1/2, and l = 1/2, so the 
solution must be of the form 


p = Amy/bg. 


Note that no physics was required! 

Consideration of units, however, won’t help us 
to find the unitless constant A. Let t be the time 
the rod takes to fall, so that (1/2)gt? = b/2. If 
the rod is going to land exactly on its side, then 
the number of revolutions it completes while in 
the air must be 1/4, or 3/4, or 5/4, ..., but all 
the possibilities greater than 1/4 would cause the 
head of the rod to collide with the floor prema- 
turely. The rod must therefore rotate at a rate 
that would cause it to complete a full rotation 
in a time T = 4t, and it has angular momentum 
L = (nr /6)mb?/T. 

The momentum lost by the object striking the 
rod is p, and by conservation of momentum, this 
is the amount of momentum, in the horizontal 
direction, that the rod acquires. In other words, 
the rod will fly forward a little. However, this has 
no effect on the solution to the problem. More 
importantly, the object striking the rod loses an- 
gular momentum bp/2, which is also transferred 
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to the rod. Equating this to the expression above 
for L, we find p = (7/12)myby. 

(b) Finally, we need to know whether this can 
really be done without having the foot of the 
rod scrape on the floor. The foot of the rod 
is moving in a circle relative to the center of 
the rod, with speed v = rb/T, and acceleration 
v2/(b/2) = (x?/8)g. This acceleration is initially 
upward, and is greater in magnitude than g, so 
the foot of the rod will lift off without dragging. 
We could also worry about whether the foot of 
the rod would make contact with the floor again 
before the rod finishes up flat on its back. This 
is a question that can be settled by graphing, 
or simply by inspection of figure ?? on page ??. 
The key here is that the two parts of the accel- 
eration are both independent of m and b, so the 
result is univeral, and it does suffice to check a 
graph in a single example. In practical terms, 
this tells us something about how difficult the 
trick is to do. Because 71?/8 = 1.23 isn't much 
greater than unity, a hit that is just a little too 
weak (by a factor of 1.23!/? = 1.11) will cause a 
fairly obvious qualitative change in the results. 
This is easily observed if you try it a few times 
with a pencil. 
9-m3 (a) 


= fam 


= (m/s?) faa 


= (mp) ff a? + y? ) dz dy 


= (2/3)mb? 


(b) Since there is no horizontal force, the cen- 
ter of mass drops along a vertical line. When 
the square has rotated through an angle 0, the 
height of the center of mass above the floor is 
(b/\/2) cos. Differentiating this, we find that 
at the final position, 0 = 45°, the speed of the 
center of mass is v = bw/2. Conservation of en- 
ergy gives 


b 1.9, 1 
mg =mg) t3” E ¿MU 


v2 
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The result is 


9-p1 

No. It is momentarily at rest, but not at equi- 
librium, because there is a force on it, the force of 
gravity, which is not canceled out by any other 
force. Another way of putting it is that it has 


p = 0 at that moment, but not dp/ dt = 0, which 


is what equilibrium means. 

9-p2 Basically we have a situation with two 
equations in two unknowns. There is an equa- 
tion that says the total torque on the foot is 
zero, and another equation that says the total 
force on the foot is zero. The two unknowns 
are the tension in the calf muscle, T, and the 
force exerted by the shinbone, Fs. We can how- 
ever simplify the solution by choosing the axis 
to be the place where the shinbone attaches to 
the foot. With this choice, the shinbone makes 
no torque on the foot, and the torque equation 
thus has only the tension in the calf muscle as 
an unknown. There are two torques on the foot, 
a clockwise torque exerted by the muscle and 
a counterclockwise torque from the floor. The 
floor’s upward force equals the person’s weight, 
so if we use plus signs for clockwise torques the 
torque equation is 


Ta-Wb=0 ; 
which is easily solved to give 


b 
T=W- 
a 


Letting positive forces be upward, the force equa- 
tion is 
T-F,+W=0 ; 


SO 


PROBLEMS 


9-p3 (a) We have two unknowns, F and T, so 
we're going to need to find two equations to solve 
for them. Setting the total vertical force on the 
ruler equal to zero gives one equation (+=up), 


F=-mg+T=0 i 


and setting the total torque equal to zero 
gives a second one (axis on the right end, 
counterclockwise=+), 


L 
—bF + 3m9a=0 


Solving these, we find 


(b) In the case of b = L, we have F = T = mg/2, 
which makes sense because the finger and the 
string are at the ends of the rod, each support- 
ing half the rod’s weight. For b = L/2, we get 
T =0 and F = mg, because the rod is balanced 
on the finger, which means the string is slack. 
(c) For b < L/2, the tension in the string be- 
comes negative, which doesn't make sense — you 
can't push with a rope. In this situation, there 
is no possible equilibrium, and the rod just flips 
over in the counterclockwise direction. 
9-p4 

(a) The equilibrium occurs where the interac- 
tion energy has a local minimum. Setting a = 1 
as suggested, we have 


dU d -12_ 9,-6 
ae ae 2r ) 


= k (—12r7" + 12177) 


Setting this equal to zero, 


127718 = 12r" 
pis _ 7 
oom 


Since a = 1, this is the same as saying r = a. 
(b) Making a graph shows that this is a minimum 
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of U rather than a maximum. (You could also 
use the second derivative test.) 

(c) At r = œ, the equation gives U = 0. At r = 
a, we have U = k(1 — 2) = —k. The difference 
in energy is k. 


9-s1 (a) Let h be the height of the step, R the 
radius of the wheel, m its mass, and F the min- 
imum force required. When the wheel is just 
about to lift off, the normal force of the ground 
under it goes to zero, so the only forces involved 
are gravity, F, and the force exerted by the cor- 
ner of the step. If we’re going to get it over the 
step, we have to make enough torque on it so that 
the total torque is clockwise. The minimum force 
corresponds to the case where the total torque is 
zero, so that any greater force would do the job. 
It’s natural to consider the corner of the step as 
the axis, since that’s the point around which the 
wheel will acutally rotate. With this choice, the 
only nonzero torques are the torque we're apply- 
ing and the torque of gravity. Defining the angle 
0 shown in the figure, we have 


F sin 0 = mgsin(90° — 0) 
F sin 0 = mg cos 0 
mg 
~ tanó 
R? — (R- h} 
R-h 
1—-(1-h/R) 
1—-h/R 


= mg 


= mg 


(b) For h = R, the denominator equals zero, and 
the force required becomes infinite. This makes 
sense, because in this situation, you’re just trying 
to pull the wheel straight into the wall of the 
step. 
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9-s2 (a) Taking the point where the bar 
touches the ground to be the pivot point, there 
are two non-zero torques on the bar: one from 
the normal force, and one from the gravitational 
force. Take the ccw torque to be positive, and 
let d= L cos 0: 


Mg(d/2) - T(d) = 0 
T = Mg/2 


(b) From Newton’s second law applied to the bar 
(vertical components): 


T+N-Mg=0 
N = Mg/2 


(c) From Newton’s second law applied to the bar 
(horizontal components): 


fs=0 


9-s3 (a) Let the axis be the hinge, and let the 
length of the bar br £. The gravitational torque 
can be calculated by pretending that it acts at 
the bar's center of mass, with r = 4/2. Cancel- 
lation of the torques gives (1/2)¢mg = (T sin0, 
and the result is T = mg/(2sin 6). 

(b) To minimize T, we want to maximize sin 9, 
which means letting 0 be 90°. In other words, 
the cable is vertical. 

(c) As O approaches zero, the tension approaches 
infinity. No matter how hard you pull, you can’t 
support the weight of the bar with a horizontal 
cable. 

9-s4 (a) Choose our pivot point to be the lo- 
cation where the block is in contact with the 
ground. We require that the torques on the block 
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about this pivot be zero. The torque from the 
rope is TL out of the page. To find the gravi- 
tational torque, draw a vertical line downwards 
from the center-of-mass of the block. With a 
picture and some trig, you can solve for the mo- 
ment arm of this torque to be L(cos@ — sin 6). 
Therefore, 


TL = mgL(cos 6 — (1/2) sin 0) 
T = mg(cos 0 — (1/2) sin 0) 


(b) From Newton's second law applied to the 
block (vertical components): 


N=mg-=Tsin0=0 
N=mg+"T'sin0 
= mgl[l + sin 0(cos 6 — (1/2) sin 9)] 


(c) From Newton's second law applied to the 
block (horizontal components), we see that the 
static frictional force required is 


fs = T cos 0 = mg cos 0 (cos 0 — (1/2) sin 8) 


Also, we know that the maximum amount of 
static friction possible is 


max __ 
3 = 


sN = usmgl[1+sin 0(cos 0— (1/2) sin 0)] 
By requiring that f, < fP, 


1 1 
cos O(cos 0 — 5 sin 9) < ps[1 + sin 0(cos 0 — 3 sin 9)] 


cos 0(2 cos 8 — sin 0) 
= 2+ sin 0(2cos0 — sin 0) 


ls 


For 6 = 30°, we have us > 0.408. 

9-s5 We know that, without the weight, the 
meter stick is balanced at the 48.0 cm mark. 
Therefore, the center-of-mass of the meter stick 
is located here. When the weight is attached, the 
torque from the weight of the meter stick cancels 
with the torque from the hanging weight. There- 
fore, 


(2.0 cm)M = (30.0 cm)(4.0 g) 
M = 6.0 x 10! g 


PROBLEMS 


9-s6 (a) Look at the torques on the bar taking 
the left side to be the pivot. Taking the reading 
Nə to be equal to Mg, 


Myg(L/2) + (2Mg)x — Mg(L) =0 
x= L/4 


(b) From Newton’s second law, we know that the 
upwards forces from the two scales must balance 
the weight of the bar and Julia, 3Mg. Since 
No = Mg, we know Ni = 2M gq. 

9-s7 (a) Taking the hinge to be the pivot point, 
we find (taking cw torques to be positive) 


mgL/2+ Wrz -— Tsin =0 
mgL +2Wx 


T= 
2sin0 


(b) The x-component of the force on the bar from 
the hinge cancels with the horizontal component 
of tension. Therefore, 


mgL + 2Wx 


Fs = +T cos0 = 
ae 2tan 0 


(c) The torque from the y-component of the 
force on the bar from the hinge cancels with the 
torques from the weight W and the gravitational 
torque on the bar. Therefore, 


F,L—mgL/2-W(L-x)=0 
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law (vertical components) of forces acting on the 
stoplight-system, we get 


N — Fıs —3Mg =0 


N= 3m g (2 + 1) 
2 w 

9-s9 (a) There are three forces on the ladder, 
F,, Fa, and its own weight, which can be thought 
of as acting at its center for the purpose of 
calculating torques. If it's going to remain at 
rest, the total horizontal force, total vertical 
force, and total torque must all be zero. Taking 
the axis of rotation as the center of the ladder, 
the weight force makes no torque. If ¢ was less 
than 0, both torques would be of the same sign 
(clockwise), so they could not cancel. 
(b) The three conditions for equilibrium are: 
zero total horizontal force: 


F,¡cosp— Fy =0 (1) 


zero total vertical force: 


Fy sing — mg = 0 (2) 


zero total torque: 


L L 
af sin 0 — z” sin(d a 0) =0 


or 


Fy sin@ — Fi sin(¢ — 0) = 0 (3) 


Fy = mg/2+ W(1— x/L) For our numerical check, let’s arbitrarily choose 


9-s8 (a) Let the cw torques be positive and the 
ccw torques be negative. Take the right side 
of the base to be the pivot point, and look at 
torques on the stoplight-system. Let’s call the 
magnitude of the downwards force from the left 
screw Fls. 


so (3-2) =so(D-$)-00(%) 


(b) Call the upwards normal force on the base 
equal to N. By looking at Newton’s second 


mg = 1.000 N. L is irrelevant, since it canceled 
out in eq. (3). Eq. (2) gives Fı = 1.118 N. Eq. 
(1) gives Fy = 0.500 N. As advertised, eq. (3) 
checks out. 

9-v1 In the previous problem, we got three 
equations, which involved several variables we 
want to get rid of: Fi, Fo and m. It should 
be possible to solve three equations in three un- 


F¡.s.w =kWowns. We can simplify things right off the bat 


by realizing that eq. (2) is useless; it introduces 
another variable, m, which we don’t know and 
don’t want to know. So we’re better off just ig- 
noring it and considering this as two equations, 
(1) and (3), in two unknowns. The general strat- 
egy in solving simultaneous equations like this 
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is to solve one of the equations for one of the 
unknowns, then substitute into the other equa- 
tion(s) to eliminate it. Let's solve eq. (1) for 
F> = F,cos¢. Eliminating F from eq. (3), we 
have 


F, cos ¢sin@ — Fi sin(¢ — 0) = 0 ; 


which we can now simplify by dividing by Fi, 
resulting in 


cos ¢ sin 0 — sin(¢ — 0) = 0 


We've eliminated all the unknowns, and we now 
have a relationship involving only 0 and ¢, the 
things we’re interested in. Using the trig identity 
as suggested, sin(¢ — 0) = sin ¢ cos 6 — sin 0 cos ¢, 
so our equation becomes 


cos ġ sin 0 — sinpcosÓ0 + sin 0 cos o = 0 


Simplifying, we get tang = 2tan0, so p = 
tan”!(2tan0). As claimed, m and L are irrel- 
evant. 

9-v2 Label the normal force from the wall N,, 
and the normal force from the ground N,. The 
normal force from the ground on the ladder must 
support the weight of the person, and so N, = 
Mg. Therefore, the maximum amount of static 
friction that the ground can provide is f™°* = 
is Ny = us Mg. The only forces in the horizontal 
direction are N,, and fs, and so the maximum 
force that the wall will provide assuming static 
equilibrium is Nọ = f?* = usMg. Label the 
maximum distance that the person can climb up 
the ladder (along the ladder) “x”. By looking 
at the torques on the ladder about the point of 
contact with the ground, 


Mgxcos0 = Nu Lsinð = u¿MgL sinó 
x= HisLtanó 


9-v3 What makes this a little hard is that not 
only do we not know the weights w and W of the 
ship and bottle, we also can't tell the exact po- 
sitions of their centers of mass. Let the bottle's 
center of mass lie at a distance H to the right 
of the fulcrum, and let the ship's center of mass 
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be h to the right of the ship's stern. Suppose 
that for our first measurement we slide the ship 
around until its stern is a distance b; to the right 
of the fulcrum. Let the axis be at the fulcrum, 
so that the (unknown) force from the fulcrum 
doesn't make a torque. Then setting the total 
torque equal to zero gives 


(bı +h)w+ HW — S14 = 0 ; 


where Sı is the scale's reading in this position, 
and £ is the scale’s distance from the fulcrum. 
This is one equation in four unknowns (h, H, w, 
and W). It wouldn’t do us any good to write 
down the equation that says that the total force 
is zero, because that would bring in another un- 
known: the force at the fulcrum. 

It should now be fairly clear that a solution 
exists. Every time we slide the ship around to 
a new b, we generate a new equation, without 
introducing any new unknowns. It is therefore 
definitely possible to get a unique solution for 
all four unknowns simply by sliding the ship to 
locations bi, ba, b3, and b4. 

Actually it turns out that only two locations 
are necessary. At a second location, 


(bo + h)w + HW — Sal = 0 


Subtracting the two equations gives (bı — b2)w — 
(S1 — S2) = 0, which has only the unknown w 
in it. 

9-v4 (a) Let’s use subscripts r for the rope, g 
for gravity, and n for the floor’s normal force. In 
the case where the block topples, it rotates and 
its center of mass rises as it tips up and over. 
In the case where it slides without tipping, nei- 
ther of these is supposed to happen, so the ver- 
tical forces must cancel, and the torques must 
cancel. Cancellation of the vertical forces gives 
F„ = mg. The torques are most easily calculated 
using T = r, F, with the axis taken to be at the 
center of the box. Note that in the condition 
where the box is not tipping, the normal force 
is actually being distributed over the whole bot- 
tom surface of the block, so it doesn’t actually 
have a single, well-defined value of rı; however, 
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as soon as the tipping starts, the only point of 
contact is at r} = a. The torques are there- 
fore Tr = bF, and Tn = amg. If the box is just 
about to tip, i.e., the force from the rope has its 
maximum value, then these torques cancel, and 
F, = (a/b)mg. The dependence on a/b makes 
sense, because a squat box with a large value of a 
would be more stable, allowing F, to be greater. 
(What we’ve actually calculated here is the value 
of F, for which the box would just barely start 
to tip. Once the box started to tip, we could ask 
ourselves whether it might then manage to right 
itself again. The answer is no, because once it 
starts to tip, both of the r, values start to de- 
crease, but their ratio is still a/b.) 

(b) The force of friction is Fy = wF, = umg. (In 
the case of static friction, this is the maximum 
force, which is what we're interested in because 
we want to see if we can unstick the box and 
get it to slide without tipping. In the case of 
kinetic friction, this is simply the value of the 
frictional force.) We now have a torque from 
friction, which is in the same clockwise direc- 
tion as the torque from the rope. Cancellation 
of the torques gives bF, + bumg = amg, yielding 
F, = (a/b — u)jmg. 

(c) The answer to part b, unlike the one from 
part a, could come out negative under certain cir- 
cumstances. The negative solution would be un- 
physical, and the interpretation would be that it 
would be impossible to accelerate the box with- 
out making it tip over. This happens for b > a/p. 
That makes sense. A big value of b means a tall 
box, which would be less stable. In the limit 
u — 0, we get b + 00, meaning that there is no 
maximum value of b, recovering the behavior of 
the frictionless case. 

9-v5 (a) Let the hinge be the axis, and set 
the total torque on one bar equal to zero. With 
this choice of axis, the normal force at the hinge 
makes zero torque, so we have 


1 
¿tmg cosa = lT sin(fB — a) 


This is a single equation in two unknowns, a and 
T, so we're not ready to solve anything yet. 
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The brute-force technique would be to set the 
total horizontal and vertical force on this bar 
equal to zero, and this would give us two more 
equations, while introducing one more unknown 
(the horizontal normal force at the hinge). We 
would then have three equations in three un- 
knowns. 

A trick that simplifies the calculation is to set 
the total vertical force on both bars equal to zero, 
in which case the normal force at the hinge be- 
comes an internal force that we can ignore. We 
then have 


2T sin B = 2mg 


Solving the second equation for T and plug- 
ging in to the first equation, we get 


1 sin(@ — a) 
= cos a = — = 
sin P 
1 sin 8 cos a: — cos P sin a 
= cosa = - 
2 sin 8 


1 
a = tan”! G tan) 


(b) For 8 = 0, 45°, and 90°, we get a = 0, 27°, 
and 90°, respectively. All three of these make 
sense physically. In particular, the intermediate 
case has a < 8, which looks intuitively right. 


>): 
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9-v6 (a) Let N be the normal force of the 
cylinder on each bar. The total force on the 
bars in the vertical direction must be zero, so 
2N cos 6 = 2mqg. 

The total torque on each bar must also be zero. 
Let the axis be at the hinge. The torque due to 
gravity is mg(L/2) sin(90° — 0) = mg(L/2) cos 6. 
Constructing the right triangle with vertices at 
the hinge, the point of contact, and the center of 
the cylinder, we find that the distance from the 
hinge to the point of contact is rtan, so the 
torque of the cylinder on each hinge is Nr tan ð. 

We now have the two equations 2N cos? = 
2mg and mg(L/2)cos0 = Nrtanó in the two 
unknowns 0 and N. Eliminating N, we find the 
result claimed in the problem. 

(b) For large values of r/L, tan9 must ap- 
proach zero, so 0 approaches zero. This makes 
sense, because the cylinder is so huge that the 
hinge is essentially lying on a flat surface. 

For small values of r/L, tan@ must approach 
infinity, so 0 approaches 90 degrees. This is in- 
tuitively appealing if we imagine the cylinder as 
a hair-thin wire: the hinge folds flat. 
9-v7 (a) We work by induction. Clearly Lı = 
w/2. Given Ln, we can find L, +1 by thinking 
of the stack of n + 1 as being composed of a 
single book at the bottom with n books on top 
of it. We don’t want the n books to tip, so they 
should protrude beyond the bottom book by Ln. 
In addition, we don’t want the entire stack of 
n + 1 to tip over the edge of the table, i.e., its 
center of mass should be above the table’s edge. 
Letting 6 = £ny1 — Ln, the horizontal position 
of this center of mass relative to the table’s edge 
is nô + (ô — w/2)/(n + 1) = 0. This results in 
ô = w/2(n + 1), so 


(b) If we draw rectangles on graph paper to rep- 
resent the sum occurring in part a, then the curve 
y = 1/(1 + 1) always lies below the rectangles, 
so Ln > (w/2) f de/(u + 1) = (w/2) In(n + 1). 
Plugging in numbers proves the result claimed 
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for L > Tw. 

9-v8 Let positive x be to the left, positive y 
out of the page, and opsitive z up. Let the axis 
be at the universal joint. The total torque is 


+(& +2) x (09) 
+ (39 +2) x (cx). 


Computing the cross products and setting this 
equal to zero gives 


This is a system of three equations in the three 
unknowns. The solution is a = 1/3, b = 1/6, and 
c=1/3. 

10-al The difference in pressure between the 
inside and the outside of the plane is (3/4) Po = 
7.6 x 104 Pa. Multiplying this by the area of 
the window, A = 0.20 m?, we see that a force of 
15 KN is required! 

10-a2 (a) Let’s call a the cross-sectional area 
of the (small) piston, and A the cross-sectional 
area of the (large) load platform. We need a 
force Mg at the platform end to lift the car, 
which corresponds to a gauge pressure of Mg/A. 
This is the pressure we will need to apply to 
the piston end. Setting F/a = Mg/A, we get 
F = Mg(a/A) = Mg(d/D)?. 

(b) The piston moves a distance H, where Ha = 
LA (a and A being the areas as defined in 
the solution to part a). This is because the 
volume of water remains constant. Therefore, 
H = L(A/a) = L(D/d)?. 

(c) The work done by the force applied to the 
piston is FH = [Mg(d/D)?][L(D/d)?] = MgL, 
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which is exactly the change in gravitational PE 
of the car. 

10-d1 (a) The pressure in the straw can be re- 
duced by a maximum amount equal to pwgh = 
9800 Pascals. Therefore, the minimum pres- 
sure you can get the air inside is (1.013 x 10° — 
9800) Pa = 9.2 x 10* Pa = 0.90 atm. 

(b) Setting pwgH equal to atmospheric pressure, 
we get H = 10.3 m. 

10-d2 The pressure is Py + pwgd, where d is 
the depth of the water. This gives an absolute 
pressure of 3.1 x 10’ Pascals, or 310 times atmo- 
spheric pressure! 

10-d3 (a) pgL = Po gives p = Po/(gL). 

(b) pug = 13600 kg/m?. 

10-d4 The pressure at the bottom of the col- 
umn of water is equal to the pressure at the bot- 
tom of the column of the unknown liquid (oth- 
erwise, there would be a net force on the wa- 
ter underneath this height, and the water would 
move). The pressure at the bottom of each col- 
umn is Po + pgd, where p is the density of the 
liquid, and d is the depth as measured from the 
surface (which is at atmospheric pressure, Po). 
Therefore, 


Pwh = px 
PX = Pw(h/H) 


10-d5 (a) If the expression 1 + by is to make 
sense, then by has to be unitless, so b has units 
of m”!. The input to the exponential function 
also has to be unitless, so k also has of m~!. The 
only factor with units on the right-hand side is 


P,, so P, must have units of pressure, or Pa. 


(c) The three terms inside the parentheses on 
the right all have units of m~+, so it makes sense 
to add them, and the factor in parentheses has 
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those units. The units of the result from b then 


look like 
kg Pa _; 
~ m/s? 
N/m? 
= m2 /s2 
kg-m7!-s 
E m?s? * 


-2 


which checks out. 
10-d6 (a) 


b 
Psur face — Lcenter = / 
r=0 


b 
=- f pgdr 
r=0 


The pressure at the surface is essentially zero, so 


dP 


b 
Pinter = / Pg dr 
r=0 


b 
Gmr 

le E dr 
z a if 

2b3 r=0 
_ Gpm 
— 2b 
3Gm? 
— 8mbt 


(b) The units of Gm?/b? are newtons, so the 
units of Gm?/b* are N/m?. 

(c) 1.7 x 10" Pa. 

(d) Atmospheric pressure is 10% Pa, which is, 
as expected, about six orders of magnitude less 
than the answer to part c. 


II 


10-g1 (a) The strength of the gravitational 
field is irrelevant: it cancels out because both 
the weight of the sphere and the weight of the 
displaced liquid are equal to it. This means that 
there must be a relationship among the follow- 
ing four variables: the density of the liquid, the 
density of the sphere, the radius of the sphere, 
and the draft y. The two densities are the only 
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variables that have kilograms in their SI units, 
so there is no way they could be related to the 
two lengths except if the ratio of the densities 
is the only thing that matters. Similarly, only 
the ratio of y to the radius can be related to the 
density ratio. We therefore have a relation of the 
following form: 


density of sphere _ ( draft 


density of liquid — a 


The appearance of the ratio on the right tells 
us that the physics is scale-invariant. That is, if 
we take a picture of a large sphere and a small 
sphere floating, the pictures will look the same 
except for a rescaling. 

(b) Let the density of the liquid be 1 and let 
the radius of the sphere also be 1. Let v be the 
volume of the displaced liquid and p the density 
of the sphere. Archimedes’ principle says 


An 
oars 
All that remains is to find v in terms of y. To 
accomplish this, we can break the sphere down 
into horizontal disks and integrate over the disks. 
Let x be the radius of the disk (which is less than 
or equal to than the unit radius of the sphere). 


1 
=r |y+1- 308+) 


Solving for the density we have 
1 3 
p=4 [—y* + 3y +2]. 


As a check on the result, we find that y = —1 
gives p = 0, and y = 1 gives p = 1. 

10-g2 (a) Let V be the volume of the can and 
pa be the density of the air. The ratio of the 
two forces is Fp/Fy = paV/(Mcan+PHeV) = 1.3. 
Since this ratio is greater than one, the can floats. 
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10-g3 Suppose you have a maximum lift force 
of F. The fact that you can lift a mass M of lead 
underwater tells us 

Mg =F+ VaispPw9 

Mg = F + Mg(bw/prv) 


M 
Mg=F+ 23 
11.3 

F =0.912Mg 


When you replace the lead with aluminum, the 
maximum mass you can lift is M’, where 


M'g = F + M'g(pw/par) 


M'g 
M'g= F+ 
9 2.8 
M' = 1.56(F/g) 
M' =1.42M 


10-g4 Suppose the volume of the block is V. 
The mass of the block is M = (kpy)V, and the 
fact that the block is fully submerged with a 
downwards force F gives us the equation 


Plugging in V = M/(kp,), 


M 
F+Mg=—* 


re 
1=k) g 

10-g5 (a) V = M/p. gives V = 0.062 mè. 
(b) Fbuoy = V Pair 9 =0.73 N. 
(c) Gina would weigh an additional 0.73 N, which 
translates to a mass increase of 0.074 kg. 
10-86 The information in the problem state- 
ment tells us that the buoyant force is (2/5)mg. 
Since the buoyant force is Vopjpwg, and since we 
can write Vo; = M/porj, we know pPw/pPobj = 
2/5, or the density of the object is 2.5p,,. If the 
object is placed in Bromine, it will float and a 
fraction 2.5/3.1 = 0.81 of it will be submerged. 
10-k1 This is closely analogous to example 1 
in section 1.1.1. Since all three channels have 
the same width and depth, they all have the 
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same cross-sectional area. If the speed of the 
current was the same in all three channels, then 
we'd have nonconservation of mass, because the 
rate at which mass was leaving the fork would 
be double that at which it entered. We'd be cre- 
ating water out of nothing. The speed of the 
currents leaving the fork can't both be as high 
as the speed of the current entering. Based on 
the symmetry of the situation, it's probably a 
good approximation to expect that each of the 
two channels below the fork will have a current 
with half the speed seen above the fork. 

10-k2 (a) The volume-flow-rate (volume per 
unit time) at this section of the river is Ayu, = 
2200 m/s. 

(b) The mass-flow-rate (mass per unit time) at 
this section of the river is pyA jv, = 2.2 x 
10% kg/s. 

(c) Water is incompressible and satisfies conser- 
vation of volume-flow-rate. Therefore, 


Avy = Aove 
v2 = 0.77 m/s 
10-k3 The cross-sectional area is proportional 
to the square of the radius, so by continuity we 
have a?u = b?v, or v = (a/b)?u. 
10-k4 From Bernoulli’s Equation, 
Py = P + (1/2)pu? 


2(Po — 0.75Po) 
Pw 


=7.1 m/s 


v= 


11-al Newton's law of gravity depends on the 
inverse square of the distance, so if the two plan- 
ets” masses had been equal, then the factor of 
0.83/0.059 = 14 in distance would have caused 
the force on planet c to be 14? = 2.0 x 10? times 
weaker. However, planet c's mass is 3.0 times 
greater, so the force on it is only smaller by a 
factor of 2.0 x 10?/3.0 = 65. 

11-a2 Kepler’s law of periods says T œ R°/?, 
and solving for R gives R x T?/%. Converting 
this into a statement about ratios gives Ry /Ra = 
(T,/T2)?/> = 2.9, or 3 if we round off to one sig 
fig. 
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11-d1 Newton’s law of gravity is F = 
GMm/r?. Both G and the astronaut's mass m 
are the same in the two situations, so F « Mr”?. 
In terms of ratios, this is 


The result is 11 N. 

11-d2 (a) The asteroid's mass depends on the 
cube of its radius, and for a given mass the sur- 
face gravity depends on r~?. The result is that 
surface gravity is directly proportional to radius. 
Half the gravity means half the radius, or one 
eighth the mass. (b) To agree with a, Earth’s 
mass would have to be 1/8 Jupiter’s. We as- 
sumed spherical shapes and equal density. Both 
planets are at least roughly spherical, so the only 
way out of the contradiction is if Jupiter’s den- 
sity is significantly less than Earth’s. 

11-d3 (a) Since he’s on the earth’s surface, 
either F = mg or F = GMm/r? will work. 
mg = 590 N. 

(b) Same as in part a (Newton’s third law). 

(c) F = GmMLaurieMRoy/T? = 1.2 x 1077 N. 

(d) Her distance from the sun is essentially the 
same as the center-to-center distance between 
the sun and the earth, 1.5 x 10%! m, so F = 
GMsunMLaurie/r? = 0.38 N. 


11-d4 (a) 
gu _ mu [Ty 
ge Mglri 
mu TE A 
e, 
= 0.91 


(b) It's surprising that Uranus's gravitational 
field is weaker than Earth’s, since Uranus is a gi- 
ant planet. However, “giant” means two things: 
large in size and large in mass. The large size 
means that if you were at the visible surface of 
Uranus (the cloud-tops), you'd be very far away 
from most of its mass. The exact result of this 
competition between mass and distance depends 
on how dense the planet it. Uranus is far less 
dense than Earth. 
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11-d5 It’s tempting to say that the gravity on 
the space station is zero, since we see the as- 
tronauts floating around on TV. But that can’t 
be true, because Newton's law of gravity implies 
g x 1/r?, which could only be zero if r were infi- 
nite. (By the shell theorem, this holds as long as 
we're on or above the surface of the Earth.) The 
astronauts just seem weightless because they're 
orbiting the earth in the same orbit as the space 
station that surrounds them, so they move along 
with it. Let r be the radius of the Earth, which, 
by the shell theorem, is also the distance that ap- 
pears in Newton’s law of gravity for people living 
on the Earth’s surface. Let primed variables re- 
fer to the space station, so that in particular r’ 
is its distance from the center of the earth. 


A T A 
y=0(5) 


where h is the space station's height above the 
earth's surface. Since h/r is small, the quantity 
in parentheses won't be too different from one, 
and g’ won't be very different from g. Looking 
up r, we find g’ to be about 8.8 m/s?. 

11-d6 (a) From conservation of energy, where 
i is the moment of release and f is the moment 
just before they collide, 


KE; + PE; = KE; + PEs 


Gm? 1 4 
0 IR =2 (3m3) 


Gm 
4 aR 


(b) Assuming constant acceleration, vy = aT, 
where vy is given above, and a = F,/m = 
Gm/(4R)?. Solving this for T, 


p (4R)? [Gm _ [6R 
Gm 4R Gm 
(c) Plugging in numbers gives T = 104 s (3 
hours). 


Gm? 
2R 
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11-d7 The acceleration is a = wr = 


(27/T)?r = 4.7 x 1075 m/s?. If the astro- 
naut stands on the inside of the outer bulkhead, 
the force pushing up on her feet is what pro- 
duces her circular motion. This force is F = 
ma = 2.8 x 107? N. If she adopts the rotat- 
ing frame, she interprets this “upward” force as 
canceling the “downward” fictituous force of ap- 
parent gravity. This fictitious force is roughly 
equivalent to the weight of a raisin. 

11-d8 The relevant data are in the back of the 
book. Shortcut: for parts a, d and e, it's accurate 
enough to assume the distance between the moon 
and the sun equals the distance from the earth 
to the sun. 

(a) sun on moon: —4.35 x 10% N; 

(b) earth on moon: 1.98 x 107° N; 

c) 

d) 


(c) sun on earth: —3.52 x 10?? N; 

(d) total force on sun: |part a|+|part c| = 3.56 x 
102 N; 

(e) total force on moon: a + |b| = —2.37 x 107° 
N: 


E) 


(£) total force on earth: —|b|—|c] = —3.54 x 1072 
N 
11-d9 The earth’s force on the moon points up 
and to the right, and has magnitude 1.99 x 107° 
N, as calculated in problem #2. The sun’s dis- 
tance from the moon is slightly different than in 
problem #2, but not enough to cause a signifi- 
cant change in the force, which points to the left, 
and has magnitude 4.36 x 10% N. 

For vector addition, we need to find the x and 
y components. Let x be to the right, and let y 
be up. 


Foun œ = —4.36 x 10% N 
Feartha = (1.99 x 10% N) cos 45° 
Frotat,2 = —2.95 x 10% N 

Par SO 
Fearthy = (1.99 x 10% N) sin 45° 
Frotal,y = 1.41 x 10% N 


The magnitude of the total force is 
Pe iis + ta = 3.27 x 10% N. 


11-d10 Let the positive x axis be toward the 
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sun, and the positive y axis be toward the top 
of the figure. The sun's force then has a positive 
x component and a zero y component. Using 
Newton's law of gravity, we find 


Fs. = 0.096 N 
F, =0 


For Jupiter’s force, 


Fja =(GMm/r?) cos 95.2529° = —1.015 N 
Fy, = (GMm/r?) sin 95.2529° = 11.044 N 


The sun’s force is about a thousand times smaller 
than Jupiter’s. That makes sense, because al- 
though the sun’s mass is greater than Jupiter’s, 
the sun is also hundreds of times farther away, 
and the 1/r? in Newton’s law of gravity means 
that it depends very strongly on distance. As 
a further check, we also observe that Jupiter’s 
force has a small negative component and a 
large positive y; this makes sense geometrically. 
The total force has components 


Fy = Fog + Fre = —0.919 N 
FE, = F; y + Fyy = 11.044 N 


Its magnitude is 11.082 N, which is just slightly 
less than the 11.091 N magnitude of Jupiter’s 
force alone. It makes sense that it’s less. If the 
two forces had been in the same direction, the 
magnitude of the total would have been more 
than the magnitude of the individual forces. If 
they’d been perpendicular, the total would have 
been given by the Pythagorean theorem applied 
to the individual forces, and it would have been 
very slightly greater than Jupiter’s force. In real- 
ity, the angle between the two forces is not 90 de- 
grees, it’s somewhat more than 90 degrees. This 
causes some cancellation in the z components. 
11-g1 Any fractional change in r results in 
double that amount of fractional change in 1/r?. 
For example, raising r by 1% causes 1/r? to go 
down by very nearly 2%. A 27-day orbit is 1/13.5 
of a year, so the fractional change in 1/r? is 


(4/13.5) cm 
x x 
3.84 x 105 km 


1 km 
10% cm 


= 1.5 x 1071 
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11-g2 First we take Newton’s law of gravity, 
F = Gm1ma/r?, and throw out the constant 
factor of Gm¡ma, turning it into the propor- 
tionality F œ 1/r?, or r x 1/VF. Chang- 
ing this into a statement about ratios, we have 
rı/r2 = y F/F, = 10. At the earth’s surface, r 
equals the earth’s radius. To make it ten times 
bigger, we have to put the rocket nine earth radii 
above the surface. 

11-83 Your path to Mars is half of an elliptical 
orbit. Kepler’s third law says that that the time 
required for an elliptical orbit is proportional to 
its long axis to the power 3/2. It is convenient to 
work the problem in units of astronomical units 
(a.u.) and years, where 1 a.u. is the average 
distance from the earth to the sun. The long axis 
of our ellipse equals the sum of the radii of the 
earth’s and Mars’ orbits, which is 1.00 a.u.+1.53 
a.u.=2.53 a.u. Comparing with the earth’s orbit, 
which takes one year, we have 


time for half of your orbit 
time for half the earth’s orbit 


_ { long axis of your orbit 3/2 
XA diameter of earth’s orbit 


The quantities in the denominators are 0.5 years 
and 2.0 a.u., and solving for the unknown we find 
that the outward leg of the trip takes 0.70 years. 
11-g4 Looking up the masses of the earth and 
moon in the back of the book, we find that the 
earth is 81.2 times more massive than the moon. 
The cancellation point must therefore lie much 
closer to the moon than to the earth. Not 81.2 
times closer, though, because gravity depends on 
the square of the distance. The distance to the 
moon only has to be 81.2 = 9.01 times smaller 
than the distance to the earth, i.e., almost ex- 
actly 9/10 of the way from the earth to the moon. 
11-j1 Not if they are well above the planet’s at- 
mosphere, where there is no air friction. They do 
not need any force other than the planet’s gravity 
to keep them in orbit, any more than our moon 
needs a power plant to keep it going around the 
earth. As Kepler figured out, the only possible 
orbits are circles, parabolas, ellipses and hyper- 
bolas. No spirals! If, however, they were low 
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enough to get some air friction, it would be pos- 
sible for their orbit to decay in a spiral. 

The people who wrote these plots were prob- 
ably reasoning based on a kind of intuitive Aris- 
totelianism: the incorrect belief that things “nat- 
urally” slow down if there is no forward force on 
them. 

In the special case where the orbit is a circle 
(not an ellipse), we can also relate this to what 
we learned in chapter 9 about circular motion. 
Only an inward force is required in order to cause 
circular motion, and in this situation the inward 
force is being supplied by the planet's gravity. If 
the ship is initially moving at the right speed to 
be in a circular orbit, there is no reason why it 
would slow down, and “the right speed” means 
the speed at which the planet's gravity is just the 
right amount of inward force to make the ship go 
in a circle. 
11-j2 Let M be the mass of the mysterious ob- 
ject, and m the mass of one of the stars orbiting 
around it. The relevant equations are Newton's 
second law, 


a = — 
m 


Newton’s law of gravity, 


_ GMm 


2 ? 


F 


r 
and the circular-motion equation 


q? 


a = — 


The acceleration a isn’t given, and we don’t want 
to know it either, so let’s eliminate it by setting 
the first and third equations equal to each other. 
We’re now down to two equations: 


The force is also something we don’t know and 
don’t care about, so we’ll get rid of it by substi- 
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tuting the second equation into the first: 


GMm/r? v? 
m r 
GM _ v? 
pa r 
vr 
Orsi: 
~10%ke , 


which is something like a million times the mass 
of the sun! 

11-j3 (a) We’re given the period, T, and we 
know that the condition for a circular orbit is 


v= wygr 
The gravitational field is 
g=GM/r? 


To get the given period, the speed of the satellite 
must be related to the radius of its orbit by v = 
circumference/T', or 


2rr 
ac a 
We have three equations in three unknowns, v, 
g, and r. We don’t care about v or g, so let’s 
eliminate them first. Plugging the first equation 
into the third one, we eliminate v. The result is 
two equations in two unknowns: 


g=GMJ/r? 


2rr 


ae, 


Now we substitute the first equation into the sec- 
ond one, giving one equation in one unknown: 


2rr 
r T 


Solving this for r, the result is 
GMT?\ "P 
a ( 4r? ) 


= 4.2 x 10% km 
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This is the distance from the center of the earth, 
not the altitude. Subtracting the radius of the 
earth, we get an altitude of 3.6 x 104 km. 

(b) The gravitational field at this altitude can 
either be calculated directly from g = GM/r? or, 
more easily, by using the inverse-square nature 
of the field and computing it by comparison with 
the field at the earth's surface: 


dd 3 ES of a) ? 


9surface radius of orbit 


6.4 x 103 km y * 
4.2 x 10% km 


= 0.023 
= 2.3% 


11-j4 (a) Let M be the mass of the whole 
planet, and m the mass of some object on the 
surface. Then 
g=F/m—v*/r 

= (GMm/r?)/m — (2ar/T)?/r 

= GM/r? — 4r?r/T? 
The mass, m, of the object has canceled out, 
which is good because otherwise we would not 


be able to solve the problem. Eliminating M = 
pV =4/3rr%p, we get 


(b) Plugging in, the second term is 3.4 x 
107? m/s?. We know that the first term is 
9.8 m/s?, so the fractional change is 0.35%. 


(c) g = 0 = (4/3)nGrp—4r?r/T?, so T = \/ Eo, 
which does not depend on r. 

(d) Plug in. 

(e) Solving for p, p = 
10% kg/m? for T = 1 s. 
(£) Plugging p = 10!" kg/m? in to the equation 
in part c, we get T ~ 1 ms. If they went faster, 
they’d fly apart. 

11-j5 Newton’s second law gives 


3n/GT? = 14 x 


F = mpap, 
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where F is Ida’s force on Dactyl. Using Newton’s 
universal law of gravity, F= Gmymp/r?,and the 
equation a = v?/r for circular motion, we find 


Gmymp/r? = mpv’ fr. 
Dactyl’s mass cancels out, giving 
Gm;/r? =v?/r. 


Dactyl's velocity equals the circumference of its 
orbit divided by the time for one orbit: 
2nr/T. Inserting this in the above equation and 
solving for mz, we find 


De = 


An? r3 
my = CT?” 
so Ida’s density is 
p=my/V 
Arr 
= ov 


11-j6 (a) Combining Newton’s law of gravity 
F = GMm/r? with Newton’s second law a = 
F/m gives a = GM/r?, and if the motion is to 
be circular, then this has to equal v?/r, so 

v GM 

ror 
We then have v = yGM/r, and since the vol- 
ume of a sphere is (4/3)rr?, we have M = 
(4/3)mr?p and 


(4/3)nGp 


v=r 


(b) Solving for r and plugging in numbers gives 

about 3 km. 
11-j7 (a) Differentiating twice, we find 

v = kpt?! 

a = kp(p — 1)? 
This acceleration is given by Newton’s second 
law: 

a= F/m 
=GMr? 
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To relate the two expressions for the acceleration, 
we need to get them both in terms of the same 
variable, say r: 


t = (r/k) 1? 
a = kplp — 1)(r/k) F 
=GMr? 


Tf the powers of r are to be the same, then (p — 
2)/p = —2, or p = 2/3. Setting the constants 
out in front equal to each other, we find k = 
(9GM/2)'/3, 

(b) It approaches zero. If you shoot the bullet 
straight up at exactly escape velocity, then it 
slows down more and more, but never quite stops 
and falls back down. 

(c) This is a little tricky, because we have an 
equation for v, but it’s in terms of time. We 
want the initial velocity, i.e., the velocity at the 
earth’s surface, so we need to find the time t, 
at which the bullet’s distance from the center of 
the earth is ro, the same as the earth’s radius. 
The initial time is not zero! We already have the 
relation between t and r, so with a little algebra 
we find 


to = (To/k)8/? 
9253/2 


1/2 
ri 


=1.1 x 10* m/s 


Vo = 


11-j8 (a) The analysis of forces is qualitatively 
the same in both cases. There is an upward force 
normal from the scale on the astronaut, and a 
downward gravitational force from the planet. 
At the north pole, the astronaut is not accel- 
erating. The total force is zero, and the weight 
(mgx) is equal to the normal force read off the 
scale (600.0 N). At the equator, the astronaut 
is moving in a great circle about the center of 
the planet, and therefore the total force acting 
on them must be down (towards the center of 
the circle). The weight (equal to mgx) is no dif- 
ferent than at the north pole because the planet 
is perfectly spherical; however, the normal force 
(i.e., the reading on the scale) is less, so that the 
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total force is down. 

(b) The mass of the astronaut is m = 
(980.0 N)/(9.80 m/s?) = 100 kg. Therefore, 
the acceleration due to gravity on planet X is 
gx = (600.0 N)/(100 kg) = 6.00 m/s?. Also, 
we're told in the statement of the problem that 
the distance from the north pole to the equa- 
tor is 20,000 km, which is one-fourth of the 
circumference of the planet. Therefore, Rx = 
4(20, 000 km)/(27) = 1.27 x 107” m. We can use 
this with a general expression for g in terms of 
the mass of a spherical body to solve for Mx: 


_ GMx 
This gives Mx = 1.45 x 10% kg. 
(c) From Kepler’s law of periods (with r = R 
since the satellite is very close to the surface), 


(27)? R3 
GM 
(d) We have yet to use the fact that the astronaut 


weighs 500.0 N on the equator; this fact can be 
used to find the angular velocity of the planet: 


T= = 9150 s. 


600.0 N — 500.0 N = 100.0 N= mRxw?. 


Plugging in m = 100.0 kg for the astronaut, we 
get w = 2.8 x 1074 s71, which corresponds to 
a period Tx = 27 /w = 22,400 s. Therefore, a 
day on planet X is longer than the time it takes 
a satellite to orbit near the planet's surface (de- 
spite the relatively large angular velocity of the 
planet). 

11-j9 (a) The information from the problem 
about the satellite can me used to find the mass 
of the planet, using Kepler’s law of periods: 


(27)?r3 
T = M = 
Z GM7 A 


(2r)?r3 


apa = 406 x 10% kg 


Alternatively, you can figure out that the satel- 
lite moves at speed v = (2rr)/T = 5820 m/s, 


and use 
mv? GMxm mv? 
F, = => 5 = 
r r r 
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ru? 


Mx = aes 4.06 x 1074 ke 


(b) GMz/R? = gz = 8.00 m/s? 


t jee x 10711)(4.06 x 1024) 
si 8.00 

(c) KE = (1/2)mv? = 3.38 x 108 J. 

PE = -GMm/r = 6.77 x 108 J. 

PE/KE = —2 (this is always true for bound or- 

bits with U x —1/r). 

(d) Using Kepler’s law of periods, 


1/3 
=> = 2.74 x 105 m. 


11-m1 The sun’s gravitational field is 


_ GM 


2 E 


g 
T 


where M is the sun's mass. For the Earth’s cir- 
cular orbit, we have 


2rr 


¡e A o 


where r is one astronomical unit, and T is one 
year. Eliminating g and solving for G, we find 
G= An? , 
MT? 

which equals 471? in this system of units, since r, 
M, and T are all defined as 1. 

11-m2 (a) Yes. The two masses are treated in 
a symmetric manner in the equation. It doesn’t 
matter which one you label 1 and which one you 
label 2. (b) The force on the greater mass would 
be greater, but not greater in proportion to its 
mass. For example, if the more massive object 
had four times the mass, the force on it would 
only be double. According to a = F/m, a heavier 
object would therefore fall with a smaller acceler- 
ation. (c) The raindrop’s mass is less by a factor 
of 10000, but the force on it would be smaller 
by a factor of only 100, so its acceleration would 
be 100 times greater, i.e. 1000 m/s?. Raindrops 
falling from any significant height would be as 


335 


deadly as bullets! (d) Both halves would sud- 
denly start accelerating more rapidly, and the 
lighter one would pull away from the heavier one. 
(e) Instead of raising both masses to the 1/2 

ower, we’d have to raise them to some power 


m = 5.82x 10 gHater than 1, e.g. make the force proportional 


to the product of the cubes of the masses. 


11-m3 (a) The cloud’s mass M is proportional 
to r3. The gravitational force acting on an atom 
at the cloud’s outskirts is proportional to M/r?, 
or to r. The acceleration is therefore propor- 
tional to r to the first power. (b) Although the 
acceleration is not constant, we can approximate 
it as being constant for the purposes of compar- 
ing one cloud with another of a different size. 
For constant acceleration, the distance traveled 
is proportional to at?, so the time required to 
collapse to some fraction of the cloud’s original 
size is proportional to \/r/a. But since a is pro- 
portional to r, the result is independent of r. 


11-m4 S should have axial symmetry, for if 
not, then some mass could be moved from a lo- 
cation farther from the line of the vector gs to a 
location closer to that line, and also closer to the 
point of maximum field strength. This would in- 
crease both the magnitude of its contribution to 
the field and the component of that contribution 
along the line. 


Now that we’ve established axial symmetry, 
consider a particular thin ring of mass lying at 
the surface of S and in a plane perpendicular to 
the axis. This has some mass dm. Take the 
point of maximum field to be the origin of a sys- 
tem of spherical coordinates, in which r is the 
distance from the origin and 0 is the angle of the 
r vector away from the axis of symmetry. The 
ring is a curve of constant r and @. Its contribu- 
tion to the total field is (G dm/r?) cos @. Since S 
is the optimal shape, moving this ring to some 
other point on the surface cannot improve the 
result. Therefore the surface has an equation of 
the form r? œ cos 0. This turns out to be an egg 
shape with its flatter end at the point of maxi- 
mum field. 
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11-m5 (a) Eto = 0 = KE + PE: 
1 > GMm 
0= gme — R. 
2GM 
R, = 2 
Cc 


(b) Mgarth © 6 x 1074 kg and Mgun © 2 x 10% kg 
give Schwarzschild radii 9 mm and 3 km, respec- 
tively. 

11-m6 (a) Based on units, we must have y = 
kGA/y, where k is a unitless universal constant. 
(b) For the actual calculation, we have 


g= | ay, 
=G f coso, 
r 


where 0 is the angle between the perpendicular 
and the r vector. Then dm = Adz, cos@ = y/r, 


and r = y 2? + y?, so 
=a f Adz b 
g= hes x? + y? (12 + y? 


= Gry | (a? + y) de. 


—= 00 


Even though this has limits of integration, this 
is an indefinite integral because it contains the 
variable y. It's nicer to clean this up by doing a 
change of variable to the unitless quantity u = 


x/y, giving 
g= = | (u? + 1)~3/? du. 


The definite integral is the sort of thing that sane 
people these days will do using computer soft- 
ware. It equals 2. The result for the field is 


_ 2GA 

vi 
11-m7 For the limit gı = lim,-30 limp_,o g, we 
know that the inside limit is proportional to 1/y 


from the result of the previous problem. There- 
fore gı = ©. 
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In the case of g2 = limp_,o limy_,o 9, the inside 
limit is zero by symmetry for all nonzero values 
of b. Thus go = 0. 

We find that the two ways of defining the field 
on the filament do not agree, and therefore there 
is no unambiguous way of saying what is the 
truth of the matter. The notion of the field at a 
point on such a filament is an idealization, and 
the idealization does not cleanly map onto actual 
observables. 
11-m8 Let the filament be an arc of the unit 
circle, and let P be the point (1,0). Then the dis- 
tance r between P and the point at angle 9 on the 
unit circle is given by r? = (1 — cos 0)? +sin? 0 = 
2(1—cos 0). The infinitesimal arc from 0 to 0+d0 
has mass proportional to d0 and exerts a force 
dF on the mass element at P that is propor- 
tional to d9r7?. The x component of this force 
is sin(9/2) dF. The resulting force in the x di- 
rection is, ignoring positive constant factors, 


F, = T — sin(0/2) dF 


01 
2 sin(9/2) dé 
= [ = 1=cosé ` 
Near 0 = 0, small-angle approximations give 


sin(9/2) ~ 0/2, and 1— cos = 67/2, so the inte- 
grand is proportional to 1/0. Therefore the im- 
proper integral diverges logarithmically at 9 = 0. 
The integrand is negative everywhere, so the in- 
tegral diverges to Fy = —oo, i.e., the force acting 
on the element of mass at P is infinite and to the 
left (in the direction of concavity). 

Based on this result, it would appear that 
such a filament would behave as if it had infinite 
stiffness with respect to being bent away from 
straightness. This result, however, is not nec- 
essarily physically realistic, for the reasons ex- 
plored in the precednig problem. 
11-p1 Above you there is a small part of the 
shell, comprising only a tiny fraction of the 
earth’s mass. This part pulls you up, while the 
whole remainder of the shell pulls you down. 
However, the part above you is extremely close, 
so it makes sense that its force on you would be 
far out of proportion to its small mass. 
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11-p2 Let Newton's law of gravity have an ex- 
ponent r~?+°, where c 4 0. Let's continue to 
define A using the exponent s”?. For the case 
calculated explicitly in the book, where m is out- 
side the shell, the integral becomes 


F 1 af” dr de 52 — p? 
a r 
Ab sp ri r 


1 a r s2 — b? zi exp 
OS 


14 

The factor of Ar“ is what this entire expression 
is supposed to boil down to according to the 
shell theorem. To prove that the theorem fails, 
it suffices to show that it fails for some specific 
choice of s and b. Let's take s = 2b. Then the 
expression in square brackets comes out to be 
2b[1/(1 + c) + 1/(1 — c)]. For the shell theorem 
to hold, we would need this to equal 4b, but if 
we require this and solve for c, we find that the 
only solution is c = 0. 

11-p3 In the original derivation for the r~? 
version of the force law, we have 


s? — b? 
Car E 
r 


where A = GMm/s? and the r? in the denom- 
inator comes from the force law. To handle the 
r! case, we just change that exponent, obtaining 
the integral 


Ape? s? — y? 
r- rarer (r+ 7 ) 


Evaluating the integral gives F = (A/16b)I, 
where I = Q* — P*+2PQ(Q? — P?), Q = s +b, 
and P = s — b. Expanding I by brute force 
makes a bit of a mess. We can simplify things 
a litle by observing that flipping the sign of b 
corresponds to interchanging the limits of inte- 
gration, which should flip the sign of the result; 
therefore all even powers of b must cancel, and we 
can skip evaluating them. The result turns out 
to be I = 168b, which gives F = A as claimed. 
11-p4 As the probe enters the interior of B, 
the shell theorem says that the probe feels zero 


s—b 


a + ydr 
Ez Ab sb r2 
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force from B, but feels the same force from A 
that it would have felt if A's mass had been con- 
centrated at its center. From this we can predict 
that the probe will curve to the right and speed 
up. Furthermore, since the probe’s initial veloc- 
ity is small, we can tell that this segment of the 
probe’s orbit will be an ellipse, not a parabola or 
hyperbola. 


The probe will then enter the region where the 
two clouds’ interiors overlap. In this region, the 
shell theorem tells us that the probe feels no force 
from either cloud. It moves in a straight line at 
constant speed. 


It will then emerge into the region that is in- 
terior to A but exterior to B. It now feels a force 
from B but none from A. The force from B is now 
probably more or less directly backward, which 
will decelerate the probe somewhat, but without 
more detailed data there is not much more we 
can say beyond this point. 


11-p5 (a) If we divide the earth up into a cen- 
tral sphere that's deeper than P and an outer 
part that's shallower than P, then the shell the- 
orem tells us that the outer part doesn't con- 
tribute anything to the field at P, and that the 
contribution of the inner part is the same as if 
it had been concentrated at the center. Because 
mass is proportional to volume, and volume is 
proportional to the cube of the linear dimensions, 
the mass of the inner part is 1/8 the mass of the 
earth. If this was the only factor, then we would 
have gp/gs = 1/8. But P is also closer to the 
center than S by a factor of 2, and since New- 
ton's law of gravity depends on 1/r?, this brings 
the result back up by a factor of 4. The result is 
gp/gs = 1/2. 

(b) Generalizing the result of part a, we have 
9/9s ="7/rs. At r = 0, this produces the correct 
result, g = 0, because the field must cancel out 
by symmetry at the earth’s center. At r= rg, it 
gives g = gs, which also makes sense. 


11-p6 By the shell theorem, the mantle gives 
no contribution, and we can take the entire mass 
of the core (including both its layers) to be con- 
centrated at the center. Let m be the mass of 
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the core and r its outer radius. 


gom (RV 
gs M r 


= (0.307)(1/0.55)? 
= 1.01 


Surprisingly, it’s almost the same as the field at 
the surface. 

11-s1 To apply conservation of energy, we start 
by writing down the law in its most generic form, 


total, = total, f > 


and we then make it more specific by putting in 
the actual forms of energy involved, 


KE; + PE; = KE; + PE; 5 


and then substituting in the correct expressions 
for the kinetic and potential energies, 
GMm 1 >, GMm 


DAS Ti DME rf j 


Now we have to decide what moments in time 
will be initial and final. Initial should clearly be 
the beginning of the motion, when the object is 
at distance r, so in terms of the variables used in 
posing the question, we have r; = r and v; = v, 
the escape velocity, giving 

1 > GMm 1 >, GMm 
mu = ¿Mov 
r 2 rf 


But what should we choose as the final mo- 
ment in time? We're interested in the case where 
the object just barely has enough energy to keep 
from falling back. If the object had less than 
this amount of energy, it would fly away from 
the planet, slow down, and finally stop at some 
distance before falling back down. The greater 
the energy, the greater the distance at which it 
stops. When the energy is just barely enough 
(the velocity is exactly equal to escape velocity), 
we can think of this distance as being infinite, 
or at least extremely large. Thus, rf = œo and 
vf = 0. Dividing by a very large number gives 


CHAPTER 24. QUANTUM PHYSICS 


a very small result, so dividing by infinity gives 
zero. That means that both terms on the right 
are zero. In other words, the total energy is zero. 

l 2 


mu? — 
2 r 


= 0 A 


It may sound strange to say that this object, 
moving at a gazillion miles an hour, has zero 
energy, but that’s because the object has a huge 
negative potential energy to start with, which is 
canceled by its huge initial kinetic energy. 
Solving for the escape velocity v, we have 


¡2GM 
v = 
r 


The direction of the velocity doesn’t matter, be- 
cause the only requirement was for the object 
to have a certain amount of energy, and energy 
is a scalar. This is counterintuitive: most people 
would expect that it would be easier to make the 
object escape if it was shot straight up. One way 
to think about it is that if the object is launched 
at an angle just barely above the horizontal, it 
has the disadvantage that at the beginning, it’s 
hardly getting any farther away from the earth, 
but it has the advantage that the force of gravity 
is almost perpendicular to its direction of mo- 
tion, so gravity is doing almost no (negative) 
work on it, and is therefore hardly slowing it 
down. 

The mass of the object has canceled out, which 
is why we can speak of a single escape velocity, 
rather than different escape velocities for differ- 
ent objects. 

No, it is not valid to think of the object as 
escaping because it is moving too fast for gravity 
to act on it. The force of gravity only depends 
on the masses and the distance between them, 
not on their motion. 


11-s2 
Esotal,i = Etotal,f 
PE, = KE; + PEs 
We can use the equation PE = —GMm/r for 


the potential energy, and this equation is defined 
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so that PE = 0 at r = œ, so actually PE; is 
zero. The potential energy is really the sum of 
the potential energies for the interaction of the 
comet with the two stars. Writing v for the final 
velocity, we have 


0 11, Gmim Gmm 
= mu 
b/2 b/2 
4G(m, + ma) 
v= ~y 


12-a1 0.07 to 0.10 s (7 tomir) 


12-a2 Sixteen periods take about 8.8 ms, so 
one period is 0.55 ms. The frequency is 
1/0.55 ms=1.82 kHz. The angular frequency is 
(1.82 kHz)(27) = 1.1 x 104 rad/s. 


12-d1 


The 27 is unitless. The rest of the right-hand 
side has units of [kg/(N/m)]'/? = [kg -m/(kg - 
m/s?)]-1/2 = s, which matches the units on the 
left. 


12-42 (a) Pendulum 2 has then same total 
force on it when it is at the same angle, but when 
the two pendula are at the same angle, pendu- 
lum 2 is at twice the distance from equilibrium. 
Pendulum 2’s F— zx graph will therefore look like 
pendulum 1’s, but stretched out twice as wide. 
Since k is the slope of this graph, pendulum 2’s 
k is half as much. 

(b) T = 27,/m/k, so if pendulum 2’s k is half 
as much, its period is greater by a factor of 2. 
12-d3 The spring constant is found by differ- 


entiating the force and evaluating the result at 
the equilibrium position zo. 
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We can find x, from the condition that the forces 
cancel. 


mg = axz? 
to = (maja) 
k = ap(mg/a) t"? 
w= y k/m 
= [(a/m)8(mg/a) t" 


my 1/28 
= BU2g1/2+1/28 (=) 


i 


12-d4 We have 


x = Asin(wt + ô), 
and differentiating this gives 
v = Awcos(wt + 4). 


The total energy is 


1 1 
ake + gm 


1 
- z^ (ksin? «mu cos? ...), 


2 


II 


PE+KE 


and, using w = y k/m, this becomes 


PE+ KE 


II 


1 
z^ (ksin? ... + kcos?...) 


1 
= Ak 
2 ES 


which is a constant, as required by conservation 
of energy. 

12-d5 (a) The volume of the displaced water 
is hob?, so its mass is hob?p, and its weight is 
hob?pg. Setting this equal to mg gives ho = 
m/b?p. 

(b) A calculation similar to the one in part a 
gives hb?pg for the weight of the displaced wa- 
ter. Letting positive forces be upward, we have 
F = hb? pg — mg. 

(c) The equation F = hb?pg — mg is a line of 
slope b?pg when F is graphed against h, so the 
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“spring constant” is k = b?pg. The period is 


m 
T = 274| 
NE 


12-d6 Tak? œx g*/?, so gx T”?. There- 
fore a fractional change in T causes twice the 
fractional change in g. For example, a 1% in- 
crease in T will cause a 2% decrease in the in- 
ferred value of g. In symbols, Ag/g = 2AT/T. 
The AT that would cause a Ag = .024 m/s? is 
about 1 ms. 

12-d7 The result from problem 33 was h = 
mg/k. The constant-acceleration equation h = 
(1/2)9T 7, results in 


2h 
Tau = 4| — 
4 g 


The total interaction energy is (1/2)ky? + mgy, 
and its second derivative is k, just as it would 
have been without the gravitational term. The 
interpretation is that hanging the mass vertically 
from the spring merely shifts the equilibrium po- 
sition, without changing the period of the oscil- 
lations, which is still 


m 
Tose =2 care. 
"VE 


The ratio of the two times is 


Tose m g 
= 2m4 >: 
T fall k 2 
on, |= 3 
= T —. 
k  2(mg/k) 
= T2 
= 4.45 


Is this reasonable? In the case where the mass 
is falling, the distance h traveled is the same as 
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the distance that it would have traveled in 1/4 
of a cycle of oscillation. Roughly, then, we might 
expect the result to be about 4, and that is about 
what it is. The reason it's a little more than 4 
is that in the free-fall case, the force acting on 
the mass is constant, whereas in the oscillating 
case, the force starts out being just as strong as 
gravity, but weakens and becomes zero at the 
end of a quarter cycle. Since the force in the 
oscillating case is always less than or equal to the 
force in the free-falling case, this lengthens the 
time for the oscillation, making the ratio slightly 
higher than the crude estimate of 4. 

12-d8 (a) The angular frequency can be read 
directly off the position-vs-time function; it's the 
number multiplying t. Thus, w = 25 s71. Also, 
f =w/Qr) = 4.0 cycles/s and T = 2n/w = 
0.25 s. 

(b) v(t) = da(t)/dt: 


v(t) = —(35 cm)(25 s~*) sin[(25 s~*)t + 7] 
v(0) = —(35 em)(25 s~*) sin[r] = 0 


The initial velocity is zero. This makes sense be- 
cause x(0) = Acos(m) = —A, which is a turning 
point of the motion. The maximum speed of the 
object is (35 cm)(25 s71) = 8.8 m/s. 

(c) a(t) = du(t)/dt: 


a(t) = —(35 cm)(25 s~')? cos[(25 s~*)t + 71] 
a(0) = —(35 cm)(25 s~!)? cos[rr] = 220 m/s? 


This is also the maximum acceleration of the ob- 
ject. (d) At t = 1.00 s, 


x(1.00 s) = (35 cm) cos[(25 s7+)(1.00 s) + 7] 
= —35 cm 

v(1.00 s) = — (8.75 m/s) sin[(25 s~')(1.00 s) + 11] 
= —1.2 m/s 


Note that, at t = 1.00 s, the object is very close 
to the turning point, but not exactly (which is 
why the position rounds to —35 cm = —A de- 
spite v 4 0). 

12-d9 (a) The period of oscillations can be 
read off the graph: the time from peak-to-peak 
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is 0.80 s, which also gives us w = 27 /T' = 57 /2 ~ 
7.85 s71. Using w = \/k/m and k from the prob- 
lem statement, we know the mass of the glider is 
m = 2.4 kg. 

(b) a(t) = —w?a(t), which means amax = Aw?. 
Plugging in 12.0 m/s? for @max and w from part 
(a), we get A=0.19 m. 

(c) Since PE « x, when the glider is at £ = 
+A/3, then the PE is one-ninth its maximum 
value (and the maximum value is the total en- 
ergy). Also, the KE must be eight-ninths of the 
total energy. 


By = (1/2)kA? = 2.71 J 
PE = (1/9) Erot = 0.30 J 
KE = (8/9)Erot = 2.41 J 


(d) We know that, at t = 0.10 s, the acceleration 
is maximal and positive (which corresponds to 
x = —A). Thus 


x(0.10 s) = —A = Acos(wt + ¢) 


—1 = cos[(7.85 s~')(0.10 s) + ¢] 


37 
= 1 o—— 
O 35 7 


12-g1 The F — x graph will look like this: 
F 


X 


(Either graph a few points, or use your gen- 
eral math experience.) The graph in the previ- 
ous problem only covered a small portion of this 
range, so it looked linear. 

We only get simple harmonic motion (sinu- 
soidal motion) when the F — x graph is linear, 
so for large vibrations, where the F — x graph 
can no longer be considered approximately lin- 
ear, there will not be simple harmonic motion. 
Using the hint, we find that the motion must 
look something like this: 
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t 


12-g2 This is similar to the spring-and-lever 
example in section 16.2. Let x be the vertical 
position of one of the kids relative to equilib- 
rium. The distortion of each spring is (b/a)x, 
so the total energy in the two springs is PE = 
(2)(1/2)k[(b/a)x]?. The second derivative of 
this quantity gives the effective spring constant 
k' = 2k(b/a)?. The moving mass is m’ = 2m, so 
w = yk'/m = (b/a)y/k/m. (We have cancel- 
ing factors of 2 due to the two kids and the two 
springs.) The resulting period is T = 2r/w = 
2r(a/b)y/m/k. 

12-g3 Let L be the amount by which the spring 
has been stretched or compressed with respect 
to equilibrium, so that its energy is Uspring = 
(1/2)kL?. Let y be the height of the mass, and 
for convenience, let's define y = 0 to be the 
height at which the spring is relaxed, so that 
L = 0 coincides with y = 0. If the mass goes 
down by a certain amount, the spring is stretched 
by half that amount, so L = y/2. (We don’t care 
about positive or negative signs of L, since only 
L? occurs in the spring's energy.) The total in- 
teraction energy of the system is then 


1 
U = mgy + sky’ 


The effective spring constant experienced by the 
mass is not really k, but rather 


ay 

dy? 
& 1 

== (may + sh?) 


k= 


In other words, this arrangement makes the 
spring appear to be four times less stiff than if 


A 0N RA 
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the weight had just been hung directly from it. 5 print("A=",amplitude," b=",b) 
The period is T = 27 y/m/k' = 4ry/m/k. 6 x = amplitude 
12-84 (a) 7 v=0 
8 wO = math.sqrt(k/m) # frequency it would have if 
U = one spring 9 tO = 2.*3.1416/wO + ...and the corresponding per 
— (9 1, L— 2 10 t_max = t0*10. # guess the longest time it co 
=l G (bay) 11 dt = t_max/n # Divide t into n equal parts. 
= k(L— by 12 t=0. 
13 for i in range(n): 
= / 2 2_ py? 
= Ong D) 14 t = ttdt 
(b) The effective spring constant is the second 1" ane vedt ne 
derivative of this quantity with respect to y, eval- 16 AOS anga Es 
uated at y = 0. a a = f(x,b,x)/m 
18 dv = axdt 
U & 2 19 v = vtdv 
ar = qa VPF A) 20 if v>0.: 


21 
_ A l 2 2y 1/2 
= $ [æ (V+ -5) ¿0 +y?) 77? (29) 


d 2 2\-1/2 
y y [l-e + yy] 
= 2k [1 — b(b? +) 0?) +2ky[..] o, 


where the ...indicates stuff we don’t need to 
evaluate, because it won’t contribute to the 
derivative evaluated at y = 0. The result is zero, 
which implies that the period of small oscilla- 
tions is infinite. This is a loophole in the text’s 
statement that small oscillations are always sim-10 
ple harmonic. If you were to start this system do- 
ing large oscillations, and then let them die out 
slowly, their period would get longer and longer. 
12-g5 (a) The definition of k for motion in one 
dimension is k = ¢U/d2?|,. Translating the 
linear quantities x and k into the angular ones 0 
and x, this becomes «x = Y U/ dé? |, = Bm. 


(b) Translating k and m to «K and I, w = \/k/m 


becomes w = \/K/I = \/Bm/I. 
12-j1 Idid this by modifying the program from 
section 4.6. 


1 
2 
3 
4 
5 
6 
7 
8 
9 


import math 
def f(k,b,x): 
return —k*x-b*x*x*x 
def period(m,k,b,amplitude,n): 


return 2.*t 
return -999. 


Let's try it: 


$ python -i simulate-anharmonic-force.py 
>>> print (period(1.,1.,0.,1.,1000)) 

A= 1.0 b= 0.0 

6 . 283200000000008 

>>> print (period(1.,1.,0.01,1.,1000)) 

A= 1.0 b= 0.01 

6 . 283200000000008 

>>> print (period(1.,1.,0.01,10.,1000)) 
A= 10.0 b= 0.01 

4.775232000000003 


On lines 2-5, we run the program with b = 0, 
and get the same result of exactly 27 that we had 
in section 2.5. On lines 6-9, we try a small value 
of b, and we observe that there is a slight de- 
crease in the period, which makes sense, because 
the spring is stronger. On lines 10-12, a bigger 
amplitude produces a much smaller period. This 
is not the simple (and counterintuitive) behavior 
we observed when the spring’s energy only had 
an x? term. In the pure x? case, the spring's 
greater energy at large amplitudes was exactly 
enough to compensate for the greater distance 
the mass needed to travel, causing it to cover 
that distance in the same time. The zt func- 
tion, however, has a more severe dependence on 


# If we get here, t_max was to 
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x: it starts off flat, but then blows up like crazy 
when x gets big. The increased stiffness at large 
amplitudes does more than just compensate for 
the extra distance of travel, it actually makes 
the mass travel the greater distance in a smaller 
time. 

12-k1 (a) From Conservation of Energy, where 
i is the point of release (from rest) and f is 
the equilibrium point (the point where the bob 
moves with maximum speed), 


KE, + PE; = KEy + PEs 
1 
0+ mgL(1 — cos 0) = ¿mo? +0 
2gL(1 — cos 0) 


(b) A = LO (arclength formula), and w = yg/L. 
Therefore, 


[Umax] = Aw = Loy g/L = Oy gL 


Now let’s look at the exact expression from part 
(a) in the limit 9 << 1. For small 6, cos@ = 1 — 
(1/2)0?. Plugging this into the exact expression, 


v = y 2gL[1 — (1 — 02/2)] 


This agrees with the result obtained before. 
12-k2 A pendulum has period T = 27 y L/g, 
which means g œ L/T?. If L doubles and T 
quadruples, then g goes down by a factor of 8. 
Therefore, gw = (1/8)9Eartn = 1.2 m/s?. 

12-k3 For a physical pendulum, 


mgd 


A 
Lpivot 


where d is the distance from the pivot to the 

center-of-mass, and Ipivot is the moment of iner- 

tia of the object about the pivot. In this prob- 

lem, d = L/2, and Ipivot = (1/3)mL? (the mo- 

ment of inertia of a rod about one end). Plug- 

ging these into the above equation gives w = 
3g/(2L), or T = 27/21 /(39). 


12-k4 For a physical pendulum, 


mgd 


$ 
Lpivot 
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where d is the distance from the pivot to the 
center-of-mass, and [pivot is the moment of iner- 
tia of the object about the pivot. In this prob- 
lem, d = L, and Ipivot = (2/5)m(aL)? + mL? = 
mL?[1 + (2/5)x?] (from the parallel-axis theo- 
rem). Plugging these in, 


“=y Gene) 
rt ffs 


Therefore, f(x) = 1 + (2/5)x?. Indeed, 
f(0) = 1, which must occur because the answer 
must reduce to the case of a simple pendulum in 
the absence of any size of the pendulum bob. 
12-m1 Power is proportional to energy, and 
energy is proportional to 4?, so Ax VP. The 
ratio of the amplitudes is 4/50/20 = 1.6. 
12-m2 (a) Here we can take z(t) = 
+Acos(wt). Plugging in t = T/3 = (27)/(3w), 
we get x = =A/2. Since PE œ 2”, the PE is one- 
fourth its maximum value, and therefore 0.75 = 


= y 29L|0?/2] = 0\/gL 75% of the total energy at this time is kinetic. 


(b) Here we can take x(t) = +Asin(wt). Plug- 
ging in t = T/3 = (27)/(3w), we get z = 
+(V3/2)A. Since PE a 2?, the PE is three- 
fourths its maximum value, and therefore 0.25 
= 25% of the total energy at this time is kinetic. 
12-m3 The maximum speed of the object is 
Umax = Aw. When the object is at a distance 
A/4 from equilibrium, then 1/16th of the total 
energy is potential, and 15/16th of the total en- 
ergy is kinetic. 


15 
KE = ¿Esos 
1  15/1 , 
mu = 16 9 Umax 
v15 v15 
v= -g (Umax = 7A 


12-m4 (a) The information given in the prob- 
lem statement can be used to find the spring 
constant. The elastic PE stored in the spring 
is (1/2)ka?; if PE = 1.00 J when |z| = 0.110 m, 
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then k = 165 N/m. With k, we can relate the 
mass of the object to the period of motion (which 
we require to equal 1.00 s): 


T =21/w =2r y M/k 


TN? 
M=k (=) = 4.19 kg 
27 


(b) If we say that the object is moving in the 
negative x direction (which we'll call the left) and 
passing through the equilibrium point at t = 0, 
then we can model the position of the object with 
the equation 


x(t) = —Asin(wt) (24.8) 


where we know A = 0.0500 m and w = 27/T = 
2ns—'. Also, since 0.35 s is between one-fourth 
of a full period and one-half of a full period, we 
know that the object is somewhere between x = 
—A and x = 0 and that it is moving to the right. 
Furthermore, 


x(0.35 s) = —Asin[w(0.35 s)] = —4.0 cm (24.9) 


Also, the problem doesn’t ask for this, but we 
can find the speed as well: 


v(t) = —Aw cos|wt] 
v(0.35 s) = +0.18 m/s 


(c) Using the position and velocity found in part 
(b), 


KE = ¿Mo? =71 mJ 

PE = ska? = 135 mJ 
(d) From Hooke’s Law, 
F = —kx = —(165 N/m)(0.0300 m) = —4.95 N 
The force is 4.95 N and to the left. Note the 
fact that the mass is moving to the right doesn’t 


matter when looking at the force from the spring; 
only the position does. 
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12-p1 (a) If W/E is the fraction of energy lost 
to heat per cycle, then the fraction remaining af- 
ter one is (1— W/E). After two cycles, the frac- 
tion remaining is (1 — W/E)?, and so on. After 
n cycles, the fraction remaining is (1 — W/E)”. 
(b) The definition of Q amounts to (l1-W/E)® = 
1/535, or 


(1—-W/E)? = e7?” 
(c) Taking natural logs of both sides, 
Qln(1 — W/E) = -27 


Since W/E is small, we can use the approx- 
imation ln(1 + 2) = z, so QW/E = 2r, or 
1/Q = (1/2r)W/E. 


12-p2 (a) The definition of Q says that when 
n = Q, the energy falls off by a factor of e?”. 
Since energy is proportional to the square of the 
amplitude, this corresponds to a factor of Z = e” 
in amplitude. Now we need to generalize this to 
the case where the number of oscillations we ac- 
tually observe isn’t actually Q. If the amplitude 
drop in n oscillations is Z, then the drop in one 
oscillation is f*/”. The drop in Q oscillations is 
then (Z1/”)®. Setting this equal to e” and solv- 
ing for Q, we find Q =n1/lnZ. 

(b) The figure is pretty small, so this will be a 
fairly rough estimate. After n = 2 cycles of os- 
cillation, it looks like the amplitude falls off by 
a factor of Z = 2. Applying the result from part 
a, we have Q = 9. 


12-p3 (a) The total energy is proportional to 
A(t)?. After the first cycle, the amplitude has re- 
duced to 0.90 times its original value, and so the 
total energy has reduced to 0.90? = 0.81 times 
its original value. Therefore, 19% of the energy 
was lost during the first cycle. 

(b) The total energy will be reduced to 0.904 = 
0.66 times its original value. This corresponds to 
the maximum displacement being 0.81 times its 
initial value, so the object will be at x = 0.814. 


PROBLEMS 
(c) Using A(t) = Aexp|—bt/(2m)), 


—b —Cvk 
0.904 = Aexp Ey = Aexp OY 
2m 2m 
SCE aU E2 
2 m w 2 mu 
-C jk jm 
0.90 = exp y zV Ten] = exp [-Cr] 


C = 0.034 


(d) We’ll first solve this for general C « 1 and 
plug in our value of C at the end: 


0.90 = exp 


= exp 


i b2 1/2 a i b2 
4mk E 8mk 


Plugging in b = CV km, this gives w’ = w(1 — 
C?/8). Since T x 1/w, this also implies 


T'=T 1-14 ae 14162 
= 8 a 8 


Plugging in C = 0.034, we find T” = (1.00014)T, 
or the period increases by only 0.014%! 

12-s1 Af = fo/Q = 100 Hz, so since the curve 
is approximately symmetric, the range will be 
+50 Hz, i.e., 250-350 Hz. 

12-s2 To find the minimum of the quantity in- 
side the square root, we set its derivative equal 
to zero, 


0= d (arm? (A - py +8?) 
0 = 817m? ($? — f?) (2f) + Wf 


One solution is f = 0, but that’s normally a 
minimum. We're interested in solutions with f 4 
0, so we can divide by 2f to simplify: 


0 = 8r°m? (f? — fo) +o 


a E O 
° 8r2m2 
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12-83 Q=1/v2 
12-54 (a) The force is not constant, so we have 
to do the integral 


1 A 
> Wdamp = / F dx 
2 ZA 


A 

a 

To find v as a function of x, we can use conser- 
vation of energy: 

E ok 

2 


Solving this for v gives 


—bv dx 


1 
ka? = kA? 
pe) 


so we now have 


Lome =— fof Eta a) 
2 damp = 7 A A =t T 
k A 
= f y (A? — x?) du 
MIA 


The definite integral can be done by a change of 
variable and a trig substitution, or by looking it 
up in a table of integrals, or, most simply of all, 
by recognizing the integrand as the equation of 
a semicircle of radius A, so that the area under 
the curve equals half the area of a circle, 7A?/2. 


1 Tio, [k 
3 Wdamp = — 5 Ad Ti 


We wish to get this in terms of f, which equals 
(1/2r)y k/m, so 


Waamp = —27° 4%bf 


(b,c,d) The energy is kA?/2, so the rest follows 
immediately. 

12-s5 Let's not worry about units, since this is 
just a comparison with the approximate answers. 
Setting all those variables equal to 1 for conve- 
nience, the expression for the amplitude becomes 


A= [(w? — 1)2+w?/36] 4 
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By trial and error, I found that the maximum 
amplitude was 6.02, at w = 0.993. The FWHM 
is going to be the difference between the two 
frequencies where the square of the amplitude 
equals (6.027) /2. By trial and error, I found that 
this occurred at frequencies of 0.906 and 1.074, 
giving a FWHM of 0.168, which is pretty close 
to 1/6. 

13-al_ Since it's a graph of the wave as a func- 
tion of position, what it shows is amplitude and 
wavelength. (a) The amplitude is doubled, and 
A = v/f, so the wavelength is cut in half. (b) 
Since v = fA, doubling both velocity and fre- 
quency leaves the wavelength unchanged. This is 
exactly the same as the orginal wave. (c) The in- 
formation about the velocity is irrelevant. We’re 
given the wavelength and amplitude directly, so 
that’s all we need to show. (The change in ve- 
locity implies an additional change in frequency 
for the given wavelength, but the wavelength is 
1/3 the original, not 1/6.) 


original 


O 
JACA VACAS 


13-a2 (a) The scale on the time axis is not 
comparable to the scale of the distance axis, so 
there is no reason why your answer has to be 
the same width on the page. As the pulse passes 
through a certain point traveling to the right, the 
water will first go down a little, then up, so the 
graph should look similar, but reversed. 

(b) As the pulse travels to the left, the water 
will first do the big, slow rise, then the small, 
short dip. The graph is not reversed compared 
to the original. 

(c) and (d) are the same idea — the roles of 
question and answer are just reversed. 
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(a) 


13-a3 The points with v = 0 are the ones that 
have gone as far out to one side as they’ll go, and 
are now ready to come back. The points that are 
whipping across the center line are the ones that 
are going the fastest, and they also have zero 
acceleration because their v vs t graph is at a 
peak, where the tangent line has zero slope. 


velocity vector 
i most rapidly 


v=0 moving point 


F v=0 
acceleration vector 


of most rapidly 
accelerating point 


13-a4 (a) In the expression 


v=(1-)a 


v 


we eliminate wavelength A and replace it with 


v/f: 


We simplify by dividing out the factor of v on 
both sides, and inverting both sides: 
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(b) The ratio vs /v is unitless, so it makes sense 
to subtract it from a unitless 1. Dividing a fre- 
quency by a unitless number gives a frequency. 

(c) If vs = 0, then f’ = f, which makes sense. 
For vs greater than zero (but less than v), the 
denominator is less than one, so f’ > f, indi- 
cating an upward frequency shift, which makes 
sense if positive v, indicates motion toward the 
observer. 
13-a5 

There are a couple of things that make it dif- 
ficult to devise an accurate experiment: (1) it’s 
hard to produce waves in a controlled way, and 
(2) it’s hard to measure the height of the super- 
posing waves in real time. 

Possible solution: Find a machine that’s ca- 
pable of making spreading ripples of a consis- 
tent height, e.g., a wind-up toy car whose wheels 
go around. This takes care of problem 1. You 
could put two such cars in the water, and see 
if the peaks formed by constructive interference 
become twice as tall at a point equidistant from 
the two cars, compared to their height when only 
one car was turned on. 

The toy cars also help to solve problem 2, be- 
cause the waves are steady. You can put a ruler 
in the water, and watch the steady up-and-down 
vibration of the surface, measuring the height of 
the wave. This could be made easier by taking a 
video on a cell phone and then clicking through 
it frame by frame. 

13-46 T = 1/f = 3.82 ms, and \ = v/f = 
(340 m/s)/f = 1.3 m. 

13-a7 1% of the speed of sound, or about 3 
m/s 

13-a8 When a gas gets hot, it expands. For 
instance, that’s why a hot-air balloon works: 
the hot air is less dense than the surrounding 
cold air. A hotter gas is less dense, and its 
lower inertia makes it easier for it to vibrate 
rapidly. Liquids and solids don’t contract or ex- 
pand nearly as much with changes in tempera- 
ture, so the speed of sound in liquids and solids 
doesn’t change much with temperature. (The 
role played by tension in waves on a string is 
played by pressure in sound waves. Pressure is 
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basically irrelevant here. The pressure inside a 
solid or liquid doesn’t vary with temperature, 
and the pressure in a gas only varies with tem- 
perature if the gas is confined to a fixed volume. 
This is not the case for sound waves in open air; 
the air pressure is essentially the same on a cold 
day as on a hot day.) 

13-a9 (a) To keep the stuff inside the cosine 
the same, we’d have to decrease x while t in- 
creased. The wave is moving in the negative x 
direction. 

(b) At a particular point, the quantity 0.457t has 
to change by 27 for one cycle to go by, so T = 
27/0.457 = 4.4, which we assume represents 4.4 
seconds, since we’re told that everything is set up 
for SI units. The frequency is f = 1/T = 0.23 
Hz. The relationship between x and the wave- 
length is the same as the relationship between t 
and the period, so À = 27/0.737 = 2.7 m. 

(c) We could do this by plugging in to v = 
fA, but let's use a different approach. If x 
changes by Az while enough time goes by for 
the inside of the cosine to stay the same, then 
0.737 Ax+0.45rAt=0. The velocity is Ar/At = 
—0.45/0.73 = 0.62 m/s. 

(d) The velocity of the point on the string is 


y = —3.5sin(0.7372 
= —4.9sin(0.737a 


0.457t 
0.457t 


0.377)(0.457r) 
0.377) i 


which varies between —4.9 m/s and +4.9 m/s. 
This is completely different from the wave’s ve- 
locity of 0.62 m/s, and is in the perpendicular 
direction. 

13-a10 (a) T = pw?r? 

13-a11 (b) g/2 

13-d1 Dueto the difference in speed, there will 
be partial reflection of the sunlight. 


13-42 (a) Since the result only depends on the 
ratios of speeds, we can drop the powers of 10: 
2.2- 3.0 
= == = -0.15 
2.2 + 3.0 


(b) Energy is proportional to the square of am- 
plitude, so the fraction of the energy reflected is 
(0.15)? = 0.022. 
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13-d3 Check: The actual length of a flute is 
about 66 cm. 

13-d4 (a) These are all different standing wave 
patterns that fit within the tube. Notice how all 
the frequencies are multiples of 150 Hz. (Since 
we're getting all the multiples, not just the odd 
multiples, the saxophone apparently acts like a 
symmetric air column, and we can visualize the 
series of wave patterns as the one in which we fit 
some number of half-wavelengths in the length 
of the tube.) 

(b) Higher frequencies correspond to shorter 
wavelengths. You can fit more than one half- 
wavelength in the tube, but you can't put less 
than one half-wavelength in, because the wave 
wouldn't be doing the right things at the ends. 
13-d5 (a) 

C: 261.6 523.2 784.8 1046.4 1308.0 
G: 392.0 784.0 1176.0 1568.0 1960.0 
The 784.8 and 784.0 Hz frequencies differ by 
much less than 1%, and the 1046.4 and 1176.0 
Hz frequencies differ by 12%. Neither combi- 
nation is really in the 1-10% range that causes 

dissonance. 


(b) 
C: 261.6 523.2 784.8 1046.4 1308.0 
Bb: 466.2 932.4 1398.6 1864.8 2331.0 


The 1308.0 and 1398.6 Hz frequencies differ by 
about 7%, which is clearly going to make them 
dissonant. 


13-d6 (a) These are both reflections back into 
a faster medium. I don’t even remember off the 
top of my head whether such a reflection is in- 
verting or not, but even if it is inverting, two 
inversions in a row leave the wave with the same 
phase it had before. Since d = 0, the distance 
traveled by the two types of waves is the same, so 
their phase is the same when they emerge, and 
the interference is constructive. 

(b) To get constructive interference again, we 
need the extra distance 2d traveled by the twice- 
reflected wave to equal one complete wavelength. 
In other words, d = 4/2. 

(c) Each cycle means the top plate has dropped 
by a distance A/2, so the diameter of the filament 
is nA/2. 
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13-d7 (a) f = 4a/(1 +a)? (b) va = 
13-d8 (a) We have R = (a — 1)/(a + 1). In- 
verting a gives R = (1/a — 1)/(1/a + 1) = (a — 
1)/(1 + a), which means we've simply negated 
R. The interpretation is that the energy of the 
reflected pulse is unchanged, but the reflection’s 
inverting or uninverting character is flipped. 

(b) Based on part a, we expect that there will 
be two values of a that will do the job, and that 
they will be inverses of each other. Solving for a 
in terms of R gives a = (1+ R)/(1 — R). Tak- 
ing R = 1/2 gives a = 3, and without having 
to do the arithmetic for the case of the invert- 
ing reflection, we can tell that it will happen for 
a= 1/3. 

14-al The positive and negative charges at- 
tract each other. 

14-a2 Let's use positive numbers for forces to 
the right, and negative numbers for forces to 
the left. There are two forces on the right- 
hand electron: a repulsive force from the other 
electron, and an attractive force from the nu- 
cleus. These will be represented as positive and 
negative numbers, respectively. The charges of 
the electrons are —e, and the charge of the nu- 
cleus is +2e, so the electron-electron force is 
+ke?/(0.2 nm)?, and the nucleus-electron force 
is —k(e)(2e)/(0.1 nm)?, for a total force of —4 x 
1078 N. 

14-a3 You should always start this type of vec- 
tor addition problem by drawing a rough dia- 
gram first so that you can check that your results 
make sense at every step. 


DS 


Fne 4 
Ftot 


The nucleus’s force on the bottom electron, Fe, 
is attractive, so it points up. The other elec- 
tron’s force on the bottom electron, Fee, is re- 
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pulsive, so it points down and to the right at 
a 45-degree angle. We'll state the final result 
using the angle 0 defined in the figure. The 
magnitude of Fhe is given by Coulomb’s law, 
|Fne| = k(e)(2e)/(0.1 nm)? = 4.6 x 1078 N. The 
magnitude of Fee is smaller by a factor of four: a 
factor of two because of the smaller charge, and 
another factor of two because its distance from 
the bottom electron is greater by a factor of V2. 
Thus, |F.-| = 1.1 x 1078 N. To do vector addi- 
tion, we need to add components. Let positive 
x components be to the right, positive y compo- 
nents up. Fre has components Fre. = 0 and 
Frey = 4.6 x 1078 N. Fee has components 


Freee = +(1.1 x 107% N)(cos 45°) 
Feey = —(1.1 x 1079 N)(sin 45°) 


and 


At this point, you can check the + and — signs 
of the components against the figure. The total 
force has components 
Protx == Fren T Foco = 7.8 x 10? N 
Fioty = Pira + Fee,y = 3.8 x 107° N 


and 


Again, you can check the + and - signs against 
the figure. The magnitude of the total force is 


Fee + Fit y = 4x 1078 N (one sig fig). The 


tot,y 
angle @ equals taa = 80° (one 
sig fig). 
14-a4 (a) Your body is mostly water, and 


water is mosly oxygen by weight, so for the 
purposes of this estimate, let’s pretend that 
your body just consists of oxygen atoms. The 
mass of an oxygen atom is about 16 times 
the mass of a proton, which is 1.7 x 10727 
kg. If your hand has a mass of about 0.2 
kg, then the number of oxygen atoms in a 
hand is about 0.2 kg/(16 x 1.7 x 1072 kg). 
The number of electrons is eight times that, 
(8) x (0.2 kg) /(16 x 1.7 x 1072 kg) = 6 x 10%, or 
call it 107° electrons since its only an estimate. 
(b)  Coulomb's law gives F = 
k(10%e)(10%e)/(0.1 m)? = 2 x 10% N, or 
call it 1076 N. 

(c) Each hand has zero net charge, and the 
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negative charge is distributed within each hand 
in almost the same way as the positive charge. 
Another way of looking at it is that there are 
repulsive forces acting from one set of electrons 
on the other set of electrons and from one set of 
protons on the other set of protons, but there 
are attractive forces from each set of electrons 
acting on the protons of the opposite hand. 

(d) A force of 10% N is enough to pulverize 
a planet, so the cancellation is obviously very 
nearly perfect; even a very tiny percentage 
difference in charge would lead to a huge 
force. If the fractional difference was e, then 
the total charge on each hand would be eq, 
where q = 10%e as estimated above. The 
total force would be ke?q?/r? = F. You could 
easily notice a force of as little as 0.1 N, so 
eS (r/qyF/k ~ 107-4. 

14-a5 There are 82 protons in a lead nucleus. 
Since the lead nucleus is spherical, the electric 
force from the 81 other protons is the same as 
that of an equal amount of charge (81 times the 
charge of a proton) concentrated at the nucleus” 
center. The force is 


k( Gproton) <(8ldproron)/(6:5X 1071" m)? = 440 N 


which is less than the attractive force of 8 kN. 
14-a6 Electricity is an inverse square force, so 
if r is smaller by a factor of 206.77, the force will 
be greater by a factor of 206.77? = 42754. 
14-a7 Let q stand for the absolute values of 
the charges, which are equal to each other. We 
can find the force either by using Newton’s law 
of gravity or by using the kinematical equation 
a = v?/r for the moon’s acceleration. Choosing 
the first approach, we have 


which we solve for q: 


_ ,/Gmime 
1= k 


= 5.70 x 101% C 


This may sound like a big number, but it’s ac- 
tually not that much charge at all, on the same 
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order of magnitude as the amount of charge in 
a human-scale object. It’s just that in real life, 
the charges balance out perfectly, giving zero to- 
tal charge on each body. Note that the reason 
the charge comes out fairly small, despite the 
large masses, is that G is much smaller than k, 
i.e. gravity is in some sense a much weaker force 
than electricity. 

14-a8 The lithium is located nice and symmet- 
rically in the lattice, so if there was no defect, 
the total force on it would be zero. Remov- 
ing a Cl” to make the hole removes a certain 
amount of force, so the total force without the 
Cl” is equal to minus the force the Cl” would 
have made, which we can find from Coulomb's 
law. The distance between the lithium and the 


hole is yes x 0.3 nm)? + (0.5 x 0.3 nm)? = 
0.77 nm, so the magnitude of the force is 
ke?/(0.77 nm)? = 3.9 x 1071? N, or call it 
4x 1071 N. The Lit would have been attracted 
by the CI”, so removing that attractive force 
leaves a total force that points directly away from 
the hole. 

14-a9 (a) Let each fixed charge be Q, and let 
the charge of the ball be q. When the ball is 
at position x, its distance from one of the fixed 
charges is vb? + xz?, so the magnitude of each 
force on it is |F| = kQq/(b? + x”). There are 
two such forces, acting at different angles, so we 
have to add them using vector addition. Their y 
components cancel, and their x components are 
the same, so for the total force on the ball, we 
have 


F=2F, 
= PRON: cos 0 
a 
_ 2kQq x 
ba? yB 4 72 


= 2kQq (b? + r?) ° x 


(b) By a = F/m, the maximum acceleration 
occurs at the same point as the maximum force. 
To find the maximum force, we have to set the 
derivative of the force equal to zero and solve 
for x. The constants out in front don’t affect the 


CHAPTER 24. QUANTUM PHYSICS 


location of the maximum, so we can ignore them. 


Tera a 


= = (b? + ro (Qau)a + (b? + x°) 


0= 


-3/2 


We can simplify by multiplying both sides by 
(2 +02. 


14-a10 There can be no stable equilibrium in 
which the string is slack, since one could always 
move the movable charge along a path at a con- 
stant distance from the fixed charge, bringing it 
to a position on the circumference at which its 
gravitational energy would be lower. 

The result can only depend on the unitless 
quantity 8 = kq/mgé?. To make the writing 
easier, we take £ = 1. The distance between the 
charges is r = 2 sin 6/2, and for this reason it will 
be convenient to define the variable p = sin 6/2, 
which equals 0 at the bottom of the circle and 1 
at the top. 

For 6 < 4 there is an equilibrium in which the 
movable charge is directly above the fixed one, 
with the string slack. These are unstable with 
respect to lateral motion, and not very interest- 
ing. 

For large 6 there is an equilibrium at 0 = 7, 
but we need to investigate when this is stable. 

Using the identity 1 — cos@ = 2sin* 0/2, we 
find for the potential energy 


1 
U = Ar” +2p”, 


where the first term is electrical and the second 
gravitational. Although it is 0 that is physically 
relevant, it is easier to do as much of the calculus 
as possible with p as the variable, since the ex- 
pressions are simpler. Expressed as a function of 
p, the energy is always concave up, so any point 
with dU/ dp = 0 will be a stable equilibrium. In 
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addition, we have dU/d9 = 0 automatically at 
0 = Tr, since dp/ d0 = 0 there. 

We have dU/dp = —(1/2)Gp~? + 4p, which 
equals zero for p = (8/8)!/3. As remarked ear- 
lier, this is always stable. However, it only exists 
for 8 < 8, since we must have p< 1. 

To evaluate the stability of the upright equilib- 
rium, we evaluate Y U/ d0? at 0 = n, which gives 
/8—1. This is positive if 8 > 8. Thus although 
levitation straight up, with the cord under ten- 
sion, is possible for 4 < 8 < 8, this equilibrium is 
not stable against lateral motion for these values 
of 6. 

In summary, we find that for 6 < 8 the stable 
equilibrium is at 


while for 6 > 8 the stable and only equilibrium 
is the one in which the cord is taut and upright. 
14-d1 (a) F = ma and F = gE, and since the 
field is uniform, the force and acceleration will be 
constant. For motion with constant acceleration, 
we have v = at, and eliminating the unknown F 
gives v = qEt/m. 

(b) You can conclude that they have the same 
ratio of g/m, but you can’t tell whether they 
have the same q and the same m. One could have 
twice the charge and twice the mass compared to 
the other, for instance. 

14-d2 Let the square’s sides be of length a. 
The field at the center is the vector sum of the 
fields that would have been produced individu- 
ally by the three charges. Each of these individ- 
ual fields is kq/r?, where rı = a/y2 for the two 
charges qi, and r2 = a/2 for q2. Vector addi- 
tion can be done by adding components. Let x 
be horizontal and y vertical. The y components 
cancel by symmetry. The sum of the x compo- 
nents is 


E, = kqur] “cos 45°+kqiry 7 cos 45°—kger5 * 


Substituting cos45° = 1/v2 and setting this 
whole expression equal to zero, we find q2/q1 = 


1/2. 


.q(r+ = r-). 
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14-d3 (a) The energy per unit volume is 
E 1 
| = — 2 
V 37k! | 


(E is energy, E is electric field.) At the moment 
when the lightning strikes, the field equals Ee. 
The volume of the air in which the field exists is 
1?h. i 
an 
(b) A greater h gives a greater energy, so it’s 
more dangerous if it’s higher. 

(c) Let’s use 1000 m for both L and h. Plugging 
in, the result is about 10% J. 

14-d4 (a) Plugging in to the equation for the 
electric field energy, we have Uone = 4.43 x 1071? 
J. 

(b) The two fields are perpendicular to each 
other, and add like vectors, so the result is 
given by the Pythagorean theorem, Etogether = 
v2(1 V/m) = 1.41 V/m. 

(c) Exgether 18 exactly twice E3,,., so the en- 
ergy is the same when they’re together as when 
they’re apart. There is no energy consumed or 
released when you slide them together. (You 
would feel torques, but no net repulsion or at- 
traction.) 

14-g1 (a) For simplicity, let’s put everything 
on the x axis, so the dipole moment has only 
an x component. If we put —1 C at x = 0 and 
+1 C at x = 1 m, then the dipole moment is 
Dy, = 1C-m. Now let's do a different coordi- 
nate system, whose origin is located 7 m to the 
left of the first one’s. In this coordinate sys- 
tem, the charges are located at x = 7 m and 
8 m. The dipole moment is the same, however, 
(8x1+7x-1) =1C-m. For this particular 
pair of charges, the dipole moment doesn't seem 
to depend on the choice of coordinates. 

(b) If we have charges +q and —q located at 
r} and r_, then the dipole moment is D = 
This only depends on the vector 
r} —r_, which points from the negative charge 
to the positive one. Shifting the origin has no ef- 
fect on r} — r-_, so it has no effect on the dipole 
moment, either. 


ElL*h 
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(c) We conjecture that the choice of origin 
doesn't matter as long as the total charge is zero. 
The most elegant way to prove this is to imagine 
that we can build the given charge distribution 
out of tiny point charges, each with charge +q 
or —q, where q is very small. (Mathematically, 
q can even be less than the fundamental charge, 
e.) If the total charge is zero, then we have an 
equal number of +q and —q charges, which we 
can arbitrarily pair up like a roomful of mar- 
ried couples. The total dipole moment equals 
the sum of the dipole moments of the couples, 
and since none of the couples’ dipole moments 
depend on the choice of origin, neither does the 
sum. 

14-g2 They're the same. When we have a 
charge distribution with zero total charge, its 
dipole moment is unchanged when we move it 
around without rotating it, since the dipole mo- 
ment is defined by the potential energy, and the 
potential energy is unchanged when we do this. 
These two distributions therefore have the same 
dipole moment, since we can make one into the 
other by sliding one of the +— pairs. 

14-g3 A simple example is + — —+. The to- 
tal charge is zero, and the dipole moment can- 
cels by symmetry. This is known as an electric 
quadrupole. 


14-g4 (a) They’re both 1.000 C-m. 
(b) 
k| — 1.000 C|  k|1.000 C| 
Ea = 
(10.000 m)? (9.000 m)? 
= 2.11 x 10’ N/C 
k| — 2.000 C|  k|2.000 C| 
Eg = | 


(10.000 m)? ` (9.500 m)? 
= 1.94 x 10’ N/C 


They come out almost the same, but not quite. 
In general, the farther we are from a dipole, the 
more accurate it is to say that its field depends 
only on its dipole moment. Here, our distance 
from the dipoles was 10 or 20 times greater than 
their sizes, so it was a pretty good approxima- 
tion. 

14-g5 Our point lies at a distance R from 
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the center of the dipole, and its distance from 
either charge is y R? + 2/4. The magnitude 
of the field contributed by one of the charges 
is therefore Eone = kq/ (R? + 8/4). The ra- 
dial (in-out) components of the two fields can- 
cel, but their z components reinforce, so E = 
2Eone,z = 2Eone Sind, where the small angle be- 
tween the midplane and the individual field vec- 
tor is $ = tan”! [(0/2)/R] ~ £/2R. The dipole's 
field is therefore 


E. = 2Eone sinó 
x% 2Eone® 
2Eonel 


2R 
_ kql 
— R(R24+22/4) 


= | ae?" du 
0 
27 T 00 
J | / aer? sin 0 dr d0 dọ 
¿=0 J0=0 Jr=0 


= 2r | T ae™™ r? sin 6 dr dé 
0=0 /r=0 


[0.0] 
= an | aer? dr 
r=0 


II 


The r integral can be done by integration by 
parts, or with computer software. The result is 


8ra 
m = p37 
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Tri cos? 6 sin 0 dr dé dọ 


bas 
au 


Subsituting u = cos 6, 


—e = me J. ae" rtu? du dr 
u= a r=0 


eer ri dr 


Trt cos? O sin 6 dr dé 


The r integral can be done by integration by 
parts, or with computer software. The result is 


3274 
-e= == 
_ —eb? 
32 
14-33 (a) E =2kA/R. 
14-j4 (a) We know that the field of a ring, on 


its axis, is kQz (b? + De, so we can get the 
field of the cylinder by slicing it like a salami 
and integrating the contributions of the rings to 
the total field. Each ring has a width dz, so 
its charge is dQ = (circumference)(width)o = 
2mb0 dz. 


E= fraz (02 + 22) 0 


= i 2krboz dz (0? + 27 
0 


= 2kmbo | zdz (1? + 2 
0 


This is a good candidate for integrals.com, but 
if you want to do it by hand, you can substitute 
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u = 22 + b?, which gives 


E= kbo | u 32 du 
b2 


= —2krbo yete p 
b2 
= 2kro 


(b) If you doubled the cylinder’s radius, while 
keeping the charge density constant, you’d have 
a cylinder with four times the area, and therefore 
four times the charge. All the angles would be 
the same, but all the distances would be doubled. 
Doubling the distance makes the field four times 
smaller, and this cancels out the effect of the 
increase in charge. 


14-j5 (a) The surface area of a sphere is 4rr?, 
so the volume of the kind of spherical shell sug- 
gested in the hint is dV = 4rr? dr. The energy 
is 


œ dV 
= —— FE? 
E: f 8rk 


Sav fra” 
8rk \r2 


It’s perfectly legal to take 1/00, and the result is 
0. However, 1/0 gives infinity. In other words, 
the integral diverges near r = 0, but not at 
r = œ. The interpretation is that the field has 
infinite energy close to the charge, but finite en- 
ergy in the space farther away. 

(b) The energy in the exterior volume equals 
the result from part a, with c set to infinity, 
Uest = kq?/2b. The energy in the interior vol- 
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ume is 


b 
dv 
int = E? 
Vint f STk 


7 i dV (kqgry” 
o 8rk \ b3 
k 2 b 
= aa ri dr 
kg? 
10b 


The total energy is Uing + Uert = 3kq? /5b. 
14-j6 (a) For L approaching infinity, the first 
term inside thw square root becomes negligible 
compared to the second term, and the square 
root approaches y/L?/4R? = L/2R. The de- 
sired result then follows immediately. 

(b) We know the field of both infinite and finite 
lines of charge, so we can attack the problem 
either by slicing the strip lengthwise or across. 
Let’s slice it lengthwise, since the field of an in- 
finite line of charge is particularly simple, E = 
2kA/R. (This is the answer to another home- 
work problem, given in the back of the book.) 
Let x be the direction across the strip, so that 
A=0dzx. We then have 


0/2 2kod 
==] oe cos A 
—b/2 


where 6 = cos”! z/R is the angle between the 
z axis and the line connecting our point to a 
particular line. 


-{" 2kodx z 


a2 R R 
b/2 
= 2h02 | = 
-0/2 R 


b/2 
—b/2 CA eZ 


b 
= 4ko tan™ t — 
o tan a 
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(c) For z approaching zero, we have the arctan- 
gent of infinity, which is 7/2, giving E = 27ko, 
and this is the correct result for the field near 
a charged surface. For large z, the argument of 
the arctangent is small, and we have tan”! e = 
e, yielding E = 2kbo/z2 = 2kA/z. From far 
away, the strip looks infinitely thin, like a line 
of charge, and this is indeed the right result for 
the field of an infinitely long line of charge. 
14-57 We can slice the cylinder like a salami 
into thin slices of thickness dz, and then inte- 
grate, because we already know that the on-axis 
field of a disk is 

Qnok (1— 2/Vb? + 22). Because the slices are so 
thin, the surface charge density of each slice is an 
infinitesimal number, do. The field is 


zZ 


The relationship between do and dz is do = p dz. 
(One way to see this is to consider a tiny cube of 
charge inside the cylinder, with dimensions dz, 
dy, and dz. The cube's charge is pdx dy dz, and 
dividing by the area dx dy gives pdz.) We then 
have 


£ YA 
E= 2rpdzk | 1 — ———— 
/ . ( es) 


4 
Z 
vot | (1- pegs) & 


The integral can be done with computer soft- 
ware, or by looking it up in a table, or by sub- 
stituting u = 27. The result is 


E = 2nkp (¢+b—- Ve +e) 


14-m6 (a) The setup is similar to the preced- 
ing problem. We again choose as our Gaussian 
surface a finite cylinder of length £ and radius 
R. Gauss’s law gives 27 RLE = 4rkqin, where 
din = TR?lp. Solving for the field, we have 
E = 2rkRp. 
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(b) At R = 0, we get E = 0. This makes sense, 
because the field has to vanish on the axis by 
symmetry. If it were to be nonzero, there would 
be no way to decide which direction it should 
point. 

(c) The units of E = 2rk Rp are 


o= (ar) o (as): 


which does check out. 

14-m7 (a) The field is parallel to four of the 
box’s sides, and perpendicular to the other two, 
so only those two fluxes are nonzero. The field 
passes in through one of these sides and out 
through the other, so one flux is positive and one 
is negative. Because the field is constant, these 
two fluxes cancel exactly, and the total flux is 
zero. By Gauss’s law, the total charge inside the 
box is therefore zero. 

We could imagine that there were regions of 
positive and negative charge density, and this 
particular box just happened to surround a re- 
gion with equal amounts of positive and negative 
charge. But we haven’t just proved that this 
particular box contains zero total charge; we've 
proved that there's zero total charge inside any 
box. The only way for the total charge inside any 
box to be zero is if there really is zero charge den- 
sity at every point in this region of space. 

(b) The field must be due to some charges that 
are outside this region of space. 

14-m8 (a) The field is parallel to all the sides 
of the cube except for the ones at x = 0 and 
x = a, so those are the only ones that might 
have nonzero flux through them. The field is 
zero at x = 0, so in fact the only flux is through 
the side at x = a. On this side, the field 
has a constant magnitude of ba, and is always 
perpendicular to the surface, so we don’t have 
to do an integral to find the flux; we can just 
multiply the field’s magnitude by the area, giv- 
ing Pg = baë. The charge inside the box is 
din = Pg /4rk = ba? /4rk. 

(b) The field is only perpendicular to the sides 
of the cube at z = 0 and z = a, but because 
the field doesn’t depend on z, the inward flux 
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through one of these sides is the same as the 
outward flux through the other. The total flux 
is zero, so there’s zero total charge inside the 
box. 

(c) Fluxes add, so we can calculate the fluxes of 
the two terms separately. The first term is re- 
ally no different than the field in part a, except 
that it's 13 times stronger, and turned around 
to lie along the z axis. Therefore the flux it con- 
tributes is 13ba%. The second term is like the 
field in b, and doesn't give any flux. The total 
charge inside the box is 13ba? /4rk. 

(d) The figure below shows the only nonvanish- 
ing flux, which is through the top side of the 
cube. (The fluxes on the sides are zero because 
the field is parallel to them, and the flux through 
the bottom is zero because the field is zero at 
z = 0.) The flux through the top is 


op = f E-dA 
top 
= braz-dA 


top 
a a 
= / baa dy da 
x=0 J y=0 


II 
| 
Or 
2 
A 


The charge inside is ba*/87k. 
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14-m9 The field points in the x direction, but 
only depends on z. The reasoning is just like that 
in problem 44b. For any box aligned with the zx, 
y, and z axes, the fluxes through the two sides 
perpendicular to x cancel out, because the fields 
don’t differ for different values of x. If there's 
zero Charge inside any such box, then there must 
not be any charge anywhere. 

15-al (a) V = Ed = 1.8 x 10° V 

(b) Since V = Ed, a larger d would require a 
larger V. 

15-a2 E = V/d = 70 mV/6.0 nm = 1.2 x 107 
V/m 

15-a3 (a) Its volume is (length) x 
(circumference) x (thickness) = (L)(2rr)(t). 
The electric field is E = V/t. The energy stored 
is 


1 VV 
— (-) (2nrLt 
a(t) Cr 


= V2rL 
~ Akt 


(b) Making r small means that the neuron needs 
less energy stored in it to have voltage V across 
its membrane, which may explain why they 
evolved to be so skinny. There is a limit on how 
small r can be, however, because the cell can’t 
be so skinny that it lacks room inside for its ma- 
chinery. Having a thicker membrane would also 


1 
FA x (volume) = 
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reduce the energy needed (dividing by a larger 
number gives a smaller result), but a cell mem- 
brane can’t be arbitrarily thick, because it needs 
to take in nutrients and expel wastes through it. 


15-a4 (a) Conservation of energy gives 


Ua = Ug + Kg 
Kg =U4— Upg 
1 
¿mu? = AV 


/2eAV 
_— 
m 


(b) Plugging in numbers, we get 5.9 x 107 m/s. 
This is about 20% of the speed of light, so the 
nonrelativistic assumption was good to at least 
a rough approximation. 

15-a5 (a) The ion gains an energy eV on the 
way to the terminal, and gains a further energy 
neV on the second leg of the journey, so its total 
kinetic energy is (n + l)eV. 


1 
¿mo? = (n+ 1)eV 


2(n + 1)e AV 


m 


v = 


(b) Since the beam is hydrogen, we must have 
n = 1. Solving the equation for V, we have 


_ m(0.11c)? 
~ nt le 
= 2.8 MV 


(c) This was the minimum velocity required for 
a proton to overcome the repulsion of another 
proton. Hydrogen is the lightest element, so the 
other elements in the plastic will repel the beam 
more strongly, and the beam will not be able to 
fuse with them. There will not be any extraneous 
nuclear reactions messing up this experiment. 

15-d1 By symmetry, the field is always directly 
toward or away from the center. We can there- 
fore calculate it along the x axis, where r = zq, 
and the result will be valid for any location at 
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that distance from the center. The electric field 
is minus the derivative of the potential, 


At small x, near the proton, the first term domi- 
nates, and the exponential is essentially 1, so we 
have E x x7?, as we expect from the Coulomb 
force law. At large x, the second term domi- 
nates, and the field approaches zero faster than 
an exponential. 

15-d2 (a) The voltage is the integral of the 
field with respect to position. We can use an 
indefinite integral and not worry about the con- 
stant of integration, since physically it just re- 
lates to the arbitrary choice of a reference point. 


(b) Let charge +q be at x = £/2, and —q at 
£ 


= —/2. The exact voltage is 


= kq kq 
E jæ — £/2|  |x+2/2| 


For large distances, it doesn’t matter whether we 
do positive or negative x, because everything is 
symmetric, so let's just assume x is large and 
positive, in which case we can get rid of the ab- 
solute value signs: 


kq kq 


A x + £/2 


To get this in the form suggested in the hint, we 
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have to divide out the common factor of kq/x: 


y= 2 1 1 
© æ X1-£/2x% 1+/2x 


ale | =) ( =) | 


2 


This is consistent with part a. (Since part a was 
only stated as a proportionality, it doesn’t mat- 
ter that the two results disagree by a factor of 


k/2.) 

15-d3 This is the opposite of the previous 
problem. To find the field given the voltage, we 
take the derivative: 


15-d4 The voltage is 


V=- | Eds 
1 


= —ax — —ba* 


where the constant of integration is irrelevant be- 
cause the electrical energy is only meaningful up 
to an arbitrary additive constant. Conservation 
of energy gives 


Kı +U1 = K2 + U2 
1 
0= ¿mo? + eV (x2) 


2eV (x2) 


m 


2e(ax2 + bx) 


m 


Note that for certain values of a, b, and x2, we 
could end up with a negative quantity inside the 
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square root. If so, then that would be Mother 
Mathematics’ way of telling us that the proton 
would turn around before reaching position x2. 


If the quantity inside the square root is posi- 
tive, then we have two square roots, a positive 
one and a negative one. This tells us that the 
proton could oscillate back and forth through po- 
sition x2 more than once. 


15-g1 


The fields along the axes are particularly easy to 
sketch, just by looking at these equations. We 
can then fill in some off-axis points by making 
use of the fact that the electric field close to the 
conducting surfaces must be perpendicular to the 
surfaces. 


x € e 
t A y oy 
Ags A 
> 


15-g2 (a) The variable r depends on z, y, and 
z. To take the derivative of this voltage with 
respect to the coordinates, we need to make this 
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explicit: 
V = br? 
=< d(a? +y? + 22) 
dV 
E, = —— 
du 
= —2bx 


(b) The field only depends on the derivatives, so 
we can add any constant onto the voltage and 
still get the same field, e.g. V could be br? + 
(42 V), and the derivatives would come out the 
same. 

15-j1 The energy of a spherical capacitor, 


kę (1 1 
v=- (13) 


was derived in an example, and when b ap- 
proaches infinity, we have simply U = kq?/2a. 
The definition of capacitance is U = q?/2C, so 
we have C = a/k. Plugging in the radius of the 
earth yields 710 uF. This is a surprisingly small 
value, considering how big the earth is! 

15-j2 


1 
= CV? 
2 


15-j3 (a) The difference in the new derivation 
comes because the modified form of Gauss’s law 
relates the free charge to eE rather than FE, so 
instead of E = 4rko, we have eE = Cfree, Or, 
more for more convenient comparison, (e/e.)E = 
ATKO free. The result is that the capacitance is 
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multiplied by the factor e/e, relative to its vac- 
uum value. 

(b) Ue = (1/2)CV? œ €(A/h)(Eh)? = evE?, so 
the figure of merit is «E?. 

15-m1 (a) The answer must be of the form 
aq,/k/mg, where a is a unitless constant. 

(b) We can place an image charge —q above 
the conducting plane, at a distance 2¢ from the 
real charge. The force is (1/4)kq?/42. Balanc- 
ing this against the gravitational force mg gives 
= (1/2)qVk/mg. 

(c) If the charge moves upward from the equi- 
librium position, the upward electrical force gets 
stronger, so there is a net upward force. Simi- 
larly, a downward displacement gives a net down- 
ward force. 

15-m2 (a) Because @ is unitless, it can only de- 
pend on the unitless ratio y/x. 

(b) The trick here is to use three image charges: 
charges —q at (x, —y) and (—x,y), and a +q at 
(=x,—y). This is exactly analogous to the for- 
mation of images in a pair of mirrors placed at 
right angles to one another. If we take this ar- 
rangement of charges, flip it across the y axis, 
and then negate all the charges, it becomes the 
same arrangement again. It follows that E,, van- 
ishes, as required, on the y axis. A similar argu- 
ment holds for the x axis. 

By the result of part a, we can ignore factors 
of q and the Coulomb constant. Vector addition 
gives 4F, = —1/2? + x/r? and 4F, = —1/y? + 
y/r?. The result is 


y sy 


tan@ = L—— 
x — r3/x 


which can also be expressed in terms of y/x, but 
without much apparent simplification. 

16-al At = Aq/I = e/I = 0.16 us 

16-a2 I = Aq/At = (10!°?)(e)/(5 x 1074 s) = 
3 pA 

16-a3 q=fIdt= fbtdt = Zbt? + qo 

Here qo is a constant of integration, representing 
the cloud’s charge at time zero. 

16-a4 (a) In one revolution, the amount of 
charge passing by a certain angular position 
is 1 nC. The time required for one revolution 
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is 1/(33.3 min”?*), so I = 
1078 C/min = 600 pA. 

(b) The idea is the same. The time for one orbit 
is At = 2mr/v, so I = e/At = ve/2rr = 1 mA. 


16-a5 


Aq/At = 3.3 x 


I = dq/ dt 
= 2ct 

P=IAV 
=I. (IR) 
=PR 


= 4e?1? 


16-a6 I = dg/dt = bsin wt + w(a + bt) cos wt 
16-d1 R=AV/I= (110 V)/(0.9 A) = 120 Q 
16-42 (a) P = IAV = (AV/R)AV = AV?/R 
(b) The power is proportional to AV?, so cutting 
AV in half reduces the power by a factor of 4, 
to 50 W. 

16-d3 (a) P=IAV = I(IR)= PR 

(b) Energy dissipated in those wires is wasted in 
heating the neighborhood, so we want R to be 
small. 


16-d4 To get negative values of P, you'd have 
to have opposite signs for J and AV. But you 
can’t control the signs of J and AV indepen- 
dently — switching the wires reverses both. The 
current flows in response to the electric force, 
whose direction is related to the direction of the 
voltage drop. Another way of looking at it is 
that the electrons collide with the atoms, caus- 
ing them to vibrate, and the vibration is what 
heat is. There is no way that randomly vibrat- 
ing atoms will all hit the electrons in the same 
direction, producing a current. 

16-d5 In series, they give 11 kQ. In parallel, 
they give (1/1 kQ + 1/10 kQ)~+ = 0.9 kQ. 
16-d6 Resistance is inversely proportional to 
the cross-sectional area. The area depends on 
the square of the diameter, so the ratio of resis- 
tances is (1.2)? = 1.4. 

16-81 
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(c) no good 


(d) no good 


The bulb has two terminals. One is the bump 
on the end, and the other is the screw-threaded 
metal jacket. The battery also has two terminals: 
the bump on one end and the flat surface on the 
opposite end. In the two good methods, a and b, 
current can flow out of one terminal of the bat- 
tery, into one terminal of the bulb, through the 
filament, out the other terminal of the bulb, and 
back in to the opposite terminal of the battery. 
In method c, there is a dead end in the bulb: the 
current could get in through the bump-shaped 
terminal, but there would be no way for it to get 
out of the screw-threaded terminal once it had 
gone through the filament. The other problem 
with c is that there is an easy way for current to 
go through the low-resistance wire, so the wire 
will get very hot and the battery will burn out. 
In method d, there is a complete loop of wire con- 
sisting of the bump-shaped terminal of the bulb, 
the filament, the screw-threaded terminal, and 
the wire that comes back to the bump-shaped 
terminal. This loop is all made out of conduc- 
tors, and the voltage is equal at all points within 
a piece of conducting material. Therefore the 
voltage difference between the two ends of the 
filament is zero, and by Ohm’s law, V = IR, 
no current will flow through the filament. Also, 
method d gives no way for current to get to the 
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other terminal of the battery.) 


16-g2 It’s much more practical to measure 
voltage differences. To measure a current, you 
have to break the circuit somewhere and insert 
the meter there, but it’s not possible to discon- 
nect the circuits sealed inside the board. 


16-g3 There is constant voltage throughout a 
conductor. The wires are good conductors, but 
the bulbs aren’t, so all we have to do is count how 
many parts there are in the circuit that consist of 
nothing but wire. As shown in the figure, there 
are four such parts. For instance, if we connect 
one probe of the voltmeter at the dot, and one 
in region D, we'll get a certain voltage reading, 
and we'll get the same voltage reading even if 
we move the second probe to some other place in 
region D. We can get a total of four unique volt- 
age readings, but region A gives zero, so there 
are only three unique, nonzero readings we can 
get. 


16-g4 There are five unique currents you could 
measure, by inserting an ammeter at A, B, C, D, 
and E. 
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The key here is that charge is conserved. That 
means that, for example, you'll get exactly the 
same current reading at B, F, and G, because any 
charge that flows up through B will also have 
to go through F and G; it can't “drive off the 
road,” and it can't get used up in the bulbs, be- 
cause that would violate conservation of charge. 
Likewise, I and A give the same reading. 

You also can’t get two different results from 
D and H. This isn’t because of conservation of 
charge, it’s because the two bulbs are identical, 
and have the same voltage drop across them. 
16-g5 (a) Call the voltages V5 and Vio. All 
three currents are the same, since it’s a sin- 
gle closed loop, and there is no place to store 
charge. We therefore only need one symbol for 
current — just call it Z. Kirchoff’s loop rule 
says Vs + Vio = 9 volts. Ohm’s law tells us 
Vs = (1)(5 Q) and Vio = (2)(10 Q). This means 
that Vio must be twice as big as V5, and since 
they have to add up to 9 volts, they must be 
Vs = 3 V and Vig = 6 V. 

(b) As explained above, all three currents are the 
same. One way to find the current is by solving 
the equation Vs = (1)(5 Q) for I, giving I = 0.6 
A. Another way would be to divide 9 V by the 
series resistance of 15 ohms. 

(c) The 10-ohm bulb will go out, because its two 
sides are now connected with wire, and therefore 
there is no voltage difference between the two 
sides. The 5-ohm bulb now has the full voltage 
drop of the battery across it, i.e. 9 volts, and its 
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current will be (9 V)/(5 Q) = 1.8 A. This means 
it will be brighter than it was before. 

(d) You'll see exactly the same thing as in the 
original circuit. None of the reasoning used in 
solving part (a) made any assumption about 
what order the bulbs were in. The current does 
not “get tired” or “get used up” by having to 
go through one bulb first before it gets to the 
other. Conservation of charge says that charge 
can’t “get used up.” 

16-g6 


(a) They have correctly set up the CE and ND 
in parallel. The ammeter is measuring the total 
current out of the power supply, however, rather 
than just the current that is going to go through 
the ND. The voltmeter is hooked up in series, but 
it should be in parallel. A voltmeter has a very 
high resistance, so the circuit will not function 
when the voltmeter is hooked up this way. 


(b) The meters are hooked up correctly, but the 
CE and ND are in series rather than in parallel. 
(If they had hooked up the CE and ND in paral- 
lel, then they would have had to get the amme- 
ter hooked up correctly to measure the current 
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through the ND rather than the CE, but in this 
series circuit, both the CE and the ND have the 
same current through them.) 

16-g7 


(a) See figure. 

(b) The E-shaped piece of wire across the top 
is one big piece of conducting material, so it 
must have the same voltage throughout it. Simi- 
larly, the whole E-shaped piece on the bottom 
is at the same voltage. Therefore, the volt- 
age difference across each of the three compo- 
nents is the same. Since we know the supply 
is 110 V, the voltage drops across the toaster 
and lamp must also be 110 V. Ohm’s law gives 
Ttoaster = (110 V)/Rtoaster = 100 A, and 
Lamp = (110 V)/Riamp = 50 A. 

(c) In this setup, which is not what’s really used 
in your house, it’s not the voltage drops that are 
equal but the currents — whatever current goes 
through one component also has to go through 
the others. The two resistances in series add to- 
gether to make a total resistance of 3 Ohms, so 
Toaster = Tlamp = V/3 Q ~ 40 A. Ohm's law 
can now be used to find the voltage drop across 
each appliance, Vamp = LiampRiamp = 73 V, 
and Vivaster art Itoaster Rtoaster = 37 V. (I didn’t 
round the voltages off to one sig fig because I 
wanted to make it clear that they add up to 110 
V.) 

16-g8 This setup could be made to work just 
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fine at the extreme settings. Let Rp be the (vari- 
able) resistance of the knob, and Rp the resis- 
tance of the heater. 

The “off” position would have to have Ry = 
oo, i.e., it would be like an open circuit. The 
total resistance R = Ry + Rp would be infinite 
as well, zero current would flow, and no power 
would be dissipated anywhere. 

The full-power position would have Rk = 0, 
i.e., it would be like a piece of wire. Current 
would flow, but there would be no voltage drop 
across Ry, so the only heating would be in Rp. 

The problem occurs at intermediate settings, 
where Rx is neither zero nor infinity. Here Rk 
would get hot, wasting power by heating up the 
knob. At Ry = Rp, for example, the knob would 
be dissipating the same amount of heat as the 
heating element itself! This would presumably 
melt the knob, or burn your hand. 
16-g9 (a) This has to be true based on the 
junction rule, so it doesn’t tell you anything 
about the resistance values. 

(b) We already knew without even touching the 
circuit that the currents were going to be equal, 
and if we find that the voltages are also equal 
then V = IR says that the resistances must be 
equal. 

(c) The loop rule tells us that the voltage drops 
are equal in the parallel circuit, and if we also 
find out the currents are equal, then V = IR 
says the resistances must be equal. 

(d) This is not useful information for finding out 
about the resistors, since it has to be true based 
on the loop rule. 

16-g10 All three in series gives one possibil- 
ity. All three in parallel: one possibility. Two 
in series, in parallel with the third: three possi- 
bilities. Two in parallel, in series with the third: 
three possibilities. The total number of resis- 
tance values you can make is eight. 

16-g11 The actual shape is irrelevant; all we 
care about is what’s connected to what. There- 
fore, we can draw the circuit flattened into a 
plane. Every vertex of the tetrahedron is adja- 
cent to every other vertex, so any two vertices to 
which we connect will give the same resistance. 


PROBLEMS 


Picking two arbitrarily, we have this: 


This is unfortunately a circuit that cannot 
be converted into parallel and series parts, and 
that's what makes this a hard problem! How- 
ever, we can recognize that by symmetry, there is 
zero current in the resistor marked with an aster- 
isk. Eliminating this one, we recognize the whole 
arrangement as a triple parallel circuit consist- 
ing of resistances R, 2R, and 2R. The resulting 
resistance is R/2. 
16-g12 Thetotal resistance seen by the voltage 
source is x + y, so the current that flows is I = 
AV/(x +y). Using the result of problem 1 from 
ch. 3, the power dissipated in the lamp is P = 
Py = AV?y(x + y)~?. Thus we want to find 
the value of y that maximizes the quantity y(x+ 
y) 2. To find a maximum, we set the derivative 
equal to zero: 


0= —y(2+y)? 


= (æ +y)? — 2yle +y)’ 


Multiplying both sides by (x +y)? simplifies this 
to 


which gives x = y. 

Physical explanation: Very large values of y 
are like an open circuit, e.g. like opening a 
switch. Very little current flows, so no power 
is dissipated in the lamp. Very small values of y 
result in more current, but the current is still lim- 
ited by the resistance of the cord, and this cur- 
rent, passing through a small resistance y, dissi- 
pates very little power. This is a specific example 
of something known as impedance matching: the 
maximum power is transmitted when the resis- 
tance of the load is matched to the resistance of 
the transmission line. 
16-g14 An open switch in (b) is the same cir- 
cuit as a closed switch in (a): the light bulb is 
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lit, and there’s no problem. When you close the 
switch in (b), it does cause the bulb to go out 
(basically because the two sides of the bulb are 
connected with wire and therefore have no volt- 
age difference, but see the more detailed note 
below). 


But huge amounts of current will now flow 
through the middle branch of the circuit. This 
is a short, which will certainly kill the battery, 
and may also cause enough heating to burn up 
the flashlight. 


One subtle issue about this is that you might 
think closing the switch in (b) would have no ef- 
fect on the bulb, since you're just adding a new 
parallel branch to a circuit. This would lead you 
to believe that although the short would kill the 
battery and burn things up, the bulb would stay 
on, contrary to the claim in the problem that it 
would go out. In fact, the bulb will go out in 
(b), because it's not a pure parallel circuit. You 
have to readjust your thinking a little, because 
ordinarily we assume that wires have negligible 
resistance, but in a short circuit their resistances 
aren't negligible anymore, because the equivalent 
resistance of the whole circuit is so low. That 
means you can’t neglect the resistance of the 
wires going from the battery to the junctions. 
You basically have a series circuit now, consist- 
ing of the wire from the battery to the junction, 
the wire through the switch, and the wire from 
the switch back to the battery. This series cir- 
cuit shares the voltage drop of the battery three 
ways, which means that the voltage across the 
middle piece is greatly reduced. 
16-g15 This is a problem that has a trick to 
it. If you don’t think of the trick, it’s very dif- 
ficult, because the circuit can't be broken down 
into parallel and series parts. The trick is to re- 
alize that although the circuit has been drawn in 
an asymmetric way, it’s actually very symmetric. 
The two rightmost bulbs play identical roles in 
the circuit, as do the two leftmost one. You can 
see this if you redraw the circuit so that the top 
left bulb and the top right bulb are on one hori- 
zontal line, and similarly for the bottom left and 
bottom right. The bulb in the middle has zero 
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current through it by symmetry. 

16-816 Like the preceding problem, this one 
can’t be solved by breaking the circuit down into 
parallel and series parts. Unlike that one, there is 
no easy way to solve it by symmetry. We simply 
have to use the loop rule and the junction rule 
to write down enough equations to solve for all 
the unknowns. Let's label the bulbs A, B, C, ... 
going from top to bottom and left to right, like 
reading a page of text. For simplicity, we think 
of the bulbs at the bottom as a single bulb, E, 
with a resistance of two ohms. (This is the only 
part of the circuit that can be simplified in this 
way.) Let A stand for the current through bulb 
A, and so on. The junction rule then gives 


D=B+E 
A+B=C 


and 


Since every bulb except for E has a resistance 
of one ohm, the voltage drop across each bulb 
equals the current through it. That is, we can 
use the symbol A interchangeable for both the 
current through A (in amperes) and the voltage 
drop across A (in volts). The only exception is 
the double bulb E, which has a voltage 2E across 
it. We use the loop rule three times: 


A+C=1 
D+2E=1 
A=D+B 


The result is five equations in five unknowns, 
which we solve by eliminating one variable af- 
ter another. The final results are A = 6/13, 
B = 1/13, C = 7/13, D = 5/13, and E = 4/13. 
The total current is A + D = 11/13 amps, so 
the power drawn from the one-volt battery is 
(11/13 AJA V) = 11/13 W. 

16-g17 Using the junction rule at the junction 
A feeds into, we find that the current through A 
is 300 mA. Using the junction rule at the junc- 
tion on the left, we then have 600 mA for the 
total current drawn from the battery, which is 
also the current through D. Applying the junc- 
tion rule at the junction in the middle, we find 
a current of 100 mA for both B and C. All our 
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unknowns are now determined, so we can use the 
junction on the right side to check that our so- 
lution is correct: 500 mA plus 100 mA gives 600 
mA, which is indeed what we had for D. 
16-g18 (a) Let the voltage of the battery be 
V. In the original circuit, we have P = IV = 
V?/R, while in the new one P! = V?/(R + r). 
By forming the ratio of these two quantities, we 
can eliminate the voltage, and P/P’ =1+r/R. 
The result is r = (P/P’ — 1)R. 

(b) The ratio P/P’ is unitless, which makes sense 
because we’re subtracting a unitless 1 from it. 
The result is that ohms equal ohms, which makes 
sense. 

(c) For P’ = P, we have r = 0, which makes 
sense: no additional resistance was introduced, 
no no change occurred. For P’ = 0, we have 
r = œ, which also makes sense. For example if 
the dirt is a perfect insulator, then we have an 
open circuit. 

(d) The current in the modified circuit is I = 
V/(R +r), which gives P’ = IP R = V?R/(R + 
r)?. After a little algebra, the result is 


(a 


which, remarkably, differs from the result of part 
a only by the presence of the square root. 

16-j1 An (idealized) battery is a circuit ele- 
ment that always maintains the same voltage 
difference across itself, so by the loop rule, the 
voltage difference across the capacitor must re- 
main unchanged, even while the dielectric is be- 
ing withdrawn. The bound charges on the sur- 
faces of the dielectric have been attracting the 
free charges in the plates, causing them to charge 
up more than they ordinarily would have. As the 
dielectric is withdrawn, the capacitor will be par- 
tially discharged, and we will observe a current in 
the ammeter. Since the dielectric is attracted to 
the plates, positive work is done in extracting it, 
indicating that there must be an increase in the 
electrical energy stored in the capacitor. This 
may seem paradoxical, since the energy stored in 
a capacitor is (1/2ICV?, and we are decreasing 
the capacitance. However, the energy (1/2)CV? 


PROBLEMS 


is calculated in terms of the work required to de- 
posit the free charge on the plates. In addition 
to this energy, there is also energy stored in the 
dielectric itself. By moving its bound charges 
farther away from the free charges in the plates, 
to which they are attracted, we have increased 
their electrical energy. This energy of the bound 
charges is inaccessible to the electric circuit. 
16-j2 Since the circuit is open, the charge has 
nowhere to go, and we won't observe any cur- 
rent in the ammeter. Since the capacitance q/V 
is decreasing, the reading on the voltmeter must 
go up. As with the closed circuit, positive work 
is done to overcome the attraction between the 
bound and free charges. In this example, how- 
ever, the work goes into the increased energy of 
the higher electric field betweeen the plates. 
17-al To get good precision, you need to do 
this on a full-size printout, as suggested by the 
problem. To keep from using up a whole page 
on my solutions handouts, I’ve shown the idea 
below at about 25% of the actual size. 


First 1 drew the long diagonal twice as long 
again, meaning about 276 mm. To keep the area 
the same, I had to make its “cross-bar” half as 
long as on the preceding parallelogram, or about 
17.5 mm. The speed represented by this new 
parallelogram is equal to the slope of its bottom 
edge. To get this slope, which is the rise divided 
by the run, we have to draw the rise and run 
accurately, i.e., lined up straight with the edges 
of the paper. I did this by using a second piece 
of paper as a right angle. The result is that the 
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slope is (rise)/(run) = 91 mm/105 mm = .86, 
representing 86% of the speed of light. 
17-a2 (a) She says her own velocity is zero. 

Time dilation happens because of relative mo- 
tion. We can conclude that A and B are not in 
motion relative to one another, but that there is 
relative motion between them and C. 

(b) Alice says B is at rest, but C is moving. 
(c) Betty says A is at rest, but C is moving. (d) 
Cathy says both A and B are moving, and she 
sees them moving in the same direction at the 
same speed. 
17-a3 The equation for gamma is y = 
1/V1—v?. If v is negative, v? still comes out 
positive. Negative and positive values of v give 
the same results for gamma. 

This makes sense, because positive and nega- 
tive values of v indicate motion in opposite direc- 
tions. Relativistic effects like time dilation and 
length contraction shouldn' come out different if 
you travel west rather than east, or north rather 
than south. Gamma indicates how strong these 
relativistic effects are, so gamma shouldn’t de- 
pend on the direction of motion. This relates 
directly to the second postulate stated in section 
7.2, that all directions in space have the same 
properties. 

Note that it is OK for a directional (vector) 
quantity like velocity to be connected to some 
other direction quantity, such as acceleration, by 
a relation such as a = dv/dt. Then an observer 
who chooses the opposite orientation for their co- 
ordinate system will simply flip all the signs of 
the velocities and accelerations, and there is no 
way to tell in experiments which choice is “spe- 
cial.” That's different from the situation with 
“y, which is not directional and can be measured 
without even choosing a coordinate system. 
17-a4 (a) 

1 


"= Fe 


1 


y1 (E m/s y 
~ (3x108 m/s 


= 1.0000000016 
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(b) Gamma gives us a comparison of the rate 
at which time flows on earth and on the probe. A 
gamma of one would indicate equal rates. Since 
the gamma is a tiny bit greater than one, the 
ratio is a tiny bit different from a one-to-one ra- 
tio. Gamma differs from one by 1.6 x 107%, i.e., 
1.6 parts per billion. The disagreement between 
clocks on the probe and on earth that accumu- 
lates over each year is therefore 


(31 x 10% s)(1.6 x 107°) = 0.050 s 


This is a fairly big discrepancy. You might even 
be able to detect it with a consumer-grade clock. 
(The way NASA really notices the effect is that 
when the probe signals back to earth by radio, 
the radio waves vibrate a little more slowly than 
they should, i.e., the signal’s frequency is shifted 
a tiny bit.) 

17-a5 Let r=6.4 x 10° m be the radius of the 
earth, R = 1.5 x 10! m the radius of its orbit, 
and T = 1 year = 3.2 x 10” s the period of its 
orbit. Then the velocity is v = (2r R)/T, and we 
have y = 1/,/1—v?/c? = 1+ 4.8 x 107°. The 
resulting contraction of the diameter is about 
(4.8 x 107%) (2r) = 6 cm. 

17-a6 (a) 


1 


e 


1 


\/1 — 9/25 


1 


/16/25 


(b) The (3/5)c example came out simple be- 
cause 3, 4, and 5 are integers that have the re- 
lationship 3? + 4? = 5°. This is just like a 3-4-5 
right triangle, but there’s no triangle involved 
here! We need to find another set of numbers 
like this. The simplest way is to reverse the role 
of the 3 and 4, in which case we get 
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If that seems like a cheap shot, then you need 
to find another set of integers that form a right 
triangle; I was lazy, and just did a Google search 
for “Pythagorean triple,” which turned up 11? + 


60? = 61? as an example. This provides the 
examples 
ait _ 61 
"=a * 7 
and 
60 _ 61 
woe 7 TST 


18-al The electric force vector is 


Fr = qE 
= (1 Ny 


The magnitude of the magnetic force is 


[Fg| = lav x B| 
= q|v x B| 
= q|v||B] sin 0,8 
=2N 


> 


and its direction is determined by the right hand 
rule to be along the z axis, so 


Fp = (2 N)z 
The total force on the particle is 
F=(1N)y+(2N)z 


18-a2 The original rule listed flat fingers, bent 
fingers, and thumb in the order 


v B E 


Playing with the model, yov'’ll find that the other 
two ways that work are 


B F v 
F v B 


and 
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These are like starting later in the original list, 
and then “wrapping around” when we get to the 
end. The three that don't work are 


B v F 
v F B , and 
F B v 


These are left-handed. 

18-a3 There must be either E or B or both, 
since some force caused the particle to accelerate. 
It can’t be a pure magnetic field, because F = 
qv x B is zero for v = 0, so the particle would 
not have accelerated from rest. It can’t be a 
pure electric field, because a uniform electric field 
would just have caused the particle to accelerate 
in a straight line. There must be both E and B 
present. 

18-a4 (a) F = qv x B = 0, so the particle re- 
mains at rest. 

(b) F = qv x B = qļ|v||B|sin0° = 0, so there 
is no force, and the particle travels in a straight 
line with constant speed. 

(c) The force will always be perpendicular to the 
z axis, so since the particle initially has no veloc- 
ity in the z direction, it will remain in the same 
plane, parallel to the x-y plane. The particle or- 
bits in a circle in this plane, at constant speed. 
18-a5 (a) I= Av. 

18-46 (b) 2k1,12L/c?R. 

18-a7 The electric force is either in the same 
direction as the electric field or in the opposite 
direction, depending on whether the particles are 
positively or negatively charged. Since the mag- 
netic force is perpendicular to both v and B 
and the question states that the electric field is 
perpendicular to both v and B, the magnetic 
force must be either in the same direction as the 
electric force or in the opposite direction. Since 
the goal is to make the forces cancel, we'll as- 
sume the directions of the fields are chosen so the 
forces are in opposite directions. That means the 
forces cancel if they're chosen to have equal mag- 
nitudes. The electric force equals qE. The mag- 
nitude of the magnetic force equals quB sin 0, 
and since the v and B vectors are perpendic- 
ular, sin = 1. Therefore we need qE = quB. 
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Canceling q from both sides and solving for v, 
we have v = E/B. 

18-a8 The second data-point isn’t very sur- 
prising, because multiplying charge by —2 and 
the velocity by —1 multiplies the magnetic force 
by (—2)(—1) = 2. The only thing the second 
data-point really tells us is that the field is purely 
magnetic. If the F, v, and B vectors had to be 
perpendicular, there would only be one possi- 
bility for this field, B = (1 kT)z. But a mag- 
netic field along the same direction as the mo- 
tion exerts no force, so we can throw in an ar- 
bitrary x component, giving a solution such as 
B = (1 kT)z + (87 kT)x. 

18-a9 It can’t be a purely electric field, be- 
cause then the velocity would have no effect 
on the force. It can’t be purely magnetic, ei- 
ther, because tripling the velocity didn’t simply 
triple the force, as it would if the only force was 
Fp=qvxB. 

18-a10 (a) The magnitudes are the same, as 
required by Newton’s third law. 


(b) 


(c) The force is in the opposite direction, again 
as required by Newton’s third law; each wire is 
attracting the other. 

(d) They would reoek each other. 

18-a11 (a) The field is coming out of the page, 
perpendicular to the plane of the coils. See the 
answer to the self-check. 

(b) The current is counterclockwise. One way 
to tell this is to imagine breaking down each 
coil into parts. For example, we could reshape 
them into octagons. Each of the sixteen seg- 
ments would contribute the same field at the 
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center of the loop, and the direction of the field 
would be given by the right-hand rule, just as if 
the segments were long wires. 

(c) The electrons have negative charge. To pro- 
duce a counterclockwise current, they need to be 
moving clockwise. 

(d) It's a repulsion. The electrons in the beam 
are being pushed inward, away from the coils. 
This is consistent with the result of the previous 
problem, where we found that there is a repulsion 
between currents that are in opposite directions. 
18-a12 (a) See the answer to the self-check. 


(b) 


F 
a = — 

m 
v? _ quBsin 90° 
ro m 
E 
r m 

m v 

q B 


(c) From the definition B = F/(qusin 0), we see 
that the Tesla unit breaks down into N-s/(C-m). 


kg m/s kgm C-m 


C T Cs N's 
kg-m 1 
= A 
s N 
=m 


(d) The equation derived in part b has m and 
v on the top, so it states that increasing either 
of these variables will increase the radius of the 
circle. The opposite is true for q and B. 

mass: Increasing the mass of the particles makes 
it harder for a given force to turn the beam away 
from its initial path, so the turn will be wider. 
charge: Increasing the charge of the particles 
makes it easier for a given field to act on them, 
causing them to execute a tighter curve. 
velocity: This is like driving a car. Freeway 
off-ramps have gentle curves, because a high- 
velocity car is harder to turn. 

field: Increasing the magnetic field results in 
more force on each particle, making the beam 
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curve more tightly. 


(e) 


v=wr 
v 
w = — 
r 
qB 
m 


18-a13 (a) It can't be a purely frictional force, 
because then the particle wouldn't speed back up 
again. Magnetic fields don’t do work, so it also 
can't be a pure magnetic field, since the parti- 
cle's kinetic energy is changing. A magnetic field 
would make a force perpendicular to the parti- 
cle’s velocity vector, causing it to curve, which 
it isn’t doing. Since there is zero magnetic force, 
there is probably zero magnetic field (although 
it is possible that the magnetic field is nonzero 
and parallel to the motion, causing zero force). 
We're left with the possibility of either a pure 
electrical force, or a mixture of electrical and ki- 
netic frictional forces. If there was friction in the 
mix, then the friction would reverse its direction 
when the particle came back, while the electri- 
cal force remained constant. The forces would 
therefore be reinforcing for half of the motion, 
but at least partially canceling during the other 
half. The particle’s acceleration, however, is the 
same in the two halves of the motion. We there- 
fore conclude that an electrical force is the only 
one acting. The field must be down and to the 
left, along the direction of motion. 

(b) As in part a, there is no evidence for any 
magnetic field. There must be friction here: if 
the force was purely electrical, then the particle 
would have constant acceleration, but it actually 
displays an abrupt change in acceleration from a 
nonzero value to zero. The simplest explanation 
of the observed motion is that there is no electri- 
cal field, and the particle is simply decelerated 
by kinetic friction. It’s also possible, however, 
that there is an electric field along the direction 
of motion, either working against friction or co- 
operating with it in slowing the particle down. 
If there is an electric field, then once the parti- 
cle stops, there must be a static frictional force 
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keeping it from getting going again. 

(c) The dots are equally spaced, so no work is 
ever being done on the particle. Therefore there 
can't be any electric field: the only way an elec- 
tric field could avoid doing work on the particle 
would be if it was perpendicular to the motion, 
but since the particle is curving, and we're given 
that the electric field is uniform, it’s not possible 
to have an electric field that is always perpendic- 
ular to the motion. Friction would also do work, 
so there is no friction. There must be a magnetic 
field into the page to produce the inward force 
required for circular motion. 

(d) Work is being done, since the particle is slow- 
ing down and then speeding up. If we assume 
that the possible frictional force is exerted by 
some surface that is at rest with respect to the 
grid on the paper, then we can rule out a purely 
frictional force: kinetic friction would deceler- 
ate the sliding particle, but couldn't speed it up. 
Taking the time interval to be one and the spac- 
ing of the grid to be one, the velocity vectors are 
3X + y, 2x + 2y, etc., with the x component al- 
ways decreasing by 1 and y always increasing by 
1. Therefore the acceleration is a constant one up 
and to the left, at a 45-degree angle with respect 
to the grid. This force must be coming from an 
electric field in this direction. If there was a ki- 
netic friction force, it would always oppose the 
motion, so the force wouldn’t continue to be in 
the same direction as the direction of the mo- 
tion changed. If there was a magnetic field, the 
magnetic force would change its strength and di- 
rection as the particle’s speed changed, so again, 
the force wouldn’t be constant. 


(a) The 
2nr/v, so I = 


18-al4 
At = 
mA. 
(b) Using the equation for the field at the center 
of a current loop, and plugging in the current 
from the previous homework, we get about 10 
T (a huge field!). (This is a one-sig-fig answer, 
because the radius of the orbit is only given to 
one sig fig.) 

(c) Since the proton is not moving, it experi- 
ences no magnetic force. (Actually the proton 


one orbit is 
ve/2nr = 1 


time for 
e/At = 
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and electron orbit around their common center 
of mass, but since the proton is two thousand 
times more massive, it essentially doesn’t move. 
The force will be very small, but not quite zero.) 
(d) No. The proton is not moving (or just barely 
moving), so it makes no magnetic field (or very 
nearly none). 

(e) No. Newton’s third law says that forces 
come in equal and opposite pairs, so an object 
can’t exert a force on itself. 

(f) Yes, using Coulomb’s law, the force is 
9x 1078 N. 

(g) Yes, using Newton’s law of gravity, the force 
is 3.6 x 10% N. 

(h) The magnetic force is zero. The gravita- 
tional force is ridiculously small compared to 
the electric force. It’s the electric force that 
keeps it in orbit. 


18-a15 Particle 1 isn't moving, so it experi- 
ences only an electric force. The electric field 
causing this force must be 


(1 Ny 
1C 


= (1 N/C)y 


Particle 2 experiences the same force as parti- 
cle 1, even though it is moving along the x axis. 
Therefore, the magnetic field, if any, must lie 
along the x axis. 

The magnetic and electric forces on particle 
3 cancel, so the magnetic force on it must be 
(-1 N)y. A magnetic field along the x axis that 
produces this force must be (—1 T)x. 
18-a16 Four times the current makes four 
times the magnetic field, which makes 4? = 16 
times the energy. 
18-a17 The field at any point on the axis can 
be found by adding the contributions to the field 
from the two loops. By symmetry, both these 
fields are along the axis, so we can add them 
without worrying about vector addition. The 
whole problem just deals with comparisons, so 
the only part of the equation in section 24.2 we 
need to worry about is (b? + 2?)~8/?. Also, we 
can just let b equal 1, and interpret z as z/b. 
(a) Evaluating (1+ 27)~9/? at z = 0 and 0.5, and 
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1, we get 1.0000, 0.7155, and 0.3536. The total 
field at the center (z = 0.5 relative to both coils) 
is 0.7155 x 2, and the field in the center of one 
of the coils is 1.0000 + 0.3536. The percentage 
drop is about 5.4% (expressed as a percentage of 
the stronger field). 

(b) By experimenting with different values of h, 
we find a solution at about h/b = 1.2, i.e., a little 
larger than the Helmholtz value of h/b = 1. 
18-a18 (a) Using the equation for the mag- 
netic field at the center of a current loop, we 
get 0.063 mT. 

(b) Along the positive z axis. 

(c) It would make a field with the same magni- 
tude along the negative x axis. 

(d) The total field is the vector sum of the two. 
Since they’re perpendicular, the magnitude of 
the sum is given by the Pythagorean theorem, 
coming out to be 0.09 mT. It points at a 45° 
angle between the two, in the x — z plane. 
18-a19 The hard part is visualizing the direc- 
tions of the four fields that are adding together. 
Looking along the length of the apparatus, two 
of the fields point at a 45-degree angle down 
and to the left, while the other two point at 
45 degrees down and to the right. By vector 
addition, this means that the total field is 242 
times the individual ones. Each individual field 
is 2kI/c?R = 2V2kI/c?b so the total field is 
8kI/c?b. 

18-a20 At first it might seem possible, since 
we're trying to determine six numbers (Ez, Ey, 
Ez, Bz, By, and B;), and two experiments would 
provide six pieces of raw data (Fiz, Fiy, Fiz, 
Fog, Foy, and F2,). Ordinarily, we expect that 
six equations in six unknowns can be solved 
uniquely. However, this isn’t true if the equa- 
tions are redundant. For example, the system of 
equations 


a = 2b 
2a = 4b 


can’t be solved for a and b. 

In fact, we can never solve these six equations 
for the six unknowns. Suppose we fix the design 
of your experiment by specifying vı and v2. We 
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may as well use unit charge in both cases, so 
these two velocities give a complete specification 
of the design of the experiment. But given this 
design, there will always be different fields that 
give the same results. To see this, let's find E and 
B that produce zero force in both measurements. 
We want fields such that 


E+vixB=0 
E+vsxB=0 


Subtracting, 
(vi = va) xB=0 


It’s easy to show that the procedure won't work 
if the two velocities are the same, so let's just 
assume the vector vj — va is nonzero. We can 
take B to lie along vı — va, and let E = —v, x B. 
18-a21 If the little solenoid’s current goes the 
same way as the big one's, then their fields re- 
inforce and the energy density is higher than if 
they were separate. It's true that the fields are 
filling some of the same space, which would tend 
to reduce the total energy, but since the energy 
density depends on the square of the field, the in- 
crease in energy density is a bigger effect than the 
decrease in the amount of space. For instance, 
if the two fields are equal, and the volumes are 
nearly equal, then the combined field has an en- 
ergy density four times greater, which more than 
compensates for the fact that the fields are occu- 
pying half the volume compared to the separate 
setup. 

If the little solenoid's current goes the opposite 
way, their fields cancel at least partially, and the 
energy is less than when they were separate. The 
stable configuration is the one with the opposite 
currents. 
18-a22 All that really matters is the cross- 
sectional area, a, of the smaller solenoid, and 
their separate fields, b and B. As the small one 
penetrates the big one to a depth x, we replace 
a volume xa from each one’s interior with a new, 
overlapped volume xa in which the field is B +b. 
(a) The difference in energy is 


2 2 


_ p2 same! 
b] za = 5 Bbxa 


= [(B +b)? — B? 
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(b) The energy is proportional to x, so for every 
millimeter deeper that we push the small one, 
the same amount of work is done. The force is 
F = dW/ dz = (c?/4rk) Bba. 

18-a23 (a) Let's use the same x — y — z coordi- 
nate system employed in the book’s derivation of 
B, for a sheet of current. Each sheet experiences 
a By and B, due to the other one. The z compo- 
nent of the magnetic field produces only sideways 
forces, which don't contribute to the attraction 
or repulsion. (The total sideways force also has 
to cancel by symmetry, so all it does is produce 
a stress that tends to stretch each sheet in the y 
direction.) The y component, however, does pro- 
duce a repulsion according to the right-hand rule. 
As derived in the book, we have By = 2kny/c?, 
and because w > h, we have y = 7, giving 
B, = 21rk9/c? everywhere except at the edges. 
The edges, however, don't contribute apprecia- 
bly to the total force, since w > h. Since B, 
is approximately constant across each sheet, the 
force can be computed using the same equation 
as for a thin wire immersed in the same field: 


2 
F= HB- a £ 
cew 
(b) 
F = HB 
2kI 
a 
kI 
2h 


(c) In part a, the force is proportional to 1/w, be- 
cause the width of the strips is what determines 
the typical distance between points on one strip 
and points on the other. In b, the force depends 
on h for similar reasons. The factor of m is be- 
cause in a, many points are closer than w, but 
in b, no points are closer than h. 

18-a24 The compass will respond to the com- 
bined fields of the magnet and the earth. There 
is no fundamental difference between the two- 
and three-dimensional cases, so for simplicity 
let's imagine the mystery magnet and the com- 
pass both being glued to a flat piece of wood, 
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which we can orient at any angle in a horizontal 
plane. Before gluing the compass to the wood, 
we determine the direction of the earth's field. 
Then, with the compass glued down, we fiddle 
with the board's orientation until we get the 
compass to point in the direction of the earth’s 
field again. In this orientation, the mystery mag- 
net’s field is along the same line as the earth’s 
field. But is it north (reinforcing the earth’s 
field) or south (opposing it)? If the magnet’s 
field is stronger than the earth’s, then we can 
easily tell by flipping the board 180 degrees; the 
compass will point in the direction of the mag- 
net’s field in both cases. If the magnet’s field is 
weaker than the earth’s, it’s a little harder. The 
simplest technique is to turn the magnet away 
from the aligned direction by some small angle, 
say 5 degrees, and observe which way the needle 
is deflected. By one of these two methods, we 
can determine the direction of the magnet’s field 
for once and for all, and draw it with a marking 
pen on the board. 

Now we have to find the strength of the mag- 
net’s field. This is fairly easy. For instance, we 
can turn the magnet so that it’s field is at a 
90-degree angle with respect to the earth’s, and 
measure the angle by which the compass devi- 
ates from magnetic north. We’re now adding 
two field vectors that are at 90 degrees to one 
another, and this vector addition can be visual- 
ized in terms of a right triangle if we put the two 
vectors tip to tail. The tangent of the angle tells 
us the ratio of the two legs, which is the ratio of 
the magnet’s field to the earth’s. 


18-d1 (a) The Biot-Savart law gives 
kI [déxr 
oe 2 r3 


Here r is the vector from a point on the wire 
to the point at which we're calculating the field. 
Let the wire lie on the x axis, and let the point of 
interest be on the y axis at y = R. Let 0 be the 
angle between the r vector and the wire, mea- 
sured on the right side so that at large negative 
x, 0 — 0. The magnitude of the cross prod- 
uct occurring in the integrand is | d£||r| sin 0, or 
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dz: r sin. We then have for the magnitude of 
the field 


sin0 dx 
ar 


kI f° 
B= 


c2 


i t 
(b) The variables occurring in the integrand are 
x, r, and 0. We need to pick one of these vari- 
ables to work with and reexpress the others in 
terms of it. Rewriting the variables x and r in 
terms of O gives z = —R cot 0, dz = Rsin™? 0 d0, 
and r = R/sin@. These substitutions change the 
integral into 


RE f. 
B= apl sin 0 dð. 


As promised, the integral now reduces to a trivial 
form that equals 2. 


18-d2 This is a simple generalization of the 
preceding problem involving a square. The 
contribution from each side is proportional to 
(1/h) cos 0, where 0 is the angle between a side 
and a line from the center to an adjacent vertex. 
Let the perimeter be £, so that cos 9 = (£/2n) /R. 
Then the field is proportional to £/AR = ¢/p?. 


In the case of n = 2, we have h = 0, so the field 
is infinite, which makes sense. For n —> oo, we 
have B = (Ik/c*)¢/p? = (Ik/c?)2rr/r?, which 
is correct. 
18-d3 Note that in the Biot-Savart law, the 
variable r is defined as a vector that points from 
the current to the point at which the field is be- 
ing calculated, whereas in the polar coordinates 
used to express the equation of the spiral, the 
vector more naturally points the opposite way. 
This requires some fiddling with signs, which I'll 
suppress, and simply identify d£ with dr. 


BS 


a y3 


The vector dr has components dx = w(cos6 — 
sin) and dy = w(sin@ + @cos@). Evaluating 
the vector cross product, and substituting 0/w 
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for r, we find 


pa SE 


cw 03 

kI dé 
7 3) 0 
kI 1 b2 
Sw 
kI b 

= —— In- 

Cw a 

18-g2 The field of a wire is B = 2kI/c?R, in 
the direction tangent to the circle centered on 
the wire and passing through the point of in- 
terest. As suggested in the problem, the field 
approaches zero as R approaches infinity, so we 
can neglect the contributions from the short, in- 
finitely distant pieces of wire at the ends of the 
rectangle. Of the two infinite wires, each makes 
an equal contribution to the circulation, so we 
only need to integrate over one of them, and then 
double that result. Let the wire lie along the z 
axis, and let the wires be parallel to the x axis. 
Then 


Te=2/ B-xdz 


Co 


za] |B||X| cos 9 gz de 


T° 2kI h 
= an. 1 a, d 
E OR R| 
AkIh [°° dz 
2 o R 
_ AkIh m dz 
~ @ J n htr 
4kIh 1,12 T 
= . Ti 
Cc h fil 
4rkI 


This is the result expected from Ampère’s law. 

19-al (a) Since the wire is moving through a 
magnetic field, the charges in the wire are also 
moving through a magnetic field, and they feel 
a force. The electrons in in the metal are free to 
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flow, so a current is established. This current dis- 
sipates energy into heat, and by conservation of 
energy, that heat energy has to come from some- 
where. The only place it can come from is the 
kinetic energy of the wire, so we conclude that 
the wire is decelerating. Therefore the force on 
the wire must be to the left. (b) The electrons 
have a lot of random thermal motion, but let's 
just talk about their motion on the average. On 
the average, an electron in the wire is moving to 
the right. Using the right-hand rule, we find that 
the vector cross product v x B points out of the 
page, but since q is negative, the force acting on 
the electron, gv x B, points into the page. This 
tells us that the electrons flow counterclockwise 
as seen from above. Once this current is estab- 
lished, the velocity vector of the electrons in the 
rolling wire acquires a new component, into the 
page. This creates an additional magnetic force 
on the electrons, with v x B to the right and 
qv x B to the left, in agreement with the answer 
to part a. (c) Since we’ve already established the 
direction of the force in excruciating detail, P1 
completely ignore signs in everything that fol- 
lows. Faraday’s law tells us 


We're told that the resistance of the circuit is 
dominated by the resistance of the rolling wire. 
In a series circuit, the current is the same ev- 
erywhere, and by Ohm’s law, we find that the 
voltage drop across the high-resistance rolling 
wire must be much greater than the voltage drop 
around the U. This means that the voltage drop 
V across the wire is essentially the same as I p. 
Letting R be the resistance of the rolling wire, 
we have 


p=- E 

R 

ld 
se (eA 

Rat ) 
_ipd4 
R dt 


Let the wire’s velocity be v, and let its length be 
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L. We then have dA/ dt = v£, so 
I = Bvt/R 


The problem now boils down to finding the force 
on a current-carrying wire in a perpendicular 
magnetic field. As worked out in problems 9 and 
10 in this chapter (whose answers are in the back 
of the book), the force is I/B, so our final result 
for the force on the wire is 


F=B°0/R 


Let’s interpret this result. Note that B is 
squared. This means that if we reversed the di- 
rection of the field, the force would still be in 
the same direction. That makes sense, because 
the answer to part a never required us to use the 
direction of the field. We also find that v is not 
squared. That also makes sense. If the wire was 
rolling in the other direction, then the logic of 
part a would still require that kinetic energy be 
converted into heat, so the wire would still have 
to decelerate, and the force acting on it would 
have to flip in order to be opposite to its motion. 
19-a2 (a) The changing magnetic field induces 
an electric field, which causes a current to run 
around the loop. The resistance of the wire 
causes energy to be turned into heat. This en- 
ergy can only be coming from the mechanical 
energy (KE and gravitational PE) of the loop, 
so it must be making the loop fall with an accel- 
eration less than g. The force must be upward. 
(b) An electron in the wire has negative charge, 
so the force it feels in a magnetic field is in the 
direction of —v x B. This is into the page for 
an electron in the top, and out of the page for 
an electron in the bottom. Because the field is 
stronger at the top, that force dominates, and a 
clockwise current will be established. Once the 
current is established, an electron at the top has 
a nonvanishing v,, and this new component gives 
rise to a new component of —v x B, pointing up. 
The force at the bottom of the loop is downward, 
but it’s weaker, so the total force is upward. 

(c) As worked out in problems 9 and 10 in this 
chapter (whose answers are in the back of the 
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book), the force exerted on a wire by a magnetic 
field is /£B. Let subscripts t and b stand for 
the top and bottom of the loop. Ignoring signs 
except where they're necessary, we have: 


F = F; — Fe 
= HMk(z — 2p) 
= IAk 
= AkTg/R 
_ Ak ôg 


= R Ot 
_ Ak a 


= Fyfe dy dz 

_ Ak*(width) 0 27 — z? 

= R Oe 2 

_ Ak? (width) 

= an ( 

_ Ak? (width) (height)v 
R 


y A?k?2y 
© R 


The behavior of this expression is sensible. The 
argument in part a didn’t depend on the sign 
of k, so it makes sense that the final answer de- 
pends on k?, and is therefore also independent of 
the sign of k. It also makes sense that the final 
answer has v to the first power. If we threw the 
loop upward, the original argument would still 
imply that mechanical energy was being taken 
out and dumped into ohmic heating, but the 
force required would be downward. Having R 
in the denominator makes sense. For instance, 
if we cut the wire, then it would be an open cir- 
cuit, and there would be no way to establish a 
current; this corresponds to the case of R = ov, 
which would give F = 0 in our expression. 

19-a3 (a) If your socks come out of the dryer 
clinging together, the electric fields around them 
are caused by charges, 4akq;,. Your car's al- 
ternator is a generator that runs based on the 
principle that a curly electric field is caused by a 
changing magnetic field, -O®,/Ot. You’re read- 
ing right now using light, which is an electromag- 
netic wave; such a wave could not have its curly 
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magnetic field unless such a field could be caused 
by a time-varying electric field, —3 g/t. Elec- 
tromagnets are used at the junkyard to pick up 
cars and scrap metal. The magnetic field is 
caused by a current, 40k Iinrough: 

(b) Wherever k occurs, we replace it with 1/4reo, 
and c? can be replaced with 4rk/uo = 1/po€o. 
The results are 


1 
Dz = — fin 
Eo 
g =0 
0 
| ee 
> at 
1 00 y 1 
Pg = | I, rou 
loto B at & through 


19-a4 The relationship between the field and 
the voltage is 


V 
E = — 
d ? 
so for the flux we have 
TRY 
Eo g 


Based on the symmetry of the capacitor, we 
clearly need to choose an Amperian surface that 
is a circle centered on the axis. To extract any 
information about the magnetic field at radius R, 
we're going to have to make it a circle of radius 
R. Using Maxwell ’s equation for the circulation 
of the magnetic field, 


dg 

de 

TR?s 
d 


Tp = 


Now the magnetic field could have components 
in various directions, but only the component 
tangent to the circle will contribute to this cir- 
culation. That means we can't use this tech- 
nique to get the components of the field in the 
radial direction and in the direction parallel to 
the axis. Let's compute the tangential compo- 
nent, B;, first, and then worry about the other 
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two. 
R? 
È- IRB, =" 
d 
sR 
B= —= 
t 22d 


The radial component must vanish because if 
it didn’t, the magnetic field would be diverging 
from or converging on the capacitor, and Gauss's 
law for magnetism forbids this. 

The axial component is a little trickier to rule 
out. If there was an axial component, then the 
field pattern would have to point in some di- 
rection along the axis, let's say up. Since the 
field cannot diverge or converge, the field pat- 
tern would then have to come back down in the 
region outside the capacitor. But then the mag- 
netic field would have a circulation around a loop 
lying in an up-down plane. This would violate 
Maxwell’s equation for the circulation of B, be- 
cause there is no electric flux through such a sur- 
face (the electric field doesn’t twirl around the 
axis), and there are no currents through such 
a surface (the currents are all axial and radial 
currents in the wires and the plates of the ca- 
pacitor). 
19-d1 Because E = cB in an electromagnetic 
wave, and v < c for a material particle, it follows 
that Fg < Fp. Therefore if we want to minimize 
the total force, the best we can do is to arrange 
for the magnetic force to be as strong as possible 
and opposite in direction to the electric force, so 
as to get as much cancellation as possible. 

Let the wave have its electric field along the 
x axis, its magnetic field along the y axis, and 
therefore its direction of propagation along the 
z axis. If the particle is positively charged, then 
the electric force is in the positive x direction. 
We'd like to arrange for a magnetic force in the 
negative x direction. We can accomplish that by 
having the particle move in the positive z direc- 
tion, i.e., along with the wave. Since this is per- 
pendicular to the magnetic field, the magnetic 
force is maximized, which is what we want. 

Nothing really changes if it’s a negative charge; 
it's just that the directions of the two forces are 
reversed. 
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19-d2 (a) We have 
1 
dUe = E du and 
da 
"> 8rk 
In an electromagnetic wave, B = E/c, so 
1 
dU,, = — E? d 
Vee es 
= dU, 
(b) 
dU 
| dp| = — 
c 
_ 2dU, 
e 


The electric and magnetic fields are perpendic- 
ular to each other in an electromagnetic wave, 
so 


[Ex B| dv = EB dv 


Finally, 
EB 


|dp| = IT dv 

(The Poynting vector is conventionally defined 
as this momentum density multiplied by an ad- 
ditional factor of c?.) 

19-d3 (a) The definition of power gives U = 
Pt, and in time t the beam travels a distance 
x = ct and fills a volume v = Ax = Act, so 
U/v = Pt/Act = P/Ac. (b) In time t, the beam 
travels a distance ct, and fills a volume Act. We 
need to relate the energy in this volume to the 
amplitudes of the fields. Using the result of the 
previous problem, we know that half the energy 
is due to the electric field, and half is due to the 
magnetic field, so as a shortcut we can find the 
energy due to the electric field, and double it: 


U =20. (24.10) 
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The electric field is not constant throughout this 
volume; it's a sine wave. That means we need to 
do an integral over the volume, 


U = 20, 


=2 fav. 
1 
=2 | — F? 
la 0 
= 1 2 
= 7; | Bow 


1 E 
r” sin? (stuff) du 


But when you square a sine wave that goes from 
—1 to 1, you get a sine wave that goes from 0 to 
1. The average of such a sine wave is 1/2, so we 
have 


E2 
~ grk 
E E? Act 
~ 8mk 


U 


Now to relate this to the power, 


P= n 
t 
_ElAc 
8rk 
~ 8rkP 
E = 
Ac 
B = 


(c) Plugging in, we get E = 1.01 x 10? V/m and 
B = 3.36 x 107° T. The electric field is about a 
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thousand times weaker than the field in a thun- 
derstorm. This sort of makes sense, because a 
beam of sunlight isn’t enough to rip apart the 
atoms in the air as in a bolt of lightning. The 
magnetic field is also quite weak compared to 
everyday fields like the Earth’s field. 

19-d4 Suppose we have such a wave, with the 
fields lying along the y axis and the wave prop- 
agating along the x axis. Then we could con- 
struct an Amperian loop lying in the x-y plane 
such that Iz would be nonzero. According to 
Maxwell’s equations, this would require there 
to be a time-varying magnetic flux through the 
loop. But if the magnetic field itself lies in the 
x-y plane, then the magnetic flux through a loop 
in the x-y plane is identically zero, since the field 
vector is parallel to the area vector. 


19-d5 (a) 
Ag = ee 
m 
ae sin wt 
m 
z = — (1 — t 
> (1 — cos wt) 
dz = 1B 
m 
B\ [(E 
= E ) ( z) (1 — cos wt) sin wt 
m mu 
EB 1 
= a (—= sin 2wt + sin wt) 
mew 2 
PEB 1 1 
Vz = —— cos 2wt + — cos wt 
mw 2w w 
PEB 1o. Tis 
g= m 2 sin 2wt + z sin wt 


EB 1. . 
= m e sin 2wt + sin wt 


For me, this is a counterintuitive result: I would 
have expected the particle to oscillate at the fre- 
quency of the wave, rather than at a combination 
w and 2w. 

(b) We need to find the maximum of the expres- 
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sion —(1/4) sin2x + sing. Setting the derivative 
equal to zero, we have 


1 
— 5 008 2x + cosg =0 


1 
cos” x — cost — 5 =0 


x =cos! 


as 


= 111.5° 


At this value of x, the expression has a value of 
1.101. 


19-d6 (a) For a material object, p = mv. The 
velocity vector reverses itself, but mass is still 
positive, so the momentum vector is reversed. 
(b) In the forward-time universe, conservation 
of momentum is py; + Po; = Pif + P2,f- In 
the backward-time universe, all the momenta are 
reversed, but that just negates both sides of the 
equation, so momentum is still conserved. 


20-al argi = 90°, arg(—7) = —90°, arg 37 = 0 


20-a2 
. SN 
-i . 
90°+90° 90°+(-90°) 
=180° =0 
-i L 
-90°+(-90)° 
=-180° 
20-a3 
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TT 


arg(-2)= arg(z*)= 
arg(z)+180°  2arg(z) 
Zz 


a Jz 


arg(/Z)= 


arg(z)/2 


20-a4 1,1, 
20-a5 


Sii 


|1 +iļ = v12 +12 = v2 
arg(l + i) = 45° 


1 
1+ 4 qv? 


11 + 
ae (2 EN T 
The real part is (1/v2) cos(—45°) = 1/2. The 
imaginary part is (1/v2) sin(—45°) = —1/2. 
20-d1 (a) As suggested in section 10.5.9, let’s 
identify sinusoidal functions with points in the 
complex plane. The function 4sinwt corre- 
sponds to the real number 4, and 3coswt to 3i. 
Their sum is the function corresponding to 4+3%. 
Now we have to go backwards and find what si- 
nusoidal function 4 + 31 represents. The magni- 
tude of this complex number represents the am- 
plitude, A, of the result, so A = V42 + 32 = 5. 
The argument represents the phase angle 6 = 
tan? SAT 
(b) 


Hi) = —45° 


5 sin(wt + 37°) = 5[sinwt cos 37° + sin37° cos wt] 
= 3.9 sin wt + 3.0 cos wt 


To within rounding errors, this verifies that the 
result was correct. 

20-d2 (a) Multiplication adds the arguments, 
so raising something to the third power triples its 
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argument. The result is 30 (or 30 + 27n, where 
n is any integer). 

(b) If a? = z, then the argument of a should 
be 1/3 that of z. (There would be additional 
possibilities such that arg 3a = arg z + 27n, but 
we're only talking about the first quadrant, so 
that can’t happen.) The only one that looks like 
it has 1/3 the argument of z is zx. 

(c) The argument has to be 1/3 that of a + bi, 
i.e., (1/3) tan™! (b/a). 

(d) The easy way to do the cube root is to use 
the fact that if y = x°, then |y| = |z|’, and 
argy = 3argx. Therefore if y is the quantity 
inside the exponent in the denominator, we have 
|e] = (V8)! = v2, and the easiest possibility 
for the argument is argx = (1/3)argy = 7/4. 
(There are other possibilities such as 117/12, be- 
cause arguments that differ by a multiple of 27 
represent the same thing.) Division divides the 
magnitudes, giving a magnitude of 1. Division 
subtracts the arguments, giving 0. Therefore the 
result of the calculation is 1. 


20-d3 When you have an exponent with a 
funky base, the standard method for reexpress- 
ing it in terms of base e is to apply the identity 
In(a?) = bIna, which gives a? = exp(bln a). This 
gives i’ = e'™*, This reduces the problem to one 
of finding the natural log of i. Euler’s formula 
tells us that raising e to the power (7/2)i gives 
i. (Actually there is more than one solution, but 
we'll come back to that.) Taking Ini = (7/2), 
we find 


j= en? 


Euler’s formula tells us that e” is the same as 
er t2mt ¿o4imi etc, That means that Ini has 
more than one possible value. It can be (7/2 + 
2rn)i, where n is any integer. This means that it 
could be any real number of the form e~7/2—27", 
It shouldn’t be too surprising that an exponent 
such as if can have more than one value. For 
example, 41/2 can equal either 2 or —2. 


20-81 (a) By definition, one henry is 1 J/A?. 
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The quantity LdI/ dt therefore has units of 


(a) (5) = Come) (5) 


(b) A farad is defined as 1 C?/J, so RC has units 


NETO 
(1 (E) 


=s 


(c) L/R has units of 


(G2) "= Ge) (4) 


20-g2 The definition of inductance is U = 
LI?/2. If we think of the pair of inductors as 
one big inductor, then applying this definition, 
I has to be the total current that goes in. This 
gets split in half, so the energy stored in a single 
inductor is Usne = Lone(1/2)?/2, and the total 
energy is U = 2Uone = Lone1?/4. Equating this 
to LI? /2, we get L = Lone/2. You get half the 
inductance by putting two in parallel. 

20-g3 We normally think of wires as having 
zero resistance. If the wire has some inductance, 
then the added impedance is higher at high fre- 
quencies, so stray inductance will be most impor- 
tant at high frquencies. The impedance of a ca- 
pacitor, however, varies inversely with frequency, 
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so stray capacitance will be most important at 
low frequencies. 

20-g4 The reasoning is very similar to the rea- 
soning by which we derived the impedance of a 
capacitor. Suppose an inductor has a current 
I = Īsin wt passing through it. The voltage dif- 
ference across the inductor is 


= Lwl coswt 


The amplitude of this voltage is Lwi. The 
impedance is defined as the amplitude of the 
voltage divided by the amplitude of the current, 
so we get Lw. 

20-g5 Solving w=1/VLC for C, we get C = 
1/Lw? = 1/4r?L?f?. Looking at the nearest 
handy FM radio dial, the range of frequencies 
is about 88-108 MHz, so the capacitor needs to 
cover the range from about 2.2 to 3.3 pF. 
20-86 (a) 


Z =(1/Zr+1/Zo)* 
= [1/R+1/(-i/wC)|~* 
= (2.70 + 6.284)7* x 10° Q 


The magnitude of a complex number’s inverse is 
the inverse of its magnitude, so 


|Z| = x 10° Q 


1 
2.702 + 6.282 
=15x 100 


(rounding the final result to two sig figs). The 
argument of a complex number’s inverse is minus 
the argument of the original number, so arg Z = 
—tan”*(6.28/2.70) = —69°. 

(b) The amplitude of the current is 


Í=AV/|Z] 
= 68 nA 
Suppose the current has the phase of a sine 


wave. Then we associate the current with a 
point on the real axis, and multiplying it by the 
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impedance will give a voltage that has an argu- 
ment of —69°, i.e., closer to the negative imag- 
inary axis. The negative imaginary axis repre- 
sents something with the phase of —cos, and if 
you sketch the graphs of sin and — cos, you'll 
see that — cos is behind by 90 degrees in phase. 
Therefore the voltage is behind the current, by 
69 degrees. 


Another method for doing this, which avoids 
having to memorize what represents what in the 
complex plane, is to note that an impedance with 
an argument of —90° (on the negative imaginary 
axis) is capacitive, so our parallel RC circuit, 
with its impedance having an argument of —69°, 
is dominated by its capacitor. For a purely ca- 
pacitive circuit, the current leads the voltage, so 
we know that will also be true in our circuit. The 
mnemonic “eVIL” may come in handy here. It 
tells you that the voltage (V) leads the current 
(I) in an inductive (L) circuit, whereas it’s the 
other way around in a capacitive one. (Some 
people know this as “ELI the ICE man,” with E 
as a notation for emf, which is a concept, closely 
related to voltage, that we’ll encounter later.) 


20-87 (a) Impedances add in series, so 


i 
Z=R+iwL- — 
+ iw Ya 


=1+i(w-1/w) , 


where, for ease of writing, I've omitted the units 
and sig figs. The results are: 


w (Hz) Z(0) 
0.250 1.000 — 3.7504 
.500 1.000 — 1.5004 
1.000 1.000 
2.000 1.000 + 1.5004 
4.000 1.000 + 3.7504 


Here's what it looks like in the complex plane: 
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4.000 Hz 


e 2.000 Hz 


1.000 Hz 
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(b) The energy is being shuffled back and forth 
between the capacitor and the inductor. 

(c) The fields oscillate sinusoidally, and the en- 
ergy in a field is proportional to the square of 
the field, so the variation in each field’s energy 
over time has the form of a square of a sinusoidal 
function. The square of a sine wave is a function 
that oscillates between 0 and 1, and its average 
value is 1/2, so in each case, the average energy 
in the field equals half the maximum energy. If 


.500 Hz 


.250 Hz 


(b) The resonant frequency is w ~ 1/VLC = 
1.000 Hz. This is the frequency at which the 
magnitude of the impedance is the smallest, so 
the largest current will flow for a given voltage. 
(c) f =w/2a = 0.1592 Hz 

20-g8 In parallel, it will be the 
impedances that add. The total inverse 
impedance is 1/Z = (0.4 — 0.3i) kQ71. The 
real part of this can be contributed by the in- 
verse resistance of a resistor with a resistance 
of 2.5 kQ. For the imaginary part, we need a 
component whose inverse impedance 1/Z will be 
a negative imaginary value. That means that 
its impedance Z has to be a positive imagi- 
nary value, so it has to be an inductor, just 
as in the original series setup. We then have 
L=Z/(iw) = Z/(2nif) = 10 mH. 

20-g9 (a) A DC current can’t flow through a 
capacitor, so the steady-state behavior of the cir- 
cuit is that the capacitor is charged up, and there 
is no current flowing through the inductor. That 
means there’s an electric field in the capacitor, 
but no magnetic field in the inductor. All of the 
energy is stored in the capacitor, and none in the 
inductor. 


inverse 


we have q = (sinwt for the charge on one of the 
plates of the capacitor, then differentiatoin gives 
I = qucoswt. Then 


Ue 
Ur +Uc 
Uc max 
UL maz + Uc max 


UL maa = 
(amas +) 
Uc max 
1 


— (0/2)LP a 
z e 7 1) 


LCP? Pe 
s(n) 


II 


The figure shows the behavior of this expres- 
sion as a function of frequency. The capaci- 
tor’s share is 100% at zero frequency, in agree- 
ment with part a. It drops to 50% at resonance 
(w = 1/VLC), and at twice the resonant fre- 
quency, it equals 20%. 
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21-al (a) According to the ideal gas law, 
PV = nkT, standard values of pressure and tem- 
perature give V œ n, since k is also a constant. 


(b) 


V =nkT/P 
= (6.0 x 102%)(1.38 x 107% J/K)(273 K) 
/(1.01 x 10° Pa) 
= 2.2 x 107? J/Pa 
= 2.2 x 107° N-m/(N/m?) 
= 2.2 x 107? m? 
= 2.2 x 10* cm? 


= 22 liters 


21-a2 The motion of the piston through an in- 
finitesimal distance dx will increase the interior 
volume of the cylinder by Adz, where A is the 
cylinder’s cross-sectional area. The work done is 
dW = F dz = (PA)(dV/A) = Pav. 

Note that the result is not true in general for 
finite rather than infinitesimal changes. If we 
attempt to carry through the same proof for fi- 
nite changes, it fails because W 4 FAx when F 
depends on z. 


21-a3 (a) We have 
dP = pg dy 
AP = / pg dy, 
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and since we’re taking water to be incompress- 
ible, and g doesn’t change very much over 11 km 
of height, we can treat p and g as constants and 
take them outside the integral. 


AP = pgAy 
= (1.0 g/cm?)(9.8 m/s?)(11.0 km) 
= (1.0 x 10% kg/m?)(9.8 m/s?)(1.10 x 10* m) 
= 1.0 x 10° Pa 
= 1.0 x 10° atm. 


The precision of the result is limited to a few 
percent, due to the compressibility of the water, 
so we have at most two significant figures. If 
the change in pressure were exactly a thousand 
atmospheres, then the pressure at the bottom 
would be 1001 atmospheres; however, this dis- 
tinction is not relevant at the level of approxi- 
mation we’re attempting here. 

(b) Since the air in the bubble is in thermal con- 
tact with the water, it’s reasonable to assume 
that it keeps the same temperature the whole 
time. The ideal gas law is PV = nkT, and 
rewriting this as a proportionality gives 


Va Pol, 


or 


-1 
ape (7) ~ 10°. 


Since the volume is proportional to the cube of 
the linear dimensions, the growth in radius is 
about a factor of 10. 

21-44 (a) This can’t be done simply by chang- 
ing the units of k. The zero of the Celsius scale 
is not a temperature at which the pressure in an 
ideal gas goes to zero. 

(b) This won't work, because the conversion be- 
tween mass and number of atoms isn't universal. 
It depends on the element. 

(c) Yes, in this system the unit of energy would 
be 1 g-cm?/s? = 1077 J. The Boltzmann con- 
stant has SI units of joules per kelvin. Therefore 
the value of the Boltzmann constant would be 
greater in the cgs system by a factor of 10”. 
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21-d1 (a) Looking up the relevant masses, the 
result is 6.7 x 10727 kg. (The electrons’ masses 
are nearly negligible.) 

(b) n=1 kg/(6.7 x 1072 kg)= 1.5 x 1076 

(c) Approximating helium as an ideal gas, we 
can ignore the interactions between atoms, so 
there is no electrical energy to take into account, 
only kinetic. The thermal energy of the gas is 
E = nK = (3/2)nkT. A change in tempera- 
ture of one degree requires a change in energy of 
(3/2)nk(1 K) = 3.1 x 10% (J/K)K = 3.1 x 108 J. 
21-d2 The ideal gas law says PV = nkT. The 
volume is the same as before, and the tempera- 
ture is the same, since the gas is back in thermal 
equilibrium with the room. Since n is doubled, 
P must be doubled as well. 

21-d3 


P= Pr 
V 


= (107% cm~?) (1.38 x 107% J/K) (10° K) 
= (10 m”*) (1.38 x 107% J/K) (10° K) 
~ 107° Jam? 


= 1071? N-m-m7? 


= 107" Pa 
21-d4 (c) nx 16 
21-d5 (a) Roughly speaking, the thermal en- 


ergy is ~ kgT (where kg is the Boltzmann con- 
stant), and we need this to be on the same order 
of magnitude as ke?/r (where k is the Coulomb 
constant). For this type of rough estimate it’s 
not especially crucial to get all the factors of 
two right, but let’s do so anyway. Each pro- 
ton’s average kinetic energy due to motion along 
a particular axis is (1/2)kgT. If two protons 
are colliding along a certain line in the center- 
of-mass frame, then their average combined ki- 
netic energy due to motion along that axis is 
2(1/2)keT = kgT. So in fact the factors of 2 
cancel. We have T = ke?/kgr. 

(b) The units are K = (J-m/C?)(C?)/((J/K)-m), 
which does work out. 

(c) The numerical result is ~ 101° K, which as 
suggested is much higher than the temperature 
at the core of the sun. 
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21-d6 The heat required in order to raise the 
temperature of a monoatomic gas by AT is 
(3/2)nkAT. The rate of temperature increase 
is therefore 


AT 2P 
At 3mk 
= 1.5 x 1078 K/s. 


I was surprised by how small this was. It would 
take several years to heat by one degree. 


21-d7 (a) By equipartition, the average kinetic 
energy is (3/2)kT. 

(b) Equating this to (1/2)mv? gives v2 = 
3kT/m. This comes out large because m is so 
small for an electron compared to an atom. 


21-d8 The mean translational kinetic energy 
per molecule is (1/2)kT in both cases. There- 
fore the typical speeds are related by mv? œ 
const., or v x m—'/?, We then have vp/vg = 


(mp/mp) +? = 2/3. 


21-g1 If the full-sized brick A undergoes some 
process, such as heating it with a blowtorch, 
then we want to be able to apply the equation 
AS = Q/T to either the whole brick or half 
of it, which would be identical to B. When we 
redefine the boundary of the system to contain 
only half of the brick, the quantities AS and Q 
are each half as big, because entropy and energy 
are additive quantities. T, meanwhile, stays the 
same, because temperature isn’t additive — two 
cups of coffee aren’t twice as hot as one. These 
changes to the variables leave the equation con- 
sistent, since each side has been divided by 2. 


21-g2 The energy of 1.3 J equals the amount 
Q gained by the spoon and minus the amount 
—Q lost by the coffee. The change in entropy is 


Q Q 


T coffee 


= 12% 10 J/K. 
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21-83 


(a) 


-1 
J 
= 38 


EER = (10/3) (eff) 
= 150 


A 2 [cons. of energy] 


=3 x 104 J/K 


The result is positive, so it's consistent with the 
second law. 

21-84 (a) ~ 2- 10% (b) 5% (c) The high end 
for the body's actual efficiency is higher than 
the limit imposed by the laws of thermodynam- 
ics. However, the high end of the 1-5 watt range 
quoted in the problem probably includes large 
people who aren't just lying around. Still, it’s 
impressive that the human body comes so close 
to the thermodynamic limit. 

21-g5 (a) The equipartition theorem says that 
we get (1/2)kT worth of energy for every term in 
the energy that is the square of a variable. The 
variables here are the n momenta of the parti- 
cles, so we have E = (1/2)nkT. That is, the 
heat capacity is one third that of a gas in three 
dimensions. 

(b) The number of dimensions matter because 
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in three dimensions, if you want to heat the gas, 
you have to supply enough energy to create more 
motion along all three axes. 

(c) The energy does not break down into terms 
that involve squares of variables. Therefore the 
equipartition theorem does not hold. The heat 
capacity will not be the same as in part a, and 
the equipartition theorem doesn’t give us any 
easy way to calculate it. 

21-g6 (a) Looking up the relevant density for 
air, and converting everything to mks, we get a 
frequency of 730 Hz. This is on the right order of 
magnitude, which is promising, considering the 
crudeness of the approximation. (b) This brings 
the result down to 400 Hz, which is amazingly 
close to the observed frequency of 300 Hz. 
22-al The fuzzy part of the shadow is the part 
that is only illuminated by some of the rays from 
the light source. This is the area between the 
extreme rays shown in the figures. The fuzzy 
area is larger in the second figure. 


candle 


long fluorescent bulb 


22-a2 The time it takes light to travel a few 
meters, say 3 m, is (3 m)/(3 x 10% m/s) = 1078 
s. 
22-a3 f = c/à = (3 x 108 m/s)/(10-? m) = 
3 x 101” Hz, or call it 101” Hz, since it’s just an 
estimate. It would be UV or an x-ray. 

22-a4 Because the surfaces are flat, you get 
specular reflection. In specular reflection, all the 
reflected rays go in one direction. Unless the 
plane is directly overhead, that direction won't 
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be the right direction to make the rays come back 
to the radar station. 


This is different from a normal plane, which 
has complicated, bumpy surfaces. These surfaces 
give diffuse reflection, which spreads the reflected 
rays randomly in more or less every possible di- 
rection. 
22-a5 It spells “bonk.” 


22-a6 (a) The rays all cross at pretty much 
the same place, given the accuracy with which 
we can draw them. 

(b) It could be used to cook food, for instance. 
All the sunlight is concentrated in a small area. 
(c) Put the lightbulb at the point where the rays 
cross. The outgoing rays will then form a parallel 
beam going out to the right. 
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22-d1 The image is at an equal distance be- 
hind the mirror, so the distance between the man 
and his image is twice his distance from the mir- 
ror, and his separation from his image is reducing 
at a rate of 2.0 m/s. 

22-d2 If you're going to see a particular part 
of your body, then rays from that part of your 
body have to be able to go to the mirror, be 
reflected, and go into your eye. If we're trying 
to find the lowest part you can see, then we're 
interested in the case where the ray hits the very 
bottom of the mirror. Backing up doesn’t help, 
because the triangles are isoceles by the law of 
specular reflection, and the top of the base is 
fixed in height. 

Another way of understanding the result is 
that if you go twice as far away, the mirror sub- 
tends half the angle, but your image also sub- 
tends half the angle, so the mirror still encom- 
passes the same amount of your image. 


Hmmm... 
| sure look 
geometric 
today 


mirror 


wall 


22-g1 (a) The image is closer to the surface of 
the mirror, so the magnification is less than one. 

(b) It’s virtual, because the rays only appear 
to have passed through point I. There is no way 
it could make a real image, because in order to 
make a real image it would have to bring the rays 
back together. 
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(a) (c) 
qe y 


(f) 
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22-g2 See figures a-f. 
a and b: converging mirror, virtual image; in- 
creased object distance gives increased image 
distance 
c and d: diverging mirror, virtual image: in- 
creased object distance gives increased image 
distance 
e and f: converging mirror, real image: increased 
object distance gives decreased image distance 
22-83 The magnification is the ratio of the im- 
age's size to the object's size. It has nothing 
to do with the person’s location. The angular 
magnification, however, does depend on the per- 
son’s location, because things farther away sub- 
tend smaller angles. The distance to the actual 
object is not changed significantly, since it’s zil- 
lions of miles away in outer space, but the dis- 
tance to the image does change if the observer’s 
point of view changes. If you can get closer to 
the image, the angular magnification is greater. 
22-g4 Usually you need to draw in a normal in 
order to get an accurate drawing of the reflected 
rays. Here, however, we already have one set of 
rays, and it’s pretty easy to do the new rays so 
that they fan in or fan out by the correct angle 
compared to the old ones. 

As claimed, the image of the forehead (where 
the dashed rays cross) is below the image of the 
lips. 


22-g5 An image is where all the rays that 
started from a certain point come together for 
one big family reunion. Only 3 represents an im- 
age. Points like 1, 2, and 4 look special, but only 
because of the particular rays we chose to trace, 
out of the infinite number of rays fanning out 
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from the point on the object. If we had chosen a 
different set of rays, they would all have crossed 
at 3 as before, but not at 1, 2, and 4. 

22-g6 The problem can be simplified conceptu- 
ally by replacing the hypothetical square watch 
with a square hole in a piece of paper. This ver- 
sion is also easy to construct and test experimen- 
tally. The bundle of rays transmitted through 
the hole is identical to the bundle that would be 
reflected by a specular-reflecting square of the 
same size. Let A be the aperture size, i.e., a lin- 
ear dimension of the hole, and let d be the dis- 
tance from the aperture to the surface on which 
the spot is being projected. The results depend 
on how A and d compare. When d is small com- 
pared to A, the spot is square, but when d is 
large compared to A, we get a pinhole camera, 
which forms a circular spot shaped like the sun. 
22-g7 For a flat mirror, d; and dọ are equal, so 
the magnification is 1, i.e., the image is the same 
size as the object. 

22-88 We can tell that the object in the draw- 
ing is infinitely far away, because the rays are 
parallel. The focal length is defined in terms of 
the image distance in the case where the object 
is infinitely far away, so the focal length equals 
the image distance. Tracing the rays, we find 
that they cross at about 11 mm from the mirror, 
so that's its focal length. 

22-89 The diameters of the mirrors are irrele- 
vant. The focal length simply relates to the cur- 
vature of the mirror, a more strongly curved mir- 
ror having a shorter focal length. From shortest 
focal length to longest, the ranking of the mirrors 
is C, B, A. 

22-810 (a) The object distance is less than the 
focal length, so the image is virtual: because the 
object is so close, the cone of rays is diverging 
too strongly for the mirror to bring it back to 
a focus. (b) Now the object distance is greater 
than the focal length, so the image is real. (c),(d) 
A diverging mirror can only make virtual images. 
22-g11 (a) In problem #2 we found that the 
equation relating the object and image distances 
was of the form 1/f = —1/d;+1/d,. Let's make 
f = 1.00 m. To get a virtual image we need 


PROBLEMS 


do < f, so let do = 0.50 m. Solving for d;, we 
find d; = 1/(1/d, — 1/f) = 1.00 m. The mag- 
nification is M = d;/d, = 2.00. If we change do 
to 0.55 m, the magnification becomes 2.22. The 
magnification changes somewhat with distance, 
so the store’s ad must be assuming you'll use the 
mirror at a certain distance. It can't have a mag- 
nification of 5 at all distances. 

(b) Theoretically yes, but in practical terms no. 
If you go through a calculation similar to the 
one in part a, you’ll find that the images of both 
planets are formed at almost exactly the same d,, 
d; = f, since 1/d, is pretty close to zero for any 
astronomical object. The more distant planet 
has an image half as big (M = d;/d,, and do is 
doubled), but we're talking about angular mag- 
nification here, so what we care about is the an- 
gular size of the image compared to the angular 
size of the object. The more distant planet has 
half the angular size, but its image has half the 
angular size as well, so the angular magnification 
is the same. If you think about it, it wouldn't 
make much sense for the angular magnification 
to depend on the planet's distance — if it did, 
then determining astronomical distances would 
be much easier than it actually is! 


22-g12 (a) This occurs when the d; is infinite. 
Let’s say it’s a converging mirror creating a vir- 
tual image, as in problems 2 and 3. Then we’d 
get an infinite d; if we put d, = f, i.e., the object 
is at the focal point of the mirror. The image is 
infinitely large, but it’s also infinitely far away, 
so its angular size isn’t infinite; an angular size 
can never be more than about 180° since you 
can’t see in back of your head!. 

(b) It’s not possible to make the magnification 
infinite by having d, = 0. The image loca- 
tion and object location are related by 1/f = 
1/do — 1/d;, so 1/d; = 1/do — 1/ f. If do is zero, 
then 1/d, is infinite, 1/d; is infinite, and d; is zero 
as well. In other words, as dọ approaches zero, 
so does d;, and d;/d, doesn't blow up. Physi- 
cally, the mirror’s curvature becomes irrelevant 
from the point of view of a tiny flea sitting on 
its surface: the mirror seems flat to the flea. So 
physically the magnification would be 1, not in- 
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finity, for very small values of do. 


22-g13 If the sound gets concentrated again 
at your ear, it must be a real image. You’re at 
the center of the sphere formed by extending the 
surface. We've already found in the text that 
for a real image formed by a converging mirror, 
the equation for the image’s location is 1/f = 
1/do. + 1/d;. If the object and image distances 
are equal, then 1/f = 2/d,, or f = d,/2. The 
focal length is half the distance from the surface 
to your head. 

22-g14 (a) Let the virtual image formed by the 
top mirror lie at a height b above the top mirror. 
Then 


The second image is at a distance h from the 
bottom mirror, so 


E el 
f b+h h 
E 1 A 
= =e 
=) 
(b) Multiplying both sides by h, 
h h 
F al 
h+ (4-3) 
1 
= A =1 +1 
rc) 
1 
L= =p +1 
1+ (1-2) 


This simplifies somewhat if we define a new vari- 
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able u = 1 — z: 


1 
g ~ 1+1/u 
—u(1+1/u) = 
—u-l1l= 
u=-2 
r=3 
h=3f 


Here’s why this is a hard problem. The solu- 
tion h = 3f is unphysical. If h was greater than 
f, then the first image would have been real, not 
virtual, which would be inconsistent with the as- 
sumptions we made in the first place. The trick is 
in realizing that there was a hidden assumption 
involved in the step where we multiplied both 
sides by 1+ 1/u, which was that 1 + 1/u was a 
real number. However, if u = 0, then 1 + 1/u 
is infinite, and we can’t multiply both sides by 
it. That’s the second solution referred to in the 
problem: 


u=0 
x=1 
h=f 


In other words, the first image is at infinity. Im- 
ages at infinity are the crossing-over point be- 
tween real and virtual images. That means it 
didn’t actually matter that we assumed the first 
image would be virtual. We could have gotten 
the same answer by assuming it was real. 
22-915 (a) For a virtual image formed by a 
converging mirror, the extreme possibilities are 
do — 0, which gives M —> 1 because you can't 
see the curvature of the mirror from up close, 
and d, = f, which gives parallel reflected rays, 
M = œ. The result is that 1 < M < oo. 

(b) For a real image formed by a converging 
mirror, the extremes are obtained when either 
d, = œ or d; = œ. We have 0 < M < oo. 

For a diverging mirror, do —> 0 gives M —> 1 for 
the same reason as in part a, while do —> oo gives 
M > 0. The result is0< M <1. 

22-816 (a) Initially, the object is so close to the 
mirror that the mirror’s curvature is irrelevant — 
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any curve looks flat if you're close enough to it. 
Therefore for dg << f, we have di ~ do, and the 
image's velocity equals the object's. As the ob- 
ject’s distance approaches infinity, on the other 
hand, the image approaches a position that is 
one focal length above the mirror. Therefore,the 
image must accelerate from rest, move upward a 
distance equal to the focal length, and decelerate 
again, approaching zero velocity. 
(b) The only two variables occurring in the state- 
ment of the problem are f and g, and there is 
only one way to combine these to make some- 
thing with units of velocuty, which is to form the 
expression y fg. The answer must equal 8V fg, 
where P is a unitless constant. 
(c) As shown in example 5, the relatonship be- 
tween the image and object locations is 1/f = 
1/d; — 1/d,. Since we already know the form of 
the solution's dependence on f and g, we can ar- 
bitrarily set f = 1 and g = 1 in order to simplify 
the writing. We then have d; = 1/(1 + 1/d,), 
where do = t?/2, and differentiation gives v; = 
t/(t?/2+1)?. To find the maximum velocity, we 
differentiate again, and set the derivative equal 
to zero. In other words, we're looking for the 
time when the acceleration equals zero. The ac- 
celeration is a; = 1/(t?/2 + 1)? — 2t?(t?/2 + 1), 
which equals zero at t = ,/2/3. Plugging this 
back into the expression for v;, we have a maxi- 
mum velocity of 277/233/2. This is the mysteri- 
ous unitless constant P from part b. Recovering 
the general solution for f 4 1 and g £ 1, we have 
a maximum velocity of 277/2332 / fg. 
22-217 f/e 
22-818 For simplicity, let's assume that the 
cylinder has unit radius, so that its focal length 
is 1/2, and the relationship between the object 
and image distances is 1/d; — 1/d., = 2. To see 
that the standard Peaucellier linkage doesn’t do 
the right thing, consider the case when the ob- 
ject point is at infinity. Then the image distance 
is 1/2, whereas inversion in a circle would give a 
point at radius zero. 

The standard definition of object and image 
distances is relative to the surface of the mirror, 
whereas the geometrically relevant quantities in 
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this problem would clearly be measured from the 
center of the cylinder, u = dọ + 1 and v = 1 — 
di. The relationship between these two variables 
is 1/u + 1/v = 2, which is the equation of a 
hyperbola with perpendicular asymptotes at u = 
1/2 and v = 1/2. 

This gives us strong reason to hope that the 
a construction based on the Peaucellier can be 
done, since the Peaucellier linkage calculates the 
inverse of a number, and the graph of the func- 
tion y = 1/x is also a hyperbola with perpen- 
dicular asymptotes. To make the connection, let 
p = u — 1/2 and q = v — 1/2, so that p = 1/4q. 
This shows that we need to make a Peaucellier 
linkage with k = 1/2. Positioning it so that when 
the rhombus is flattened, points P and P’ lie on 
the surface of the cylinder. The point O should 
not be located at the center of the cylinder; we 
need to modify the linkage by adding a seventh 
rod, with length 1/2, to tie O to the center of 
the cylinder. We also need to add constraints to 
keep the axis of the Peaucellier linkage lined up 
with the seventh rod. 
22-j1 Snell's law is 


Na Sin Og = Nasin bg ; 


where a refers to air and d to diamond, and 
Na = 1. Total internal reflection occurs when 
there is no solution for 0a, which occurs when the 
value required for sin 6, is greater than 1. The 
critical angle is 0g = sin™!(1/na) = 24.4 deg. 
It’s measured from the normal, since that’s how 
the angles in Snell’s law are always measured. 
It’s a minimum, because making 64 bigger would 
require sin łą to be more than 1, which is impos- 
sible. In a substance with a smaller index of 
refraction, 1/n would be bigger, and sin”*(1/n) 
would also get bigger, since the inverse sine in- 
creases as you make its input bigger; the mini- 
mum angle for total internal reflection would be 
bigger, meaning that it would be harder to get 
total internal reflection. 

22-j2 Snell's law gives sinĝı = (1 + e) sin 02. 
To get the greatest deflection, we want the limit 
in which 6; approaches 90 °. Expanding sin 62 
in a Taylor series around 90 °, we have sin 03 = 
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1— ¢7/2+..., where 02 = 7/2 — $. The result 
is 6 = V2€. 

22-j3 We have n = _ sind/sin@. Do- 
ing implicit differentiation, we find dn = 
— sin ¢(cos 9 / sin? 0) d@, which can be rewritten 
as dn = —n cot 0 d0. This can be minimized by 
making @ as big as possible. To make 6 as big as 
possible, we want ¢ to be as close as possible to 
90 degrees, i.e., almost grazing the surface of the 
tank. 

This result makes sense, because we’re de- 
pending on refraction in order to get a measure- 
ment of n. At ¢ = 0, we get 0 = 0, which pro- 
vides no information at all about the index of 
refraction — the error bars become infinite. The 
amount of refraction increases as the angles get 
bigger. 
22-j4 P=(1/2)(n? — 1) 
22-j5 If the principle of least time is going 
to work at all, it must work between any two 
points, so without loss of generality, we assume 
the points to lie at unit distance from the bound- 
ary between the two media. We also simplify 
things by letting c = 1 (which can be achieved, 
for example, by the proper choice of units). 


The time taken by the ray along the path shown 
in the figure is 


T =mV14+ r? + noV1 4 (W -= 2)? 
The minimum occurs when the derivative with 


respect to x equals zero: 


dT 
S 


0=n (+22) 2-n [1+(W-02 (W — x) 


0= Ny sin 0 — Na sin 05 
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22-m1 The rays from a point on a very distant 
object are parallel, like the solid lines in the fig- 
ure. The rays from a point on a nearer object 
are slightly diverging, like the dashed lines. The 
lens cannot bend the rays from the nearer object 
strongly enough to make them converge as close 
to the lens, so the lens-to-film distance has to be 
greater when the object is nearer. 


22-m3 


(a) See figure (1). 

(b) Decreasing 0o, as in figure (2), makes a cone 
of rays that is less strongly diverging, which the 
lens cannot bend outward as far, so 6; becomes 


smaller. Since decreasing 0, makes 0, smaller 
as well, the signs in the equation equation +6, 
0; = 07 must be opposite. Since 0; is greater than 
0o, we must have —6, + 6; = Of in order to get a 
positive 07. The equation relating the image and 
object locations must be 1/f = —1/d, + 1/d;. 
Solving for d; and plugging in, we get 30.8 cm. 


EN 
\ 
(2) TETE 
AA 

7_\ 


22-m4 The refracted ray that was bent closer 
to the normal in the plastic when the plastic was 
in air will be bent farther from the normal in 
the plastic when the plastic is in water. It will 
become a diverging lens. 

22-m5 The figure shows the simplest possible 
reflecting and refracting telescopes, with no di- 
agonal mirror or eyepiece. 
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In both cases, parallel rays enter from the star, 
which is infinitely far away. Each of these white 
rays is really a mixture of rays of all the different 
colors. 

With the reflecting telescope, all the colors are 
reflected at the same angle and form a single im- 
age at one place. If we insert a piece of paper 
or a digital camera chip at A, only one spot is 
illuminated with the light from the star. 

With the refracting telescope, it is never pos- 
sible to get all the colors in focus at once. Each 
color has its own image, at a different distance 
from the lens. If the paper or chip is at B, where 
the image occurs for a specific wavelength of blue 
light, we get a blue dot surrounded by a fuzzy 
halo consisting of other colors such as red. If we 
move it to C, where the image occurs for a certain 
wavelength of red, we get a red dot surrounded 
by the other colors. 


22-m6 Refraction occurs only at the bound- 
ary between two substances, which in this case 
means the surface of the lens. Light doesn’t get 
bent at all inside the lens, so the thickness of the 
lens isn’t really what’s important. What mat- 
ters is the angles of the lens’ surfaces at various 
points. 

Ray 1 makes an angle of zero with respect to 
the normal as it enters the lens, so it doesn’t get 
bent at all, and likewise at the back. 
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At the edge of the lens, 2, the front and back 
are not parallel, so a ray that traverses the lens 
at the edge ends up being bent quite a bit. 

Although I drew both ray 1 and ray 2 coming 
in along the axis of the lens, it really doesn't 
matter. For instance, ray 3 bends on the way in, 
but bends an equal amount on the way out, so 
it still emerges from the lens moving in the same 
direction as the direction it originally had. 

Summarizing and systematizing these obser- 
vations, we can say that for a ray that enters the 
lens at the center, where the surfaces are paral- 
lel, the sum of the two deflection angles is zero. 
Since the total deflection is zero at the center, it 
must be larger away from the center. 


22-m7 Normally, in air, your eyes do most of 
their focusing at the air-eye boundary. When 
you swim without goggles, there is almost no 
difference in speed at the water-eye interface, so 
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light is not strongly refracted there (see figure), 
and the image is far behind the retina. 


Goggles fix this problem for the following rea- 
son. The light rays cross a water-air boundary 
as they enter the goggles, but they're coming in 
along the normal, so they don’t get bent. At 
the air-eye boundary, they get bent the same 
amount they normally would when you weren't 
swimming. 


air 


SS, 
= 


22-m8 (a) See the figure below. The first re- 
fraction clearly bends it inward. However, the 
back surface of the lens is more slanted, so the 
ray makes a bigger angle with respect to the nor- 
mal at the back surface. The bending at the back 
surface is therefore greater than the bending at 
the front surface, and the ray ends up being bent 
outward more than inward. 
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(b) Lens 2 must act the same as lens 1. It’s di- 
verging. One way of knowing this is time-reversal 
symmetry: if we flip the original figure over and 
then reverse the direction of the ray, it’s still a 
valid diagram. 

Lens 3 is diverging like lens 1 on top, and di- 
verging like lens 2 on the bottom. It’s a diverging 
lens. 

As for lens 4, any close-up diagram we draw 
of a particular ray passing through it will look 
exactly like the corresponding close-up diagram 
for some part of lens 1. Lens 4 behaves the same 
as lens 1. 
22-m9 I tried various circular household ob- 
jects and found one whose radius of 1.5 cm 
seemed to make it coincide with the cornea’s cur- 
vature. Because the drawing is two times bigger 
than life, the radius of curvature of the cornea is 
1.5 cm/2=0.75 cm. The lensmaker’s formula is 
f =[(n— 1) |1/rı +1/ra]]7*, but the air-cornea 
interface is just a single surface, so we just need 
to use f = [(n— 1) [1/1] =|r,1/(M=1) = 2.5 
cm. 
22-m10 (a) Doing trig on the diagram below 
gives tanı = z/do, and tan, = 2/d;. Elim- 
inating the unknown x and solving for d; gives 
di = do tan 01 / tan 62. Ray B has 6; = 1.0°, and 
applying Snell’s law with n = 1.3 gives 02 = 1.39, 
so rays A and B intersect at a depth d; = 0.769 
m. (Note that although we only know n to 2 
significant figures, the point of the problem is 
to compare image depths for various rays, so we 
need to keep more sig figs.) Similarly, rays A and 
C intersect at d; = 0.733 m. 

(b) It might make it a little blurry if you were 
looking at it from close enough so that widely 
divergent rays like B and C could both get into 
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your eye. Another effect is usually far more no- 
ticeable, however: if you try looking at an object 
on the bottom of a swimming pool from various 
angles, it appears to shift around. 

(c) For small angles, sinf = tan@, so d;i = 
dotan01/tand» = d,sin@;/sinO2 = d,/n, 
which is the same number regardless of 6. 


22-m11 Since d, is much greater than d;, the 
lens-film distance d; is essentially the same as f. 
(a) Splitting the triangle inside the camera into 
two right triangles, straightforward trigonometry 
gives hi 
= 
0 = 2tan J: 


for the field of view. This comes out to be 39° 
and 64° for the two lenses. (b) For small an- 
gles, the tangent is approximately the same as 
the angle itself, provided we measure everything 
in radians. The equation above then simplifies 
to do 

a 
The results for the two lenses are .70 rad = 40°, 
and 1.25 rad = 72°. This is a decent approxima- 
tion. 

(c) With the 28-mm lens, which is closer to 
the film, the entire field of view we had with the 
50-mm lens is now confined to a small part of 
the film. Using our small-angle approximation 
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0 = w/f, the amount of light contained within 
the same angular width @ is now striking a piece 
of the film whose linear dimensions are smaller 
by the ratio 28/50. Area depends on the square 
of the linear dimensions, so all other things being 
equal, the film would now be overexposed by a 
factor of (50/28)? = 3.2. To compensate, we 
need to shorten the exposure by a factor of 3.2. 
22-m14 One surface is curved outward and 
one inward. Therefore the minus sign applies in 
the lensmaker’s equation. Since the radii of cur- 
vature are equal, the quantity 1/r, —1/r2 equals 
zero, and the resulting focal length is infinite. A 
big focal length indicates a weak lens. An infi- 
nite focal length tells us that the lens is infinitely 
weak — it doesn’t focus or defocus rays at all. 
22-m15 (a) The situation being described re- 
quires a real image, since the rays need to con- 
verge at a point on Becky’s neck. See the ray 
diagram drawn with thick lines, showing object 
location o and image location i. 


If we move the object farther away, to o” the 
cone of rays intercepted by the lens (thin lines) 
is less strongly diverging, and the lens is able to 
bring it to a closer focus, at i’. In the diagrams, 
we see that a smaller 0, leads to a larger 6;, 
so the signs in the equation +0, + 0, = Of 
must be the same, and therefore both positive, 
since 0p is positive by definition. The equation 
relating the image and object locations must be 
1/f = 1/do + 1/d;. 


(b) The case with d; = f is not possible, be- 
cause then we need 1/d, = 0, i.e., do = 00. Al- 
though it is possible in principle to have an ob- 
ject so far away that it is practically at infinity, 
that is not possible in this situation, since Zahra 
can’t take her lens very far away from the fire. 
By the way, this means that the focal length f is 
not where the focus happens — the focus hap- 
pens at di. 
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For similar reasons, we can’t have do = f. 

Since all the variables are positive, we must 
have 1/d, and 1/d; both less than 1/f. This 
implies that do > f and d; > f. Of the nine 
logical possibilities in the table, only this one is 
actually possible for this real image. 
22-q1 The natural variable to use for labeling 
the fringes is m, as shown in the figure. 


m=-2 m=-1 m=0 m=1 m=2 


The angle @ is also different for the different 
fringes. The wavelength A is a property of all 
the light being used, not a property of a par- 
ticular fringe. For instance, if it’s blue light, it 
might have a wavelength of 300 nm or so, and 
that would be the wavelength of all the light in 
every fringe. The variable d refers to a dimen- 
sion of the physical object the light is diffracting 
around, e.g., the distance between two slits, so 
it’s also not different for the different fringes. In 
particular, the light and dark pattern of fringes 
is not just a shadow of the slits — you could 
have hundreds of fringes made by only one or 
two slits. 

22-q2 The center-to-center spacing of patterns 
2 and 3 are the same. The one with the small 
center-to-center spacing, pattern 1, corresponds 
to the grating with the large slit spacing, C. 
Grating A has more repetition, so its pattern is 
the one with narrower lines, 3. To summarize, 
1=C, 2=B, 3=A. 

22-q3 Red light is at the long-wavelength end 
of the spectrum. Longer wavelengths give larger 
diffraction angles, so if the slits had been iden- 
tical, the red pattern would have been the more 
widely spaced one. We conclude that different 
slits were used. 

22-q4 Let's write x for the distance from the 
slits to the wall, and y for the spacing between 
fringes. Three fringes cover about 5.1 cm in the 
photo, so the spacing is about y = 1.70 cm. An 
example in the text worked out the case where 
the angles are small, and we want to relate the 
wavelength to the angular spacing. The result 
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(using radians, not degrees!) is 


A=dA0 
= dtan”*(y/x) 


~ d: (y/2) 
= 580 nm 


As a check on the precision of my result, I mea- 
sured across five fringes and got 8.3 cm, which 
gives y = 1.66 cm, and A = 570 nm. Typically, 
measuring across more fringes would reduce the 
relative error in the measurement and give a bet- 
ter result. However, the picture only shows five 
maxima, so measuring across them required me 
to estimate the position of the minima on the 
ends without being able to see the next bright 
fringe. Roughly, then, I’d say the two results of 
580 and 570 nm are equally trustworthy, and it 
might make sense to average them to get about 
575 nm as my best value, with error bars of five 
or ten nm (one or two percent). 

22-q5 You don’t want the wave properties of 
light to cause all kinds of funny-looking diffrac- 
tion effects. You want to see the thing you’re 
looking at in the same way you'd see a big object. 
Diffraction effects are most pronounced when the 
wavelength of the light is relatively large com- 
pared to the size of the object the light is in- 
teracting with, so red would be the worst. Blue 
light is near the short-wavelength end of the vis- 
ible spectrum, which would be the best. 

22-q6 (a) You can tell it’s a single slit because 
of the double-width central fringe. 

(b) Four fringes on the top pattern are about 
23.5 mm, while five fringes on the bottom one 
are about 14.5 mm. The spacings are 5.88 and 
2.90 mm, with a ratio of 2.03. A smaller d leads 
to larger diffraction angles, so the width of the 
slit used to make the bottom pattern was almost 
exactly twice as wide as the one used to make 
the top one. 

22-q7 There is not actually a sharp edge to 
the visible rainbow; there is a range of wave- 
lengths at each end of the spectrum over which 
your eye’s sensitivity drops off. However, as 
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stated in the problem, the range is roughly 400 
to 700 nm, which is slightly less than a fac- 
tor of two. You get a series of rainbows, each 
broader than the previous one, but with a con- 
stant center-to-center angular spacing. The an- 
gle of a given color within the rainbow of order 
m is determined by the equation mA = dsin 0, 
or 0 = sin"*(mA/d). Since the red end is very 
nearly twice the wavelength of the violet end, the 
m = 1 red has very nearly the same value of 0 
as the m = 2 violet, so the first and second or- 
der spectra almost overlap, but not quite. The 
m = 2 and m = 3 spectra will definitely overlap, 
because the quantity mA/d is greater for m = 2 
red than for m = 3 violet. 

22-q8 For the size of the diffraction blob, we 
have: 


d mn sin 0 
=0 
700 nm 


10m 
~ 107” radians 


Ow 


For the actual angular size of the star, the small- 
angle approximation gives 


10° m 
1017 m 


= 1078 radians 


0 


The diffraction blob is ten times bigger than the 
actual disk of the star, so we can never make an 
image of the star itself in this way. 

22-q9 (a) The patterns have two structures, a 
coarse one and a fine one. You can look up in 
the book which corresponds to w and which to 
d, or just use the fact that smaller features make 
bigger diffraction angles. The top and middle 
patterns have the same coarse spacing, so they 
have the same w. The fine structure in the top 
pattern has 7 fringes in 12.5 mm, for a spac- 
ing of 1.79 mm, while the middle pattern has 11 
fringes in 41.5 mm, giving a spacing of 3.77 mm. 
The value of d for the middle pattern is therefore 
(0.50 mm)(1.79/3.77) = 0.23 mm. 
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(b) This one has about the same d as the top 
one (it's difficult to measure accurately because 
each group has only a small number of fringes), 
but the coarse spacing is different, indicating a 
different value of w. It has two coarse groupings 
in 23 mm, i.e., a spacing of 12.5 mm. The coarse 
groupings in the original pattern were about 23 
mm apart, so there is a factor of two between 
the w = 0.04 mm of the top pattern and the 
w = 0.08 mm of the bottom one. 

22-q10 (a) The grating’s spacing is the num- 
ber of centimeters per line, which is one over 
the number of lines per centimeter, d = 
(1/2000 lines/em) = 5 x 107* cm/line. “Lines” 
are a fake unit that we can get rid of at will. 
Converting to meters, we have d = 5 x 1076 m. 
The angles of the m = —1 and m = 1 spots are 
given by 0 = sin"*(mA/d) = +8.0 degrees. The 
spacing of the spots on the screen is related to 
this by simple trig: (2.0 m)(tan 0) = 28 cm. 

(b) Note that the approximation sin ~ @ only 
works if we use units of radians. With it, we get 
0 = mA/d = .139 radians, which works out to 
be almost exactly the same as the answer we got 
without the approximation. 

22-q12 The equation, solved for 0, is 0 = 
sin '(mX/d). The sine function only ranges 
from —1 to +1, so the inverse sine is undefined 
for |mA/d| > 1, i.e., |m| > d/A. Physically, we 
only get fringes out to angles of 90 degrees (the 
inverse sine of 1) on both sides, corresponding to 
values of m less than d/A. 

22-q13 High frequencies have short wave- 
lengths, which leads to small diffraction angles. 
This is a good thing, because we want the im- 
age to be sharply defined. Ultimately, you can’t 
pick out any details that are smaller than one 
wavelength. (This only explains why they would 
use the highest possible frequency for imaging, 
not why they would use a lower one for heating. 
The most likely explanation is that it’s just more 
expensive to get a speaker to vibrate really fast.) 
23-a1 (a) In units of 1072 kg, the amount of 
mass lost is 


1.67495 — 1.67265 — 0.00091 = 0.00139 ; 
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i.e., 0.00139 x 1072 kg. This mass has been 
converted into energy: 


E=me? 


= (0.00139 x 10727)(3 x 108)? 
= 1.25 x 10718 joules 


(In the meter-kilogram-second system of units, 
kilograms multiplied velocity squared give units 
of joules.) 

(b) For this process, the total mass changes 
from 1.67265 to 1.67586 (again in units of 10727 
kg). This is an increase in mass, which means 
that we would have to have a source of energy to 
make the reaction happen. A free proton has no 
such source of energy; it’s all by itself, so there’s 
nothing for it to get energy from. 
23-a2 (a) 


(b) At low velocities, the second term inside 
the square root is negligible, and we have 


which is the nonrelativistic result. 
(c) For very large momenta, the m? term is 
negligible compared to the p? term, so 


+1, 
which is the speed of light in natural units. 


(d) Converting to SI units, we have 


= P 


cal? +p2/02 
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23-a4 Really this boils down to expanding y in 
a Taylor series, and that task can be simplified 
a lot by letting 2 = v?, and thinking of y as a 
function of x. Then 


y=(i=a” 
(1-2) 92 


(1-2) 34 


Evaluating these at x = 0, we get 1, 1/2, and 
3/4, so the Taylor series is 


=i). . | . +... 
a nta q 
1 3 
=p: SU ge 
1 3 
K = mv? + bmt +... ; 


2 8 


which in ordinary units would be 


The odd terms vanish, because kinetic energy 
is a scalar that doesn’t depend on the direction 
of motion. The first term is the nonrelativistic 
expression, as claimed. 

23-a5 We have p = myv = m(1 — v?) 1%, 
A brute-force evaluation of the Taylor series for 
this expression can be done, but it’s messy. One 
way to simplify the calculation is by evaluating 
the Taylor series for y, and then simply multiply- 
ing by v. Now that we’ve reduced the problem 
to evaluating y as a Taylor series, a second sim- 
plification is to let x = v?, and think of y as a 
function of x. Then 


y=(1= 4 
1 
y= z0 a 
y" = ža a ae 


Evaluating these at x = 0, we get 1, 1/2, and 
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3/4, so the Taylor series is 


TER ie a 

1 a” taa 
18 

Eu oh EU 


Applying this to the expression for momentum, 
we have 


p=myv 


1 
=mo (1450+...) 


1 3 
= mv + -mv? +... A 
2 
or, in ordinary units, 


1 3 
PA ga Seas 

The even-order terms vanish, because when v 
flips its sign, p must flip its sign as well. The 
first nonvanishing term is the newtonian expres- 
sion mv. 

23-a6 The first derivative of the function D(v) 
is 


NA E 1 
D=- 1 1)(14 

ES | ETA ON 
Evaluating this at v = 0 gives D'(0) = —1. The 
first two terms of the Taylor series are 


D(v) =~ D(0) + D'(0)v 


=l-v 


This is identical to the nonrelativistic Doppler 
shift for the wavelength detected from a source 
receding at velocity v relative to the medium 
(if v is expressed as a fraction of the wave's 
speed). (The nonrelativistic version is actually 
more complicated, because in principle both the 
source and the observer could be moving rela- 
tive to the medium. For Doppler shifts of light, 
there is no medium, so clearly this can’t be rel- 
evant. In the nonrelativistic case we get shifts 
of 1 — v and 1/(1 + v) for a moving source and 
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a moving observer, but the latter’s Taylor series 
is 1—v+..., which still matches the relativistic 
expression in its first two terms.) 


23-a7 (a) In units with c = 1, we have 
v=L/t 
K=m(y-1) 
T=t/7. 


The solution of these equations is 


LN? 
K=m 1+(7) =1|, 


T 


or, reinserting factors of c, 


LN? 
K = me 1+(4) — 1 


CT 


(b) For the given data, the result is something 
like 1012 megatons of TNT. Your ultrarelativistic 
friend's body has so much kinetic energy that if 
he collided with the earth, it would be the end 
of the world, so I think Congress should pass a 
law prohibiting him from doing this. 

24-al [Note: An old version of the problem 
listed the parent isotope incorrectly as ?°4Pu. It 
should be 24 Pu] 

Plutonium is atomic number 94. In alpha de- 
cay, we’re removing two protons and two neu- 
trons, so the mass number will be reduced by 
four, and the atomic number (number of pro- 
tons) by 2. The nucleus left over after alpha de- 
cay therefore has atomic number 92 (uranium), 
and mass number 237; it’s 237U. 

In electron decay, we’re converting one neu- 
tron to a proton. The mass number is un- 
changed, but the atomic number is bumped up 
by one, to 95, americium. The product is 241 Am. 
24-a2 (a) +e-e=0+0 
(b) The mass of a neutron is greater than the 
mass of a proton plus the mass of an electron, 
so this is a process that increases mass, and a 
hydrogen atom would therefore have to have a 
source of energy in order to do it. 
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24-d1 After two years, the substance will be 
75% decayed, not 100%. 

24-d2 (a) The activity falls off by a factor of 
two as you go from t = 5 min to t = 32 min, 
so its half-life is about 27 min. It looks like it’s 
214Pþ, 

(b) If its a single isotope with a single well- 
defined half-life, then the ratio of the activity at 
20 min to the activity at 10 min should be the 
same as the ratio of the activity at 30 min to the 
activity at 20 min. Only the stuff produced by 
the second ion speed gives ratios equal to three 
significant figures, which is the accuracy of the 
data. 

24-d3 (a) To a good approximation, the mass 
of a nucleus is proportional to the number of pro- 
tons plus the number of neutrons, which is the 
mass number. The total change in mass number 
from 238 to 206 is 32, so if mass is to be con- 
served, the number of alpha particles, with mass 
number four, emitted must be 32/4=8. 

(b) The charge of the original nucleus was 92 (in 
units of the fundamental charge), and the nuclei 
produced have a total charge of 82 + 8 x 2 = 98. 
To conserve charge, 6 electrons must have been 
produced, so 6 beta decays must have occurred. 
(c) The mass of a uranium atom is about 238 
times the mass of a neutron or proton, so the 
number of surviving U atoms is 


1230 x 107° kg 
238Mp 


= 3.09 x 107! 


(The masses of protons and neutrons are nearly 
the same, so we don’t have to add their masses 


separately.) Similarly, the number of helium 
atoms is 
2.3 x 107% kg 


= 3.44 x 10% 
Amy 


Each of the decayed U atoms produced 8 he- 
lium atoms, so the number of decayed U atoms is 
3.44 x 1020/8 = 4.30 x 101° . The probability of 
decay since the rock was formed equals (number 
that decayed) /(number that decayed + number 
that survived) = 0.0137, so the probability of 
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survival was 0.9863, and 0.9863 = 0.5'/41/2, Tak- 
ing natural logarithms of both sides, ln 0.9863 = 
(t/t1/2) 10.5, yielding t = 90 million years. 


24-g1 The probabilities are independent, so 
(1/6) x (1/6) = 1/36. 


24-82 Suppose we record the results of a long 
string of games played one after another. One 
method of testing for independence would be 
to use the data to estimate the probability of 
winning, P(W), and also break down the list 
into sequential pairs (Ist and 2nd game, 3rd 
and 4th, etc.) and use these pairs to mea- 
sure the probability of winning twice in a row, 
P(W and W). The definition of independence 
then gives P(W and W) = P(W)?. We can 
test whether the left-hand and right-hand sides 
of this equation are in fact equal, to within the 
statistical sampling error imposed by the number 
of games observed. 


Another approach is to look for extremely long 
runs of wins. If independence holds, then the 
probability of n wins in a row is P(W)”, which 
falls off exponentially. Any observation of a very 
large n would therefore prove that the rolls were 
not statistically independent. For a statistical 
analysis of data from players who ran up world- 
record winning streaks, see Ethier and Hoppe, 
arxiv.org/pdf/0906.1545. The results are de- 
scribed in terms of the number of rolls, which 
is greater than the number of games. 


24-g3 (a) The variable r varies continuously 
from 0 to b — it’s not as though we have rings 
of finite width. However, suppose we imagine 
an extremely narrow ring extending from r to 
r+dr. Since the person is blindfolded, the prob- 
ability of hitting a given region depends only on 
its area. This ring has a circumference of 2rr, 
so its area is 2ardr. This is proportional to r, 
so the probability of getting a result between r 
and r + dr is proportional to r. 
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(b) 
b 
l= (r) dr 
0 
b 
1 = kr dr 
0 
l2 
1= 5 kb 
2 
k = pe 
2r 
D(r) = Rp 
(c) 


(d) The average value of r is greater than b/2. 
This makes sense, because the area between r = 
0 and r = b/2 is only one fourth of the total area. 
24-g4 (a) The distribution has to look like the 
ordinary probability distribution for radioactive 
decay, but with the infinite tail chopped off, 
and scaled back up to restore its normalization. 
Chopping off the tail at one half-life cuts out half 
the total area, since by definition half the atoms 
decay after that time. Therefore, the distribu- 
tion needs to be scaled up by a factor of 2: 


21n2( 5t/t1, <t< 
pea) RIO OStShp > 
0 t > tig 


t 
= “P 2129 silt g dt 
0 t1/2 


tija 
= -2e | te* dt 
0 
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where c = —1n2/t¡/2 as in the examples in sec- 
tion 12.1. Then 


(c) The variable t can only lie between 0 and 
ti/2, SO it makes sense that the average is be- 
tween those two numbers. It also makes sense 
that the average is less than half of tı /2, because 
the shorter times have higher probabilities. How- 
ever, since the calculus was fairly complicated, I 
decided to follow up this plausibility check with a 
check by numerical integration. Suppressing all 
units, setting t;/2 = 1, and dividing the interval 
from t = 0 to t = 1 into five equal subintervals 
of width At = 0.2, I got this: 


t DE D(t)-t 
1 1.29 0.13 
3 1.13 0.34 
5 98 0.49 
7 85 0.60 
9 74 0.67 


The sum of D(t)At comes out to be 1 to within 
rounding errors, and the sum of D(t)-tAt is 0.45, 
which agrees with the result from symbolic cal- 
culus to within the accuracy to be expected from 
the crude approximation to the integral. 


24-g5 (a) Without the factor of v in front, it 
would have the form of the classic bell curve. 
Since it’s only defined for positive v, we chop off 
the left half of the bell. Then we multiply by v, 
which makes the curve drop down to zero at the 
origin. The result looks like this: 
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(b) We want to integrate D from 0 to co. The 
subsitution u = cv? gives, du = 2cv dv, turning 
the integrand into (b/2c)e"“du. The integral 
of e “du from 0 to œ is 1, so the result is 
1 = (b/2c) -1, or b = 2c. 


(c) I warned you not to try it by 
hand! (It requires a trick.) Us- 
ing computer software, the result is 


Fa 2cv?e™® du = (1/2) /7/c. 

24-j1 The amount of energy lost by the elec- 
trons as they leave the surface, Es, depends on 
the material. With a material with a high Es, 
you wouldn't be sensitive to the red end of the 
spectrum, which has low-energy photons. 

24-j2 Hertz noticed that the cutoff for produc- 
ing the photoelectric effect in metals was some- 
where in the visible-light spectrum. We're as- 
suming that the energy required to ionize DNA 
is similar to the energy required to rip an elec- 
tron out of a metal, so again, the cutoff should at 
a frequency that's of roughly the same order of 
magnitude as the frequency of visible light. The 
types of waves are listed in order of increasing 
frequency, so the only ones that can cause can- 
cer are the ones farther down the list than the 
cutoff. Ultraviolet and x-rays are certainly capa- 
ble of doing it. It might be possible to get cancer 
from visible light — our analysis is too crude to 
tell exactly where the cutoff is. You are not go- 
ing to get cancer from power lines, FM radio, cell 
phones, or microwave ovens. 

24-j3 E = hf, and frequency corresponds to 
color, so if each photon was losing 20% of its en- 
ergy you’d notice a pronounced change in color. 
24-j4 In both case, we’re talking about 100 
joules worth of light. Consulting the chart 
of the electromagnetiv spectrum, we find that 
the frequency of visible light is greater than 
that of radio waves by a factor of about 
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(1014 Hz)/(10% Hz) = 10°. (The radio spectrum 
covers a lot of ground, but near the middle of it 
we have FM radio at about 100 MHz = 10% Hz. 
The visible spectrum only spans about a factor 
of two in frequency, so that's less of an issue.) 
Since a photon's energy is given by E = hf, that 
means a visible photon has a million times more 
energy than a radio photon. There are a million 
times more photons in the radio signal than in 
the visible light. If you assumed a different value 
for the frequency of the radio waves, you might 
have gotten an answer that differed from this one 
by a factor of 10 or 100. 

24-j5 Visible light has a wavelength on the or- 
der of 107° m, so a typical photon of visible light 
is about E = hf = hc/\ = 2 x 10719 J, so the 
number of photons emitted per second is about 
(100 J/s)/(2 x 107*% J/photon) = 5 x 10% pho- 
tons/s. The time each photon spends on its voy- 
age is (3 m)/c = 1078 s. The number of photons 
in the beam equals the number of photons emit- 
ted during the time required for a photon to get 
across, (5 x 10% photons/s) x (1078 s) = 5x 101? 
photons. Given the crudeness of the initial as- 
sumptions, this is only an order-of-magnitude re- 
sult, so let's call it 101° photons. 

24-j6 (a) 


power = (1 mW/m7) (cross-sectional area) 
= (1 mW/m’) (zr?) 
~ 107% W 


(rounding to a power of 10). 
(b) power = AE/At, so 


At = AE/power 


~ 1018 s 


The classical theory says it should take thou- 
sands of years for an electron to soak up enough 
energy to be ejected, which contradicts experi- 
ment, so the classical theory must be wrong. 

24-j7 (a) The surface area of the spherical sur- 
face is A = 4rrr?. During a time interval t, the 
energy from the transmitter travels a distance 
w = ct, and by the time this energy reaches the 
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distance r, it has been spread out over a spher- 

ical shell of volume Aw. The energy emitted 

during this time is Pt, so the energy density is 

E/V = PT/(Aw) = P/4rer?. 

(b) The number of photons n in a volume V = A? 

is 

"hf 

(E/V)A 
he/X 

= PX 

-~ 4rher? 


(c) Let’s take P = 10 kW and r = 10 km. The 
result then comes out to be about 10?1. This 
huge number is consistent with the correspon- 
dence principle. 

24-m1 Momentun is related to kinetic energy 
by E = p?/2m, so 


A=h/p 
=h/V2mE 
= h/\/2mqAV 


=1x 1071 m 


24-m2 It’s conceivable that the Az is actu- 
ally less than the diameter of the nucleus, but 
it can’t be more, since the proton stays inside 
the nucleus. The maximum possible value of 
Az is therefore roughly the same as the diam- 
eter of the nucleus. A maximum value of Az 
leads to a minimum value of Ap, since they're 
inversely related: Ap Z h/Azx. Plugging in, we 
get Av = Ap/m Z h/mAz Z 3 x 107 m/s. Note 
the two inequalities in a row: one because the 
maximum uncertainty is the diameter of the nu- 
cleus, and one because the uncertainty princi- 
ple is an inequality. It’s perfectly possible that 
they’re moving much faster than this; what we’ve 
found is only a minimum. 

Our result is 10% of the speed of light, so 
the nonrelativistic equations are good enough for 
this kind of estimate. 
24-m3 The wavelength equals 2L/n, so we 
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have 
2 
KE= 2 
2m 
(AAP 
mm 
h?n? 
~ 8mL2 
24-m4 (a) à = h/p =h/mv = 1078 m = 10 
nm. 


(b) The area of one circuit would be 1078 cm?, 


which might be a square 107* cm on a side, i.e. 
1000 nm. 

(c) No. Diffraction is only an important effect 
when the size of the object the wave is diffracting 
around is comparable to the wavelength. 

(d) If the linear size of a circuit was of the same 
order of magnitude as the wavelength, then we’d 
definitely have a lot of diffraction. A 10 nm x 
10 nm circuit would have an area of 100 nm? = 
1071? cm?, so you could fit 101 of them on the 


chip. 
24-m5 (a) 
fv & ¿00 
drz? dz? 
= £ (-26m07+) 
£ 
=-—2be % + (—2bx)(—2br)e 7?” 
= 2b (2b? — 1) et 
Ee 2m 
hb 1 
= 2b1? — 1) + 5ka? 
E = ( £ ) 5 Un 


272 2 
o= (31 a (2 £) 
2 m m 
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and 


h 


m 


E 


If the problem is specified by giving the potential 
U, then we can find the unknowns E and b that 
complete the specification of the wave that is the 
solution. The result for b is Vkm/2ħ. (b) It’s a 
bell curve, like this: 


(c) If b was bigger, then we’d get the same value 
of the wavefunction for smaller values of x. In 
other words, increasing b causes the bell to get 
skinnier. 

(d) Making k greater makes b greater, which 
makes it skinnier. That makes sense, because 
a skinnier wavefunction means that the atom is 
unlikely to be found very far from the equilib- 
rium point. 

24-m6 Say the basketball has a mass of 1 kg, 
and in general its mass is about 0.1 m from the 
axis of rotation. If it’s spinning at a speed of 1 
m/s, then its angular momentum is on the or- 
der of 0.1 J-s. This is roughly 103°A. The fact 
that this number is so huge is an example of the 
correspondence principle. Angular momentum is 


(20 (2bx? = 1) oF) 4 phate anne in units of h, so the basketball can’t 


continuously speed up or slow down its rotation; 
it has to do it in quantum leaps from one value of 
L to another. But because L is so huge when ex- 
pressed in units of h, the process appears smooth 
and continuous. Therefore quantum mechanics 
doesn’t contradict the results of the centuries of 


If this equation is going to be true for all values of previous experiments in which rotation appeared 
x, then both coefficients in the polynomial have to be smoothly variable. 


to be zero, 


Ah? b? 
k = 


m 


24-m7 The energies are inversely proportional 


to the wavelengths, so in terms of energies the 
equation would be E; = Ea + E3. This would 
happen for sets of transitions like G, D, and E 
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in the previous problem, where the atom can get 
from one state to another either by a single hop 
or by two shorter hops. 

24-m8 (a) The size of the diagram is compa- 
rable to a, but b is so small that you wouldn't be 
able to see it on that scale. 

(b) The stuff inside the exponential is —r/a, 
which is essentially zero for all values of r be- 
tween 0 and b. In other words, the proton 
is super-tiny compared to the size of the elec- 
tron cloud, and the electron’s probability density 
therefore won’t change appreciably from one part 
of the proton to the other. We don’t need to do 
an integral at all. We can just multiply: 


P=WV 
= (aarte) (Fe) 
m (a/a)? (Fe) 
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(c) 1 x 10715 

(d) The probability density never dies down to 
zero, but it gets very very close to zero. The 
atom is fuzzy. It doesn’t have a sharply defined 
boundary. There is theoretically a finite prob- 
ability for the electron to be a centimeter away 
from the proton, but it’s extremely small. 
24-m9 The requirement of normalization is 


[Pao ; 


where dv is an infinitesimal volume element, and 
the integral is over all space. The method used 
for carrying out this integral is similar to the one 
used in problem 13-8. The problem has spheri- 
cal symmetry, so we can break space down into 
a series of concentric spherical shells, each one 
stretching from r to r + dr. The volume of such 
a shell equals its area multiplied by its thickness, 
i.e., du = 4rr? dr. 


| W? . Arr? dr = ta f 627/472 dr 
0 0 
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The change of variable u = 2r/a transforms this 
into 

1 ie —u,,2 

= e” "u" du 

2 Jo 


The definite integral can be done by integration 
by parts, but I just used computer software (the 
open-source program Maxima) to find out that 
it equals 2. The result of the entire calculation 
is 1, as required by normalization. 

24-m10 The result of problem 13-21, for a one- 
dimensional box of length L, was K = Hin 
In three three dimensions, we have some num- 
ber ng of half-wavelengths that fit in the x di- 
rection, along length a, and similarly for b and 
c. The three contributions to the energies add, 
since K x p? = p? + p? + p? is additive. The 


result is 
2 
PA E 
8m | a? p2 e 


24-m11 All of the constants cancel out, so we 
only need the n-dependent part of the expres- 
sions. The result is 

AE = Ep = 972 -p2 = 28 

Ar 7 Eg 7 2-2 — 4-2 ~ 25 


24-m12 (a) The uncertainty in position is on 
the order of magnitude of the diameter of the 
nucleus, so the uncertainty principle gives Ap ~ 
h/Az ~ 107% kg.m/s. (b) It’s not immediately 
obvious here if this momentum is low enough 
so that we could use the nonrelativistic relation 
K = p*/2m or if we would need to use relativ- 
ity. To check, we can compare p to m in natural 
units, which is the same as comparing p to mc 
in SI units. The result is that p > mc, so the 
motion is not nonrelativistic. In fact it’s ultra- 
relativistic, so the relation m? = E? — p? sim- 
plifies to 0 ~ E? — p?, or for the mass-energy 
E ~ pe ~ 107% J. In the ultrarelativistic ap- 
proximation, this is the same as the kinetic en- 
ergy. 

(c) m ~ E/c? ~ 1077 kg, which is about the 
same order of magnitude as the mass of the neu- 
tron. This makes it seem a little unlikely that 
you could have an electron inside the neutron. 
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24-m13 The probability distribution is the 
square of the wavefunction. Normalization re- 
quires that integrating the probability distribu- 
tion give 1: 


L 
r Y? de 
0 


L 
-2 | sin“ (2rxz/L)dz 
=4?.(E/) 


where the final line can be performed without 
any techniques of integration simply because we 
know that the average value of sin? over a full 
cycle is 1/2. The result is A = y2/L. 

24-m14 If this is to be a solution to the 
Schrodinger equation with a constant potential, 
then V?W has to be equal to a constant multi- 
plied by Y. Calculating the partial derivatives, 
we have: 


2 
| E ae by 
ae. =—a smazxe 
£ 
rw . 
Bus = p? sin axe?” 
y 


This does equal a constant multiplied by Y. An 
easy way to tell whether this is a classically al- 
lowed region or a classically forbidden one is to 
test whether the kinetic energy is positive. The 
kinetic energy is equal to —V?W multiplied by 
positive constants. For |b| < |a|, the kinetic en- 
ergy is positive, and the solution represents a 
classically allowed region. 
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acceleration 

defined, 15 
anamorph, 214 
angular acceleration, 70 
angular momentum, 105 
angular velocity, 69, 70 
Archimedean spiral, 192 
Archimedes’ principle, 122 


Bernoulli’s principle, 122 


center of mass, 98 
frame, 98 
conservation laws, 79 
cross product, 32 
cyclotron, 189 
cyclotron frequency, 189 


dot product, 32 
Dulong-Petit law, 205 


equilibrium, 106 
Euler’s formula, 198 


farad 
defined, 165 
fluid, 121 
force, 43 
frame of reference 
inertial, 15 


inertia 
principle of, 15 


Kepler’s laws, 127 
kinetic energy, 81 


Laplacian, 166 
Lipkin linkage, 214 


momentum, 97 
Newton’s laws 


first, 43 
second, 44 


third, 44 


Peaucellier linkage, 214 
period, 69 

potential energy, 82 
power, 81 

Poynting vector, 195 
pressure, 121 

principle of inertia, 15 
projectile motion, 33 
pulley, 53 


quality factor 
defined, 140 


resonance 
defined, 140 
rotational invariance, 32 


scalar, 31 
shell theorem, 127 
simple machine, 53 
solar constant, 195 
Sommerfeld, Arnold, 205 
specific heat 

electrons’ contribution, 205 
spiral 

Archimedean, 192 
symmetry, 79 


vector, 31 
velocity 
converting between frames, 15 
in one dimension, 15 
sign, 15 
is relative, 15 
Voyager space probe, 183 


weight, 44 
work, 81 


Young’s modulus, 58 
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